Unit I: Introduction
Basic Concept of Statistics:

The word “Statistics” has been derived from the Latin word “Status”, French word “Statistique”, Italian
word “Statista” and German word “Statistik™ each of which means 'political state. States used Statistics
only to keep information for government purposes regarding the population, ‘poverty or wealth’ of the
country, the number of polices, soldiers, fiscal policies etc. Statistics was regarded as the science of
statecraft. So it was used in collection of the information.
The word “Staistics” is used in singular as well as plural sense.

(i) Quantitative information of facts or simply data.

(i) Statistical methods for handling numerical data.
Thefirst is used in the plural sense. Statistics in the plural sense, it means the quantitative information or
the numerical set of data or numerical facts collected systematically. The second is used in the singular
sense. In the singular sense, it means the statistical methods and techniques adopted for collection,
presentation, analysis and the interpretation of the numerical data.

Definition of Statistics

Thereis not a single definition of Statistics since the field of applicability has been widening day by day.
As the field of applicability is extended, the definition of Statistics needs to be modified. Hence, it has
been defined in a wider domain. Some comprehensive definitions are as follows.

Definition of Statisticsin Singular sense

In the singular sense, it is also known as 'statistical method’ for the collection, presentation, analysis and
interpretation of numerical data.

The most comprehensive definition given by Croxton and Cowdenis:

"Satistics may be defined as the science of the collection, presentation, analysis and interpretation of
numerical data."

Definition of Statisticsin Plural sense

In the plural sense, of all definitions Prof. Horace Secrist’s definition is the most comprehensive.
According to him

"Satistics are aggregates of facts affected to a marked extent by multiplicity of causes, numerically
expressed, enumerated or estimated according to reasonable standard of accuracy, collected in a
systematic manner for a predetermined purpose and placed in relation to each other."

Statistics may also be classified into two parts, which are as follows.
Theoretical Statistics or Mathematical Statistics
Applied Statistics

Theoretical Statistics or mathematical statistics

Theoretical Statistics can further be subdivided into two parts.
e Descriptive Statistics
e Inferential Statistics

Descriptive Statistics

Descriptive Statistics merely describes the data and consists of methods and techniques used in collection,
organization, presentation of data using table and chats, diagram, graph etc., summarizing data using
measure of central tendency, dispersion, skewness, kurtosis etc. and analysis of data in order to describe



various features and characteristics of such data is called descriptive statistics. Summarized results
obtained from descriptive statistics which describe the data but cannot be used to generalize. Average,
rates, ratios, percentages etc. are the basic summary statistics or descriptive statistics for summarizing the
data depending on their nature. Hence, some most frequently used descriptive statistical measures are
measures of central tendency, measures of dispersion, measures of skewness, measures of kurtosis etc.

Inferential Statistics

Inferential Statistics deals with the methods of drawing ( or inferring ) conclusions about the characteritics of
the population based upon the results of the sample taken from the population.

In other words, Statistics which deals with sample sdlection from population and statistical technique used to
draw conclusion about population on the basis of statistical measures obtained from sampleis called inferential
gatigtics.

It isused in estimation of parameters and statistical testing of hypothesis.

Applied Statistics

This consists of massive application of theoretical or mathematical Statistics in the different areas such as
biology, physics, astronomy, metrology, chemistry, medical science, sociology, psychology, business,
economics , agriculture, Econometrics, bio-statistics or biometry, etc. The statistical tools and methods
are used in order to solve many more practical problems in diversified area. Besides that applied statistics
has been used in decision making problems.

Functions of Statistics

Statistics has been playing a vital role amost every area in the universe. Some of important functions are
listed below.

¢ To hep classification of data: When data are collected, they are not comprehensive initially. To
make these data comprehensive, it is useful to classify the data utilizing statistical principles.
Hence, statistics helps in classifying data according to the nature of data.

o Statistics simplifies complexity: Statigtics consists of aggregate of numerical facts. Huge facts and figures
aredifficult to remember. The complex mass of figures can be made simple and understandable with the
hep of various satigtical techniques. Statistical methods such averages, dispersion, graphs, diagram etc.
make huge mass of figures easily understandable. So, the function of statistics reduces the complexity of
the huge mass of figuresto asimpler form.

o Statistics facilities comparison: The science of statistics does not mean only counting but also
comparison. Statistics contributes different statistical procedure and methods such as average,
ratios, percentages, rates, coefficients etc. for comparing the rdevant values with each other. Just
for example, height (in cm.) and weight (in Ibs.) of children can be compared by converting them
into relative statistical measures.

o Statistics present factsin a definite form: One of the important functions of statistics is to present
the general statements in a precise and definite form. The conclusion stated numerically is
definite and hence more convincing than the conclusions stated qualitatively.

e To determine relationship between different phenomena: Statistical techniques such as
correlation and regression etc. are useful to measure the relationship between the variables. One
can easily observe the correation between income and expenditure of a family, ages and playing
habits of students etc.

e To help in formulation of policies. Statistics helps in formulating the policies in different fields
such as economics, business wage and income, tax and export, development, and expenditure etc.
are based on the statistical inference drawn from these areas. The government policies are also
framed on the basis of statistics. In fact, without statistics, suitable policies can not be framed.



o Statistics helps in predicting or forecasting future trends.  As Satistical methods are highly useful
tools in analyzing the past data and predicting some future trends. So, while preparing suitable policies
and plans, it is necessary to have knowledge of use of gatistical techniques like time series analysis,
regression analysis etc. On the basis of past or present values of variables, other values of variables
for future can be predicted with the hep of datistical technique like time series analysis, regression
analysis. Hence, Statistics helpsfor forecasting futuretrends.

o Statistics helps in formulating and testing hypothesis: Statistical methods are helpful not only in
estimating the present and forecasting future but also helpful in formulating and testing the
hypothesis for the development of new theories. As Statistics is the science which is most useful
and applicable to formulate and testing of hypothesis for the new theories and also for verification
of existing one by calculating statistical measures from the sample data.

e To draw valid inferences or conclusions: One of the indispensable sciences for valid conclusions
about any phenomena based on data is the statistics. Generally, it is very hard to enumerate each
and every unit of universe because of different reasons. Therefore, certain units are selected from
the universe and they are studied. Applying different statistical tools on these sample data,
statisticians can draw inferences about the whole universe. Thus satistics helps to draw valid
conclusions.

Importance and Scope of Statistics

The sufficient quantitative information regarding the various business activities mentioned above can be
collected with the help of statistical methods. This information can be of great help in formulating
suitable polices that manager can extract suitable information from the collected data and used in making
decisions.

In recent years, the development in statistical studies has considerably increased its scope and importance.
So, there is hardly any walk of life, which has not been affected by statistics. It has become one of the
indispensable parts in aimost all areas. It is used in the field of physical sciences, Biological sciences,
Medical Sciences, Industry, Economics sciences, Social Sciences, Management Sciences, Information
Technology, Agriculture, Insurance, Business, management, accounting, finance, marketing, production,
computer, information technology, social sciences, Engineering and many other areas. Attempts have
been made to discuss some of the uses of Statistics in some areas which are discussed below.

Statistics in Physical Sciences

The immense use of statistics has been found in physical sciences. In physical sciences, alarge number of
instruments are used for measurements purpose on the same item and scientists are encountered with the
variations in these measurements. So, in order to have an idea about the degree of accuracy, the statistical
techniques such as estimation theory i.e. point estimation, interval estimation-confidence intervals and
confidence limits are used to assign certain limits within which true value of the phenomenon may be
expected to lie. The desire for precision was first fdt in physical sciences and this led the science to
express the facts under study in quantitative form. The statistical theory with the powerful tools of
sampling, estimation, testing of hypothesis, design of experiments etc. are most effective for the analysis
of quantitative expression of all fields of study.

There is an increasing use of statistics in most of the physical sciences such as astronomy, geology,
engineering, physics, metrology etc. For example, In astronomy, the theory of Gaussian ‘Normal Law of
Errors’ for the study of the movement of stars and planets is developed by using the principle of least
squares. Gauss also used the normal curve to describe the theory of accidental errors of measurement for
calculating the orbits of heavenly bodies.

Statistics in Biological Sciences



Statistics has been using importantly in biological sciences for analyzing the biological data in different
prospective of the subject matter of interest. Statistical methods used in exploration of biological phenomenon
arecalled Bio-dtatistics. Biostatistics is the application of statistics to problemsin the biological
sciences, health, and medicine. Sir Francis Galton (1822-1911), a British Biometrician developed the
association between statistical methods and biological theories in his work on ‘Regression’ in the connection
with the inheritance of stature. According to Prof. Karl Pearson’ (1857-1936), who pioneered the study of
‘correlation Analysis’ the whole theory of heredity rests on dtatistical basis.

Medical Sciences

In medical sciences also, there is huge application of statistics. In medical sciences, the statistical tools
for collection, presentation and analysis of observed factual data relating to the causes and incidence of
diseases are of paramount importance. The most important application of statistics in medical sciences
liesin test of significance (more precisely t-test) for testing the efficacy of a manufacturing drug, injection
or medicine for controlling or curing specific ailments. Comparative studies for the effectiveness of
different medicines by different concerns also be made with statistical techniques (t & F tests of
significance. Bio statistics (sometimes known as biometrics), most generally, is the application of
statistics to biology and most commonly to medicine. Hence, in medical science, Statisticsis used

e Tocomparethe efficacy of a particular drug to the patients

e Tocomparethe action of two different drugs.

e To compare variability between patients, association between variables such as age and sex,
height and weight, age and blood pressure, and to find out the association between two attributes
such as cancer and smoking

o Toidentify signs and symptoms of a disease

e Tofind and establish the normal range and averages of variables such as blood sugar, pulse rate, BP,
cholesterol leve ec.

e To hdp in providing methods for the definition of normal or healthy and indicating at what point
the measure some bodily characteristics becomes abnormal.

Statisticsin Industry

Statistics plays a crucial role in industry. In industry, Statistics is extensively used in ‘Quality control’. In
production engineering to find out whether the product is confirming to the specifications or not. Statistical toals,
such as ingpection plan, control chart etc are used. The main objectivein any production processisto control the
quality of the product so that it conforms to specifications. This is called process control and is obtained through
powerful technique of control charts and inspection plans which is based on setting of 3o contral limits which
has its basis on the theory of probability and normal distribution and inspection plans are based on the specia
kind of sampling theory which are very important aspect of gatigtical theory.

Statistics in Economics Sciences

Statistics has widely used in economics. Statistical data and advanced techniques of statistical analysis
immensely useful in the solution of a variety of economic problems such as production, consumption,
distribution of income and wealth, wages, prices profits, savings, investment, unemployment, poverty eic
Time series analysis, index numbers, forecasting techniques, demand analysis are some of the very
powerful statistical tools which are used immensely in the analysis of economic data and also for
economic planning. For example, time series analysis is extremely used in economic statistics for the
study of the series relating to prices, production, and consumption of commodities, money in circulation,
bank deposits and bank clearing, sales in department store etc.

So, statistics has widely used in
i. theproper understanding of the economic problems
ii. Formulation of economic policies
iii. the evaluation of the effectiveness of economic palicies.



iv. thedevelopment of the economic theory.

The increasing interaction of mathematics and statistics with economics led to the development of new
discipline called Econometrics.

Statisticsin Social Sciences

According to Bowley, “Statistics is the science of the measurement of social organism, regarded as a
whole in all its manifestations.” Statistics has employed in political science, sociology, anthropology,
population studies etc. Every social phenomenon is affected to a marked extent by a multiplicity of
factors which bring out the variation in observations from to time, place to place and objective to
objective. Statistical tools such as regression and corrdation analysis are most frequently used in the
study of social science research. Sampling techniques and estimation theory are very powerful and
indispensible tools for conducting any social surveys. Statistics has been used mostly in the field of
Demography which is one of the important fields of social science for studying fertility, morality,
population growth, marriages, migration etc.

Statisticsin Business and M anagement Sciences

Statistics influence the operations of business and management in many dimensions. Statistical
applications include the area of production, marketing, promotion of product, sales, purchase,
financing, banking, distribution, accounting, marketing research, manpower planning, forecasting,
research and development etc. As the organizational structure has become more complex and the market
highly competitive, it has become necessary for executives to base ther decisions on the basis of
elaborate information systems and analysis instead of intuitive judgment. In such situations, Statistics are
used to analyze this vast data base for extracting relevant information.

Statistical knowledge is very helpful to the businessman. Statistical techniques are used to formulate
different plans and policies, to estimate the market fluctuations, changes in the demand conditions etc. It
isalso helpful for businessman in forecasting the future trends and tendencies. Hence, for becoming a
successful businessman, ideas in statistics are essential.

Some of typical areas of business operations where Statistics have extensively and effectively used  are
asfollows:

Marketing: Statistical analysis are frequently used in providing

information for making decision in thefield of marketing it is necessary first to find out what can be sold
and the to evolve suitabl e strategy, so that the goods which to the ultimate consumer. A skill full analysis
of data on production purchasing power, man power, habits of consumer, transportation cost should be
consider to take any attempt to establish a new market.

Production: In the field of production statistical data and methods play a very important role. The
production of any item depends upon the demand of that item and the demand must be forecasted using
statistical techniques. Similarly, the decisions about what to produce? How to produce? When to produce?
How much to produce? are based largely upon the feedback surveysthat are analyzed statistically.

Finance: The financial organization discharging their finance function effectively depend very heavily on
statistical analysis.

Banking: Banking institutes have found if increasingly to establish

sesearch department within their organization for the purpose of gathering and analysis information, not
only regarding their own business but also regarding general economic situation and every segment of
business in which they may have interest.

Investment: Statistics have been almost indispensible in making a sound investment .so, Statistics greatly
assists investorsin making clear and valued judgment in his investment decision in selecting securities
which are safe and have the best prospects of yidding a good income.

Purchase: The purchasing department of an organization makes decisions regarding purchase of raw materials
and other supplies from different venders. Therefore, to frame suitable purchase policies such as what to buy? At
what price to buy? What quantity to buy? When to buy? Where to buy? Whom to buy? Statistical data are used.
Control: the management control process combines statigical and accounting methods in making the
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overall budget for the coming year including sales, materials, labor and other costs and net profits and capital
requirement.

Accounting: A very important application of statistics in accountancy is the ° Method of Inflation
Accounting’ which consists in evaluating the accounting records based on the historical costs of assets after
adjusting for the change in the purchasing power of money and is obtained through the powerful statistical
tools of price index number and price deflators. The regression analysis theory is of immense help in” Cost
Accounting’ in forecasting cost or price for any given value of the dependent variable. With the statistical tools
of regression the effect of changes in future prices on the cost of production can be predicted.

Statisticsin I nfor mation Technology

The availability of computers has resolved the problem of data storage as well as the problem of data
processing (or process of converting data into meaningful information). The availability of internet
facilities or other eectronic mailing devices has eased the communication of data or information. But
computer alone is not sufficient to resolve all the problems related to data such as the problems that arise
during the time of data collection, data analysis and interpretation of data or information. Thus, there is
inter-linkage between Statistics, computer and information technology.

Statisticsin Agriculture:

The term ‘Analysis of variance’ was introduced by Prof. R.A. Fisher in 1920 to deal with the problem in
the analysis of agronomical data, which is a powerful statistical tool for tests of significance. Statistical
techniques are widely used for executing different agricultural surveys, estimating the production of
various livestock products like milk, egg, wool and yield estimation of crops etc. The measurement of
variationsintheentire agricultural surveys carried out at different time points, analysis of the effect of
manure, irrigation etc. in the production and the productivity of crops, different statistical techniques such
as minimum variance unbiased estimates techniques, regression analysis , design of experiment
techniques etc. are applied.

Statisticsin | nsurance

The main basis of modern theory of statistics is the probability, and it is the backbone of Insurance. The
idea of life insurance developed by during the end of the seventeenth century after the preparation of the
life tables by Edmund Hally in 1961. Life tables are indispensable for the solution of all problems
concerning the duration of human life. Life tables, which are based on the scientific use of statistical
methods i.e. probability and mathematical expectation are the key —stone or the pivot on which the whole
science of insurance hinges. Life tables form the basis for determining the rates premiums and annuity
necessary to various amounts of life insurance. Insurance can be looked upon as one of the pioneer
branches of commerce and Business which has used statistics for very long time Thus, the success of an
insurance company largely depends on the accuracy of the statistical data which is used for the
construction of lifetables.

Statisticsin Education and Psychology

Statistics has been used very widely in education and psychology too. Statistics has been most frequently
used approaches in education and psychology regarding to in the scaling of mental tests and other
psychological tests, comparison of intelligent Quotient (1.Q.) test scores, for measuring the reliability and
validity of test scores, in item Analysis and factor analysis. For research in this area, satistical techniques
such as Cronbach’s Alpha, Mc-Nemer’s test etc. have been used. Moreover, advanced statistical analysis
such as Factor Analysis and Principal Component Analysis are also used in data analysis for rigorous
research of this area. The vast applications of statistical data and statistical theories have given rise to a
new discipline called ‘Psychometry’.

Statisticsin Planning

The modern age as termed as the ‘Planning’. Planning is necessary for efficient workmanship and in
formulating future policies. Statistics provides the valued interpretation of facts and figures relevant to



planning. Planning depends on the forecasting and Statistics provides the necessary tools of estimation
and forecasting .So, Statistics is indispensible in planning.

Statistics in Research

One cannot think of understanding any research  activities without using Statistics. Primarily, statistical
techniques are used for collecting information in any research. Besides, statistical methods are used for
analysis and interpretation of research findings. Thus, thereis hardly any advanced research studies where
Statistics is hot being used. It is used in all spheres of human activities.

Limitations of Statistics

Thefield of Statistics, though widely used in all areas of human knowledge and widely applied in variety
of disciplines such as business, economics, research, physical sciences, biological sciences, medical
sciences , social sciences, computer sciences etc. has its own some limitations. Some of these limitations
areasfollows:

Statistics does not deal with individuals

Statistics deals with an aggregate of facts and does not give any specific recognition to the individual items of a
series. So, it deals only with the mass of phenomena or group of individuals and indicates the characteristics of
whole group. A single item or the isolated figure can not be regarded as statistics. For example , the marks
obtained by a student in Statistics is 70 does not congtitute Statistics but the average marks of a group of
studentsin Statisticsis 70 forms statistics.

Statistics does not deal qualitative characteristics directly:

Statistical methods can only be applied to numerically expressed data. Statistics is not applicable to
qualitative characteristics directly such as honesty, intelligent, integrity, poverty, knowledge, goodness,
beauty etc. Since these cannot be expressed in quantitative terms. These characteristics, however, can be
statistically dealt with if some quantitative values can be assigned to these with logical criterion and then
statistical techniques areused. For example intelligence may be compared to some degree by comparing
Qs or some other scoresin certain intelligence tests.

Statistical laws are not exact

In datistical work 100% accuracy is rare because statistical laws are true only on the average. Generally
statidtical laws are probabilistic in nature . They are not exact asthe laws of Physics, Mathematics, Chemidtry. Itis
also said that Statidtics itsdf is not an absolute measure. It provides precise result minimizing error as much as
possible

Statistics can be misused

Only the experts or gatistician can handle statistical data properly. It islikely to be misused the Statistics
by non-statistical persons in handling data and interpreting the result. Even expert person or statistician
may come to fallacious conclusion if data are biased or inadequate. Hence, the famous statement that
“figures don’t lie but the liars can figure” is a testimony to the misuse of statistics.

Variable

In Statistics, avariable or characteristic may be defined as an attribute that describe a person, place, thing
or idea under study. Therefore, a characteristic or measurement that may vary from one biological entity
to another or placeto place or timeto timeis called variable. In other words, a variable is a characteristic
that varies from one person or thing to another .Therefore, a quantitative or qualitative characteristic that
varies from observation to observation in the same group is called a variable For example, the
variable may be height, weight, age, blood pressure, pulse rate, blood sugar, temperature, gender, income,
expenditure , sales, profit, operating cost, ethnicity, religion, occupation, hair colour, eye colour,
knowledge, nationality, religion, pain etc. Generally, variables are denoted by X or Y or Z.




Types of variable

The statistical data can be divided into two broad categories. So, there are two types of variables
1. Categorical variable or Qualitative variable
2. Numerical variable or Quantitative variable

Qualitative variable

Qualitative variable is a variable or characteristic which cannot be measured in quantitative form but can only be
identified by name or categories. The qualitative variables are just categorized. It is also called
categorical variable. Categorical variables take a value that is one of several possible categories. As
naturally measured, categorical variables have no numerical meaning .The data are classified by counting
the individuals having the same characteristics or attributes and but not by measurement. For Examples:
Hair color (black, grey ,white) , gender: male/female, religion , nationality , marital status, disease:
present/absent, eye color ( black, brown ,blue), vaccine: vaccinated/ not vaccinated , smoke: smoking/not
smoking, stages of cancer (I, Il, IlI, or 1V), blood group ( A, B, AB, O) , degree of pain (minimal,
moderate, severe or unbearable) etc.

The qualitative variable if it has only two categories is binary or dichotomous variable such as
male/female, married/single, live/death etc. Data of this type are called nominal data and ordered
categorical data such as pain: mild/moderate/severe and cigarette consumption: non-smoker/light smoker/
heavy smoker, socioeconomic status: lower, middle, upper are also called ordinal data.

Qualitative variable may be further classified into two categories
0] Nominal variable
(i) Ordinal variable

Nominal variable

Qualitative variables which can be categorized into various categories such that the numbers or symbols 0, 1, 2 etc.
assigned have no numerical meaning are called nominal variables. It describes the differences but not the
differences between the numbers. It does not satisfy ordinary arithmetic properties such as addition,
subtraction, multiplication, division etc.

For examples, gender (malefemale), marital status (married/single), profession (Teacher, doctor,
engineer, officer ec.), reigion (Hindu, Muslim. Buddhist etc.), hair color (black, grey, white) etc.

Ordinal variable: Qualitative variables which can be ordered and ranked categorical data are called
ordinal variables. For examples, pain: mild/moderate/severe; cigarette consumption: non-smoker/light
smoker/ heavy smoker; socioeconomic status: lower, middle, upper; attitude towards certain fact:
positive, negative, bad etc.

Quantitative variable: A quantitative variable is one that can be measured and expressed numerically.
Therefore, quantitative variable describes the characteristics in term if a numerical value, which are
expressed in units of measurements. For example, height, weight, age. Income, pulse rate, blood pressure,
level of hemoglobin in blood, number of children in a family, temperature records etc. These data may be
represented by interval and ratio scale. Quantitative Variables can be divided into two types based on the
nature of the characteristics. They are

1. Discretevariable
2. Continuous variable

Discrete variable: A variable is said to be discrete if it takes only countably many values (i.e. whole
numbers). It is avariable whose values are obtained by counting.



For example,

No. of goals scored in a football match.

No. of childreninafamily : 1,2, 34,6

WBC count: 2000, 3010, 4060, 5050

No. of Bed in hospital wards : 50, 75, 100, 500, 1000.

Continuous variable: A variable is said to be continuous if it takes all possible real values (i.e. whole
number as well as fractional values) within certain range. It is a variable whose values are abtained by
measuring. For examples: height, weight, age, income, pulse rate, blood pressure, level of hemoglobin in
blood, cholesteral etc.

i.e

Weight of children (in kg): 8, 9. 9.5, 9.8, 10, 10.3

Height of patients (in feet): 4.6, 4.9,5,5.4,5.6,5.8,6

Types of Data and Data collection

By definition of Statistics, data is an aggregate of facts which can numerically be expressed. So, Data is
one of the main sources of information. The first step of statistical approach (or study) is collection of
data. Collection of data means the methods that are to be used for getting necessary information from
units under investigation. The process of getting necessary information from the units under investigation
is called collection of data. The method of data collection depends upon the nature, objective, and the
scope of inquiry. The quality of information depends upon the source of data, the methods of collection of
data and recording system.

There are mainly two types of data on the basis of collection procedures. They are as follows

1. Primary data
2. Secondary data

Primary data

Primary data are those fresh and original data, which are collected and recorded by the Investigator or
researcher. Therefore, the data which are originally collected by investigator or researcher or an agent for
the first time for the purpose of statistical enquiry (or investigation) are known as primary data. They are
the first hand, unique, original, reliable and accurate in character. Primary data are collected for specific
purpose of study of the investigator or researcher. For example, if a public health student wants to study
the fertility behavior of women in Jumla, the data collected for this purpose by him/her are primary data.

Methods of collecting primary data
There are various methods of collecting primary data.

1. Interview method

(@) Direct personal interview method
(b) Indirect personal interview method
(c) Tdephoneinterview method
Information through correspondence

3. Mailed questionnaire method
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4. Schedule sent through enumerators
5. Internet

6. Observation method.
Interview method

The process of obtaining the information through interview with respondents by the enumerator is called
interview method of obtaining data.

Direct personal interview method

In this method, the investigators or researchers meet the respondents (or informants) personally and asked
the necessary questions and extract the required data from them. The persons from whom informations
are collected are known as informants. Since the researcher collects the information, the information is
accurate, fresh and reliable. This method is effective for small number of respondents. It suits best for
intensive study of the limited field.

This method is suitable in the following situations

e Whentheareaof inquiry islimited.
e When thedataisto be kept secret
e When pureand original datais needed.

Merits
¢ Information obtained by this method is generally accurate.

e Investigator or researcher can collect other supplementary information related with the study.

e The accuracy of data can be verified in the spot as the investigator is being involved in
collecting data

o Peoplewillingly supply information because they are approached personally.

e Senditive questions can be asked because informants feel at home with the interviewer.

Demerits
e Itiscostly and time consuming
e Itisnot useful for wide area of inquiry
o Thereis chance of getting biased information

Indirect personal interview method

This method is applied when the informants hesitate to provide information directly. The information
regarding property, personal habitats such as smoking habitat, drug addicts, using family planning
measures ec. In this method, information can generally be collected with the help of third person who is
well known and familiar with the respondents. The third person hereis said to be witness.

It is suitable
e When thedirect sources of information are not available
¢ When theinformants are rductant (i.e. to hesitate) to give information.
¢ Whenthefield of investigation is very wide.

Merits
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e Thismethod is comparatively economic.
e |tisconvenient way of gathering sensitive information with the help of witness.
e |tisapplicablefor wider area of inquiry.

Demerits

e Thewitness may be biased to provide accurate information.
e Therewill belack of interest to provide information about respondents.

I nfor mation through correspondence

This is a correspondence method. In this method, the investigator appoints the correspondents in different
places to collect information. The correspondents collect information and send to central office or to the
investigator and finally central office or investigator utilize the data. This method is more suitable in the
field of news media.

Merits

e This method is economic (cheap) and appropriate for extensive investigations.
e Theinformation from wide area can be easily obtained.

Demerits

¢ Information through this method may not be uniform.
e It istime consuming method if there is no facility of communication such as telephone, internet
€tc.

Mailed questionnaire method

Under this method, a list of questions is prepared and is sent to all the informants (or respondents) by
post. The list of questions is technically called questionnaire .The respondents (or informants) are
requested to answer these questions and return to the investigator within a specified time. A covering
letter accompanying the questionnaire explains the purpose of the investigation and the importance of
correct information. This method is appropriate in those cases where the informants are literates and are
spread over awide area.

Merits:

1. Itisrdatively cheap.

It is preferable when the informants are spread over the wide area.

3. The information collected through this method is accurate since the educated respondents provide
information.

N

Demerits:
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1. The greatest limitation is that the informants should be literates who are able to understand and reply
the questions.
2 It has high chance of non-response.
3. Itispossiblethat some of the persons who receive the questionnaires do not return them.
3. Itisdifficult to verify the correctness of the informations furnished by the respondents.
Schedule sent through enumer ator s

Under this method enumerators or interviewers take the schedules, meet the informants and filling their
replies. Often distinction is made between the schedule and a questionnaire. A schedule is filled by the
interviewers in a face-to-face situation with the informant. A questionnaire is filled by the informant
which he/shereceives and returns by post. It is suitable for extensive surveys.

Merits

1. It can be adopted even if theinformants areilliterates.

2. Answers for questions of personal and pecuniary nature can be collected.

3. Non-response is minimum as enumerators go personally and contact the informants.

4. Theinformation collected arerdiable. The enumerators can be properly trained for the same.
5. It is most popular methods.

Demerits:

e Thisistime consuming and expensive method

Telephone interview method

If enumerator or researcher collects the information through telephone is called telephone interview
method. It is becoming more popular these days. If the respondents have telephone access, this method is
may be very effective. It is so rapid and cheap method of data collection.

Merits
¢ Information obtained by this method is generally accurate.

e Itisrapid and cheap.
¢ - Responserateis high.

Demerits

e People without access of telephone will be ignored even if they are very important.
e Itisnot useful for wide area of inquiry
e Thereis chance of getting biased information.

Inter net

12



13

In this age of information technology, internet is also gaining popularity as a method of data collection.
This method enables the investigator to get an access to the data directly or by inquiry with the concerned
individual or agency to get required data.

Merits:

e This method covers the whole world geographically.
e The data collected can be the most recent and up to date.

Demerits

e Investigator who does not have an access to the internet will be unable to useit.
e This method might be costly.

Observation method

The method by which researcher or enumerator collects the information observing the information,
observing phenomenon about issue or individual or commodity culture or experimental units etc.

Merits

e Non-responserateis absent.
e Confusion can bereduced at spot.
e It consists high rdiability.

Demerits

o [tisexpensive
e ltcoverslessarea

Problems involved in collecting primary data

There are various problems that have to be faced while collecting primary data. The nature of problems
depends upon the different situations. Some of the problems are as follows.

o Generally thereislack of time and money while collecting primary data.

e Transportation facility is essential for the enumerators or investigators to and from the research field.
Thisis one of the major problems for under devel oped countries like Nepal.

e Thereishigh degree of non-response error fromilliterate respondents.

Secondary Data:
Secondary data are those data which have been already collected and analyzed by some earlier agency for

its own use and later the same data are used by a different agency. The data is a primary for those
persons or ingtitutions that collect them but the same data become secondary for another. Actually
secondary data are the data, which are borrowed from others who have collected them for some other
purpose. This type of data is not origina in nature. The degree of accuracy of this type of data is
comparatively less than that of the primary data.
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Sour ces of Secondary data:
In most of the studies the investigator finds it impracticable to collect first-hand information on all related

issues and as such he makes use of the data collected by others. In order to collect secondary data, the
following sources may be used.

1 Published sources, and
2 Unpublished sources

Published Sour ces:
The various sources of published data are:

o Reportsand publications of ministries, departments of the government.

e Reports and publications of reputed INGO’S such as UNDP, ADB, UNESCO, WHO, World
Banks etc.

e Reports and publications of reliable NGO’S, NDHS (Nepal Demographic Health Survey),
Journals, periodicals etc.

e Publications brought out by research agencies, research scholars, etc.

In recent years, the internet has become one of the important sources of data. Almost all reputed
companies, business firms, or institutions have internet web sites and provides public access.

Unpublished Sour ces
All statistical material is not always published. There are various sources of unpublished data such as:

¢ Records maintained by various Government and private offices.
¢ Records maintained by research institutions, research scholars, etc.
e Records updated by the department’s institutions for their internal purpose.

Merits of secondary data
e |t savestime and cost.
e Thescope of inquiry can beincreased in terms of area and time period to be covered.
e  Much of the secondary data available has been collected for many years and therefore it can be
used to plot trends.
e It hdps thegovernment in making decisions and planning future policy

Demerits of secondary data
¢ Datamay not beinthe exact form of the requirement of the researcher.
e Someinformation is often omitted or some categories are pool ed.

Precaution in using secondary data
The secondary data available from any organizations or agencies can not directly be used for the
statistical investigation because the data may be erroneous, not suitable and inadequate to the problem
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under study. So, before using the secondary data to the problem under study, the investigator should be
more careful on the following factors

o Redliability of data
e Suitability of data and
e Adeguacy of data

Reliability of data.

The investigator or researcher should be very careful about the reliability of data. If data are not reliable,
even it is treated and interpreted properly; it may not give good result. It means that the result may miss
guide. So, theinvestigator or researcher must be serious about the following points.

e Therdliability, integrity and experience of the organization or institutions.
e Therdliability of sources of information and
e Themethods applied for the collection and analysis of the data

It is essential that the collecting agency or organization must be unbiased in collecting data. Data should
be callected in normal time. That is the time should be free from abnormalities, political upheavals or any
abnormalities.

Suitability of data

Even if the data are reliable, it should be used after confirming its suitability. It is essential to see whether
the collected data are suitable for the purpose the inquiry or not. In this case, the investigator should
compare the objectives, nature and scope of the given inquiry with the original investigation. Investigator
should confirm various terms and units which are clearly defined and uniform or not throughout the
earlier investigation.

Adequacy of data

Even if the data are reliable and suitable, it is hecessary to see whether it is adequate or not for the inquiry
.Thus, in order to arrive at conclusion free from limitations and accuracies, the secondary data must be
subjected through scrutiny and editing before accepted for use.

Advantages of Secondary Data

1. Itsavestimeand cost.
2. If specialy trained persons collect it, the quality of secondary datais better.
3. Thescope of inquiry can beincreased in terms of area and time period to be covered.

Disadvantages of Secondary data
1. Datamay naot be in the exact form of the requirement of the researcher.

2. Some information is often omitted or some categories are pooled.

15
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Difference between primary and secondary data

The difference between primary and secondary data is basically depends on the mode of collection of
data. The data which are primary for one agency is treated as secondary for other and vice versa
However, the main differences between primary and secondary data are as follows:

Primary data Secondary data

e Primary data are origina in the sense that e Secondary data are not original in the
they are personally collected by the sense that they are collected by someone
investigator or researcher involving himself / other than the investigator or researcher.
hersdf.

e Primary data collection is more expensive e Secondary data are readily available at
and exhaustive. less expense.

e Primary data are collected as per requirement e Secondary data might have been collected
of the investigator. with different objectives.

o Primary data may be influenced by personal e Secondary data may not be influenced by
preudice of the investigator. the personal prejudice of the investigator.

16




MEASURES OF DISPERSION

Introduction

The measure of central tendency like mean, median and mode give only the idea about the
concentration of the items around the central values but are unable to give the clear information about
the variability or the scatterness of the items from the central values is called dispersion and its
measure is the measure of dispersion or the measure of variation.

Central tendency just measures the central value of the given items which is supposed to represent
mass of the data. However, it may not be true if the values of the items highly scattered or spread.
Thus, to ensure the reliability of the computed central value, measure of dispersion is used. Thus,
measures of dispersion are statistical tools i.e. descriptive statistical measures which are used to
measure the variation or spread or scatterness or deviation of data from the central value. So, it gives
an idea of homogeneity or heterogeneity of the distribution. For example, let us consider the following
three series A, B and C with the same number of observationsi.en=5

Observations Total Mean (X ) | Median Mode (Mo)
(Md)
A |20 20 20 20 | 100 20 20 20
20
B |18 19 20 20 | 100 20 20 20
23
C |12 16 20 20 | 100 20 20 20
32

If we carefully study the above table, we will notice that all the three series A, B and C have same
number of observations i.e. n = 5 and have the same mean, median and mode but they differ
completely (or entirely) in formation or structure. Series A is stationary or constant and shows ho
dispersion or variability.Series B is dightly dispersed and series C is relatively more dispersed.In
other words, series B is more homogeneous than series C and alternatively series C is more
heterogeneous than series B.Though three series A, B and C have same averages, they can not be
similar because they are differently constituated.
Thus, only the measures of central tendency are inadequate to describe (or characterize) the
distribution completely. Therefore, the measures of central tendency must be supported and
supplemented by some other measures.One of such measureis dispersion or variability.
Definition
The definitions of the prominent statisticians about the dispersion are given below:
"Dispersion or spread is the degree of the scatter or variation of the variables about a central
value." B.C. Brooks& W.F.L. Dick

Objectives of the M easur es of Dispersion

The main objectives of measuring variability or Dispersion are asfollows:
() Todeerminetherdiability of an average

(i)  Tocontrol the variation of the data from the central value.

(i) Tocomparetwo or moreseries or sets of data with regard to their variability.



(i) Tofacilitate the use of other statistical measures for further analysis of data.
(i) Tohepin devicing a system of quality control.

Characteristics for an ideal (or good) measure of Dispersion (i.e. Requisites of an ideal or good
measur e of dispersion)

The following are the requisites to be satisfied by different measures of dispersion to become an ideal
measure.

(i) Itshould berigidly defined.

(if) It should be simple to understand and easy to calculate.
(iii) 1t should be based on all the observations

(iv) It should be suitable for further mathematical treatment.
v) It should beleast affected by fluctuations of sampling.

(vi) It should not be much affected by extreme observations.

Absolute and Relative M easur es of Dispersion

There aretwo types of dispersion: (1) absolute and (2) relative.
Absolute measur es of Dispersion: The measures of dispersion which are dependent to original
units of measurement of data are said to be absolute measures of dispersion. The absolute
measures of dispersion can be used only for comparing the variability or dispersion of two or
more distributions having in the same unit. If the distributions are given in different units, then
for comparison, the absolute measures of dispersion cannot be used.

E.g. Income x: Rs. 800
Incomey: Rs. 300
.. Absolute measure of dispersion = Rs. 800 — Rs.300 = Rs. 500

Relative measures of Dispersion: The measures of dispersion which are pure numbers, independent
of units of measurement of the data are said to be reative measures of dispersion. Thus, the rdative
measures of dispersion will not have any unit of measurement and are obtained by taking a ratio or

percentage of an absolute measure of dispersion to a suitable average. i.e. the ratios of two absolute
values.

Rs.800 8

.. Relativevalue= —=—
Rs.300 3

Therefore, for comparing the variability of two or more than two distributions  even if they are
measured in the same units, for convenience results, the relative measures of dispersion instead of the
absolute measures of dispersion are computed.

Therefore, the various measur es of dispersion ar e as follows.
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Range

Quartile deviation or Semi-interquartile range
Mean deviation or Aerage deviation.

Standard deviation

Lorenz curve

arwdE

Note: But Lorenz curveisbeyond of our syllabus.

Thus, the abosolute and relative measures of dispersion are given in the following table:
Absolute measure Relative measure
1. Range 1. Coefficient of range
2. Quatile deviation or Seim-interquartile 2. Coefficient of quartile deviation.
range 3. Coefficient of mean devaiation.
3. Mean deviation 4. Coefficient of variation
4. Standard deviation
5. Graphical method: Lorenz curve.

Range

Range is the simplest of all the measures of dispersion. It is defined as the difference between
largest (maximum) value and smallest (minimum) value for the given observations of the distribution.
If the largest and the smallest observation of the distribution are L and S respectively. Then, the range
is denoted by R.

Range (R) = Largest item — Smallest item=L - S.
Where, Xmax= L = Larest item or observation
Xmin = S = Smallest item or observation

In case of grouped frequency distribution i.e. continuous frequency distribution, range is defined as
the upper limit of the highest class and the lower limit of the smallest class.

Range is an absolute measure of dispersion and depends upon the units of measurement. if we want ot
compare the variability of two or more distributions with same units of measurement, we may use but
for different units, we may not use.lts relative measure of dispersion is known as coefficient of range
and the coefficient of range is given by

L+S

It isardative measure of dispersion.

Coefficient of range =

For individual Series

(a) Obtain the range and coefficient of range for the following data:
Height (in cm): 155, 160, 158, 156, 162, 165
Solution: We have,
Largest value(L) =165cm
Smallest value (S) = 155 cm
Range (R) =165-155cm=10cm
Coefficient of range= L_S_165_1%_10cm
L+S 165+ 155 320cm
(b) Calculate the range and coefficient of range from the following data:

=0.0312

2, 3,5,7,12,15,8,20
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Solution:
Largest value (L)=20
Smallest value (S) =2

Range (R) =20-2=18
. _L-S 20-2_
Coefficient of range = L+S- 200" 0.818
For Discrete Series
Find range and coefficient of range from the following wage distribution:
Daily wages (inRs.) |50 110 80 120 130
No. of works 20 15 30 15 8

Solution: We have given,
Largest item (L) =130
Smallest item (S) = 50
Range(R) =L - S=130-50=Rs. 80

- _L-S 130-50 80 _
Cosfficient of range = L +S-130+50_ 180" 0.444

For Continous Series

Find range and coefficient of range from the following grouped frequency distribution:

Marks 0-30 30-60 60-90 90-120 [120-150

No. of students |10 20 18 25 5

Solution: We have given,
Largestitem (L) =150
Smallestitem(S) =0
Range (R) =L — S= 150 - 0 = 150 marks

150-0 _ 150 _
150+0 150

Cosfficient of range =

Merits of Range

o ltisrigidly defined.

e Itissmpleto understand and easy to calculate.

e Its computation is very fast. Hence, if we want to know a quick rather than a very accurate
picture of variability, we may compute range.
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e It is mostly used in calculating the range of meteorological data such as data related to
temperature, rainfall etc.

e Range is used in industry for datistical quality control of manufactured product by the
construction of R-chart i.e. control chart for range.

e Rangeis also useful in studying the variations in the prices of stocks and shares and other
commodities that are sensitive to price changes from one period to ancther.

Demerits of Range

e Itisnot based on al the observations. That is, it is only considers the largest and smallest
values of the distribution.

e It cannot be calculated in case of open end classes frequency distribution.

e Itismuch affected by fluctuation of sampling.

o Itisaffected by extreme observations.

e Itisnot suitablefor further mathematical treatments.

Quartile Deviation or Semi-interquartile Range
Quartile deviation is a measure of dispersion based on the upper quartile Q, and lower quartile Q.

The difference between the upper quartile Qs and lower quartile Q1 is known as inter-quartile range.
Inter-quartilerange= Qsz- Q1
The half of the inter-quartile range is called semi-interquartile range, which is also known as quartile
deviation. Generally, it is denoted by quartile deviation (Q.D.) and is given by
Quartiledeviation (Q.D.) = %
Where,

Qs = Third quartile or upper quartile

Q1 = Firgt quartile or lower quartile
Quartile deviation is an absolute measure of dispersion. The relative measure based on the lower and
upper quartiles known as coefficient of quartile deviation. For comparative studies of variability of
two or more than two distributions, we need relative measure of dispersion which is known as
coefficient of quartile deviation and is given by

.. . . Q3—-Qs
Coefficient of quartile deviation = Qs + O
Note:
e Quartile deviation (Q.D.) is the most suitable or appropriate measure of dispersion for open
end classes.
o Less the coefficient of Q.D. implies more will be the uniformity or less will be the
variability.
o Greater the coefficient of Q.D. implies less will be the uniformity or greater will be the
variability.

For Individual Series

From the following data, obtain interquartilerange, Q.D. & coefficient of Q.D.
Daily production: 25, 20, 23, 18, 22, 17, 26
Solution:
Arranging the given data in ascending order, we get,
17, 18, 20, 22, 23, 25, 26

Now,
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. . n+ 1\"
First quartile (Q1) = Value of (T) item
7+1\"
= Value of (T) item
= Value of 2" item
Q1 =18
Again,

th
Third quartile (Qz) = Value of (g%l)) item

7+ 1)\"
= Value of (%4—2) item

= Value of 6" item
Q=25
Interquartilerange= Q5 — Q4
=7
Quartile deviation or Semi-interquartilerange (Q.D.) = @ ; @ = 25; 18 = g =35

_ . Q- 25-18 7 _
.. Coefficient of Q.D. Qs+ 25+ 18_43_0'163

Find the interquartile range, Q.D. and Coefficient of Q.D. from the following series:

X: 910567284
Solution

Arranging the given data in ascending order, we get,
X:24 5678910

Now,
_ Q-
Q.D.= >
Again,
th
Q =Va|ueof£&41Litem

th
= Value of (?J item = Value of 2.25" item

= Vaueof 2"item + 0.25( 3" item - 2" item)
So, Qi =4+025(5-4) =425

3(n + 1th
Qs =Vaueof JnTLitem
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th
= Value of (%9) item

= Value of 6.75" item
= Value of 6™ item + 0.75( 7" item - 6™ item)
Q: =8+0.75(9-8)=875

Interquartilerange= Q3 — Q,

=875-4.25
=45
. - - . — 4.5
Quartile deviation (or Semi-interquartile range) Q.D. = % =5 =225
- Q- _45_
Codfficient of Q.D. = Qs+ Q- 13 0.346

For Discrete Series

Findout the Q.D. and coefficient of Q.D. from the following distribution:

Size 10 |12 |15 |18 |20 |22

No. of parts |6 |14 |20 |16 |8 |6

Solution:
Computation of less than cumulative frequency

Size No. of parts (f) Lessthan c.f.
10 6 6

12 14 20

15 20 40

18 16 56

20 8 64

22 6 70

N=>f =70
Now,

. . N+ 1)\"
First quartile (Q1) = Value of (T) item

+1th
2 )item

= Value of (70
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= Valueof (17.75)" item

=12

. . N+ 1)"
Third quartile (Qs) = Vaueof 3 (T) item

7\"
= Vaue of (3 X Z) item

= Value of (53.25)" item
Q3 = 18

Interquartilerange= Q5 — Q4
=18-12
=6

Q-Q _18-12
= -

> 3

Quartile deviation (or Semi-interquartilerange) Q.D. =

Coefficient of Q.D. "t Q" 18+ 12-30-5" 0.2

For Continuous Series

Calculatethe interquartilerange, Q.D. and Coefficient of Q.D. from the following groups:

Daily earning (Rs.) 50-100 |100-200|200-250|250-300 |300-400
No. of Persons 5 7 8 6 2
Solution:

X f c.f.

50-100 |5 5

100-200 |7 12

200-250 |8 20

250-300 |6 26

300-400 |2 28

Here,

NY" 28\". .
ForQl—(4) |tem—(4) item=7"item
Q:uliesinthe class 100-200.
L=100,f=7,cf.=5 h=100

Now,
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N
a4 c.f.

Q1:L+Txh

x 100 =100 + 20 =100 + 28.57 = 128.57

=100 + Z ~

3x28

For Qs = 21

Qsliesin the class 250-300.

L =250,f=6,cf.=20, h=50

A Z

—c.f.
f

Now, Qs =L + x h

50
5 % 50 =100+ e 100 + 8.33 = 258.33.

=250+
Interquartilerange= Q5 — Q4

= 258.33 - 128.57
=129.76

_ Q- Q 258.33-12857 129.76

Q.D. 5 5 ==, = Rs.64.88
- Q-1 129.76
Codfficient of Q.D. = Qs+ Q1 - 3860 - 0.33

Calculate suitable or appropriate measure of dispersion from the following data. Support the choice
for the measure.

Height bedow2 |2-5 5-10 10-15 |15 & above

Frequency |5 7 8 6 2

Solution: Since, the given frequency distribution has open end classes, therefore quartile deviation
(Q.D.) is the appropriate measure of dispersion.

Size Frequency Lessthan c.f.
below 2 3 3

2-5 8 11

5-10 11 22
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10-15 12

15 & above 6

40

Totd N;Zfz

For first quartile (Q1):

v_ 40 49
4

4
Qi liesinclassis 2-5
Now,
L=2cf.=3f=8h=3
N

1 c.f.

10 —
Q1:L+ f xh:2+o 3

8

For third quartile (Q3):

3N _3xa0
4 - . = 30

Qsliesinclassis 10-15
L=10,cf.=22,f=12,h=5

3N
i c.f.

30—22

12

13.33—-4.625

Quartile deviation (Q.D.) = Q3;Ql —

x3=2+2.625=4.625

x5=10+3.33=13.33

=4.3525

I

The distribution of fortnightly wages of 280 employees of an undertaking is as follows

Fortnightly | Less 200-399 | 400-599 | 600-799 | 800-999 | 1000- 1200- 1400 &
wages (in | than 1199 1399 above
Rs.) 200

No.of 12 16 38 78 80 35 14 7
employees

Calculate the appropriate measures of dispersion and its coefficient from the following distribution

and support for your choice of measure.

Solution: Since, the given frequency distribution has open end classes; therefore quartile deviation
(Q.D.) isthe appropriate measure of dispersion.
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Fortnightly wages | No. of employees (f) |LessthancHf.
(inRs.)

Lessthan 200 12 12
200-399 16 28
400-599 38 66
600-799 78 144
800 -999 80 224
1000-1199 35 259
1200 -1399 14 273
1400 & above 7 280
Total N=> f =280

400-399 1
= 2— = 0. 5

Correction factor =

For first quartile (Q1):

280 _

¥_20_
4 4

Q1 liesin class is 600-799 but its exclusive class is 599.5-799.5
Now,
L =599.5, cf. =66, f =78, h=200

N
i c.f.

Q=L+~ —xh=5995+

70-66
78

X 200 = 609.7564

For third quartile (Qs):

ﬂ: 3x280

4 " = 210

Qs liesin class is 800-999 but its exclusive class is 799.5-999.5
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L =7995, cf. =144, f =80, h=200

3N

— —c.f.
4 _
Qs= x h=799.5 +2221% » 200 = 964.5
f 80

964.5-609.7564
2

=Rs. 177.3718

Quartile deviation (Q.D.) = QS;Qi _

Coefficient of Q.D. = Q-1 _ 96a5-6007564 _ ) )03,

T Qs+ Q1 9645+ 609.7564

Calculate the quartile deviation (or semi-interquartile range) and coefficient of quartile deviation from
the following data.

Marks Below 20 | Below 40 | Below 60 | Below 80 Below 100
No. of | 8 20 50 70 80
students
OR
Marks (Below) 20 40 60 80 100
No. of | 8 20 50 70 80
students
Solution:
Marks f Less than c.f.
below 20 8 8
20-40 12 20
50-60 30 50
60-80 20 70
80 -100 10 80
Totd N = z f =80

For first quartile (Q4):

Y_®_20

4 4
Quliesinclassis 20 - 40
Now,

L=50,cf.=8f=12,h=20
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N

Z_C'f'
Q=L+— xh=20+22x 20 =40

For third quartile (Q3):

3N _3xg0 _

4 4 60

Qs liesinclassis 60-80
L =60, cf.=50,f=20,h=20

3N
4 c.f.

Q=" x h = 60 + 22220

20

x20=70

70—40

Quartile deviation (Q.D.) = %2 = = 15 marks

Coefficient of Q.D. = &=% =70=%0 — 9 577727

Q3+Q; 70440

Find the quartile range (or semi-interquartile range) and the coefficient of quartile deviation from the
following data:

Marks in | Above Above | Above | Above | Above Above | Above | Above
Statistics | O 10 20 30 40 50 60 70
No. of | 150 140 100 80 74 70 30 14
Stufents
OR

Marks in Statistics | O 10 20 30 40 50 60 70
(More than)
No. of Stufents 150 140 100 80 74 70 30 14
Solution:

Marksin f Less than c.f.

Statistics

0-10 10 10

10-20 40 50

20-30 20 70

30-40 6 76

40 -50 4 80
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50-60 40 120

60-70 16 136
70 & more 14 150
Total N=) f =150

For first quartile (Q1):

Y10 _375

=

Q. liesinclassis10- 20

Now,

L=10, cf.=10, f=40, h=10
N

ch.f.
Q=L+ xh=10+37'j—;1°x10 = 16.875

For third quartile (Qs):

3TN= 228 = 1125
4

Qs liesinclassis 50-60
L=50, cf.=80, f=40, h=10

3N

ch.f.
ngth:5o+%i—8°x 10=58.125

58.125-16.875
2

= 20.625 marks

Quartile deviation (Q.D.) = Q3;Ql _

Coefficient of Q.D. = &=% = 3812516875 _ oo

Q3+0; 58.125+16.875

Calculate quartile deviation and its relative coefficient from the following data:

Central Value | 6 9 12 15 18
Frequency 14 24 38 20 4
Solution:

Class size (h) = Difference between two successive mid. values
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Subtract the value of g from each mid. value to get lower limit and add g to the same mid. value to

get upper limit.
C.l. f Lessthan c.f.
45-75 14 14
7.5-10.5 24 38
10.5-13.5 38 76
13.5-16.5 20 96
16.5-19.5 4 100
Total N=>f =100

For first quartile (Q1):

N 100
4 4

Q:liesinclassis7.5-10.5
Now,
L=75 cf.=14, f=24, h=3

N —c.f.

Q=L+ x h=75+2"1

24

x 3 =8.875

For third quartile (Qs):

3N _3x100 _
4 = 4 &

Qsliesinclassis 10.5-13.5
L=105 cf.=38 f=38 h=3

3N
a4~ c.f.

Q=—F—xh=105+ 75-38

38

x 3=13.42105
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Quartile deviation (Q.D.) = #-% = 222287 =5 573025

Relative measure of quartile deviation is

Coefficient of Q.D. = 2% = 1342058875

= =0.203895
Q3+Q1 13.42105+ 8.875

Merits of Quartile Deviation

e Itisonly of the dispersion, which can be calculated for the frequency distribution having
open-end classes.

Itisrigidly defined.

It is simple to understand and easy to calculate.

It is not affected by extreme observations.

It isvery useful when it as desired to know variability in the central half part of the data.

Demerits of Quartile Deviation

e Q.D.isnot based on all the observations. Since it ignores 25% of the data at the lower end
and 25% of the data at the upper end of the distribution.

e Itismuch affected by fluctuations of sampling.

e Itisnot suitablefor further mathematical treatment.

Mean Deviation or Average deviation

Range and Quartile deviation are not the better measure of dispersion as all the items are not included
in both cases and they do not show the variations of the items or observations from an average. Thus,
they completely ignore the composition of the distribution. So, to overcome both these drawbacks,
the other measure of dispersion is developed, which is known as mean deviation or average deviation
or mean absolute deviation. Generally, it is denoted by M.D.

Mean deviation is defined as the arithmetic mean of the absolute (modulas) deviations of the items or
observations taken from their central values. The central values generally are taken as mean, median
or mode. If the average deviation is taken from mean, median, or mode, then they are said to be mean
deviation from mean, mean deviation from median or mean deviation from mode respectively.

In this case of

lindividual Series: L&t X1 X2, . ... . .. Xn be the n variate values of a variable X. Then, the mean
deviation is defined by the following formula:

We have,
Z\x —Y\
M.D.fronMean= ———
n
_ DX = Md|
M.D. from Median = T
2. Discrete Series: Let X1, X2 X3, . . .... ,xn be the n variate values of a variable X and f1, f2,

fa, ..... fn betheir corresponding frequencies. Then, M.D. is defined by the following formula:
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M.D. fromMean = w

M.D. from Median = w

Where, X = value of variable.
3. Continuous series (grouped frequency distribution)
Formulaas samein discrete series but X ismiddle value of the class.

> fx-X|

N

M.D. fromMean =

M.D. from Median = w

Coefficient of Mean deviation from mean and median

M.D. from Mean
Mean

Codfficient of M.D. from Mean =

M.D. from Median
Median

Cosdfficient of M.D. from Median =

Find mean deviation from mean for the following data:
Profit (in ‘000’ Rs.): 20, 23, 24, 27, 31
Solution:

For mean deviation from mean:

Computation of Sum of Values

Profit (in ‘000’ _
Rs) (X) X=X
20 5
23 2
24 1
27 2
31 6
> X =125 z‘x-i‘zla
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Now,

o X 12
Mean(X):Z— :?5:25
n

X=X 16 .
M.D. fromMean= ——— =% = Rs.3.2 (in 000)
n
. M.D.fromMean 3.2
Codfficient of M.D.fromMean=W—2—5=01258

From the following weight distribution, find mean deviation from mean, median and mode, and their
corresponding coefficient of M.D..

Variable 10 |12 15 16 20

No. of parts |6 14 20 13 7

Solution:

Computation of Sum of Valuesfor M.D.

Weigh [No. of|d = X- _ _

tX) |parts) |15 fd IX-X]| fIX-X| cf. | X-Md| [fIX-Md|

10 6 -5 -30 -4.6 27.6 6 5 30

12 14 -5 42 -2.6 36.4 20 3 42

15 20 0 0 0.4 8 40 0 0

16 13 1 13 14 18.2 53 1 13

20 7 5 35 5.4 37.8 60 5 35
N= S fd Sflx-X 2 f[X=Md
Z f =128 =120
=60 =-24

Now,

_ fd 24
Mean (X) = A + ZN =15-5,=15-04=146

=213

fIX - X
M.D. from Mean = M _128
N 60
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M.D. fromMean 2.13 _
Mean ~ 146

Cogfficient of M.D. from Mean = 1.2

Again,

N 1 th 1 th
Median (M) = value of (T+) item = value of (GOTJ') item

= valueof (30.5)" item

.. Mg=15

M.D. from MedianzM =1—20= 2

N 60
. . _MD.fromMedian _ 2 _
Cofficient of M.D. fromMedian= Median = 15—0.133

Calculate M.D. and coefficient of M.D. from Mean from the following distribution:

Classinterval |0-20 |20-40 |40-50 |50-60 | 60-80

Frequency 4 6 10 8 2

Solution:
Computation of Sum of Values
Classinterval I(:f;equency ,(\;l(i)d_val ue d= %5 fd' X - X| fIX - X|
0-20 4 10 -7 -28 31.67 126.68
20-40 6 30 -3 -18 11.67 70.02
40-50 10 45 0 0 3.33 333
50-60 8 55 2 16 13.33 106.64
60-80 2 70 5 10 28.33 56.66
Total N= 30 Zfd': _ Zf‘x_y‘
20 =393
Now,
Mean (X) = A + zl\];d xh :45+%2x5=45—%=41.67
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2 AX-X| a3

N 30 - 1311

.. M.D. fromMean =

M.D. fromMean 13.11
Mean 4167 03146

Coefficient of M.D. from Mean =

Merits of Mean Deviation
Itisrigidly defined.
It is simple to understand and easy to calculate.
e Mean deviation is taken form median will be minimum. It means, it is more reliable than

range and quartile deviation.
o Itislessaffected by extreme observations as compared with standard deviation.

Demerits of Mean Deviation

e |tignoresthe negative sign.

e It cannot be calculated exactly for frequency distribution having open end classes.

e It does not give satisfactory result when mean deviation taken from mode , when mode is
ill-defined.

e Itisrarey usedin sociological studies.

Standard Deviation

Standard deviation is said to be the best measure of dispersion (or ideal measure of dispersion) as it
satisfies almost all the requisites (or characteristics) of an ideal or a good measure of dispersion. It
was first suggested by Karl Pearson in 1893. It is usually denoted by Greek alphabet ¢ (sigma) and
defined as “the positive square root of the arithmetic mean of the square of the deviations of the given
set of observations from their arithmetic mean.”

Merits of Standard deviation

o Itisrigidly defined and based on all the observations.

o Itisleast affected by fluctuations of sampling as compared to other measures of dispersion.

e Itissuitablefor further mathematical treatment.

o It is mostly useful in sampling distributions, testing of hypothesis, skewness and in

correlation.

e The standard deviation is most useful in judging the representative of mean i.e. the
distribution with the smallest standard deviation is said to have the most representative
mean.

It isthe most useful statistical tool for further statistical analysis.

Demerits of Standard Deviation
e Itisnot easy to calculate as compared to other measures of dispersion.

o It can not be calculated exactly for the frequency distributions with open-end classes.
o It givesmoreweightageto extreme values and less to those which are nearer to mean.

Variance

The square of the standard deviation is known as variance. It is denoted by o> and given by
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Lot =V(X)

=o=V(X)

It is clear that variance is always positive and measured in terms of square units of given data. The
concept of variance is very much useful in an advanced statistical work and has very important
applicationsininferential statistics.

Where V(X) = variance of variable x

Coefficient of Standard Deviation
The standard deviation divided by their arithmetic mean is known as coefficient of standard deviation

Cosfficient of S.D. = %

Coefficient of Variation (C.V.)

100 times the coefficient of standard deviation is called coefficient of variation. In other words, the
coefficient of standard deviation expressed in percentage is known as coefficient of variation.
Symbolically,

CV.= % x 100%

According to Karl Pearson, coefficient of variation is the "percentage variation in the mean”. It is a
relative measure of dispersion, so it is independent of units of measurement. It is always expressed in
percentage. Therefore, C.V. can betterly be used to compare two or more than two distributions with
regard to their variability, consistency, uniformity, homogeneity, equitability, stability etc.

Coefficient of variation (C.V.) is applicable for the comparison of variability of two or more than two
distributions (series) as follows

LessC.V. isconsidered as

MoreC.V. isconsidered as

More consistent Less consistent

M ore homogeneous L ess homogeneous
More uniform Less uniform
More stable Less stable

More representative to mean

L ess representative to mean

More equitable Less equitable
Lessvariable More variable
L ess disparity More disparity

v/

Note: As interpretation of C.V. is based on its magnitude only, therefore, if C.V. comes out to be
negative, the negative value of C.V. will be interpreted taking its absolute value. i.e.
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For Individual Series

(i) SD. (o) = \/sz ( J - direct method

(i) SD. (o) = \/ZdZLZ—J - Short cut method

Whee, d=X-a a = Assumed mean

Standard deviation (S.d.) = ¢

n = number of observations

Calculate the standard deviation and variance from the following frequency distribution.

2 4 6 810 12

Solution:
X X?
2 4
4 16
6 36
8 64
10 100
12 144
>X =42 Y X? =364
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=+v60.666 — 49
= 3.41565
Variance (62) = (3.41565)% =11.6666

Find S.D of the following series by using
(@ Direct method

(b)  Short cut method (or assumed mean method)
X:4,6,8 14,18
Also, compute variance.
Solution:
(@) Direct method

Computation of sum of values

X X?

4 16

6 36

8 64

14 196

18 324

D X =50 |> X?=63%

sD. (o) =\/2:2(an)2 =\/6—26—(%2=\/7.2=5.21

OR
(b) Short cut method

Computation of sum of values

X d=X-8 d’
4 4 16
6 2 4
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8 0 0

14 6 36

18 10 100

Y d=10 |> d* =156

SD. (o) = \/%[%T = %—(1—50)2:\/7.& 5.21.

Also, variance (o?) = (S.D.)? = (5.21)* = 27.2.

Therunning capacity of two car is given below, state which is more consistent and why?

Car A |250 |255 [280 290 |295 |300

CarB |280 |282 |290 295 |298 |295

Solution:
To test the consistency, the coefficient of variation (C.V.) is compared.

Calculation of Coefficient of Variation (C.V.)

For Car A

X d=X-290 d?

250 -40 1600

255 -35 1225

280 -10 100

290 0 0

295 5 25

300 10 100

Yd=-70 ¥ d?=3050

X=a+ 27‘1 =290 + (‘Z") =278.33

0= -G - - (3

=4/508.33 — 11.67 =+/372.22 = 19.29

19.29
278.33

X 100 = 6.93%

Coefficient of variation, C.V. (Car A) =% X 100 =
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For Car B

Y d=Y-290 d?
280 -10 100
282 -8 64
290 -0 0
295 5 25
298 8 64
295 2 4
Yd=0 Y d?=278

¥ =b+2% =200+% =290
n 6

Sd. (o) = (B (R4)" = [ZE_(9)’

n 6 6

=41/46.33 — 0 =1/46.33 = 6.81

Coefficient of variation, C.V. (Car B) :% x 100 =%

x 100 = 2.35%

Since, C.V. (CarA) > C.V. (Car B). Hence, we conclude that car B is more consistent than car A.

Following are marks secured by Miss A and Miss B in 10 tests 100 marks each.

Test 112 |3 |4 |5 |6 |7 |8 |9 |10

Marks securedby A | 48 |52 |54 |60 | 62 |64 |68 | 68|72 |74

Marks securedbyB |44 | 48 | 55 |58 | 63 | 66 | 67 | 70 | 73 | 80

If the consistency of performanceis the criterion for awarding a prize. Who should be awarded by the
prize?

Solution: For the consistency of performance, the coefficient of variation (C.V.) is compared.
i.e to test the consistency, the coefficient of variation (C.V.) is compared.

Calculation of Coefficient of Variation (C.V.)

For MissA
Marks (X) X?
48 2304
52 2704
54 2916
60 3600
62 3844
64 4096
68 4624
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68 4624
72 5184
74 5476
> X =622 ¥ X2 =39372
X=2X=2 _gp2
n 10

sa.0= B (2 - [ (5

=+/3937.2 — 3868.84 = 1/68.36 = 8.268

Cosfficient of variation, C.V. (Miss A) = x 100 = 2222 x 100 = 13.292%
For MissB
Marks (X) X2
44 1936
48 2304
55 3025
58 3364
63 3969
66 4356
&7 4489
4900
70
23 5329
6400
80
Y X=624 ¥ X2 =40072
X=2X-52% _gpy
n 10

S.d. (o) = \/ZTXZ _ (%)2 — \/4010072 3 (%)2

=v4007.2 — 3893.76 =v113.44 = 10.650

10.650
62.4

X 100 = 17.067%

Coefficient of variation, C.V. (Miss B) = % X 100 =

Since, C.V. (Miss A) < CV.(Miss B). Hence, if the consistency of performance is the criteria for
awarding a prize, Miss A should be awarded by the prize.

Following are the marks obtained by two students A and B in 10 test of 100 marks each.
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Test 1 112 (3 |4 |5 1|6 |7 |8 |9 |10

Marksof A |54 |90 |86 |58 |62 |82 |78 |66 | 70 |64

Marksof B |58 |85 |64 |70 |73 |79 |82 |61 |67 |76

(@ Whoisbetter?
(b)  Whoisintelligent?

(c) If theconsistency of performance is the criteria for awarding a prize. Who should get the
prize?

Solution:

Arrange the marks of A and B according to ascending order

For student A For student B

X d=X-70|d® X d=X-70 |d?
54 - 16 256 58 -12 144
58 -12 144 61 -9 81
62 -8 64 64 -6 36
64 -6 36 67 -3 9
66 -4 16 70 0 0
70 0 0 73 3 9
78 8 64 76 6 36
82 12 144 79 9 81
86 16 256 82 12 144
90 20 400 85 15 256
Total 10 1380 15 796

_ d 10
@ XA=A+Z =7O+E=71marks
n
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_ d 1
XB:A+Z— :70+£=71.5mks
n

Since, Xa< Xg , therefore, student B is better than student A.
(b)  Forintelligen, median (Md) is calculated.

For student A
n+1 th.
Md (A) = value of T Item

th
= value of (&;lj item

= value of (5.5) " item

66 + 70
. Mg(A) = > =68 marks
Similarly,
For student B,

th
Md (A) = value of (”T”j item

th
= value of (M'j item
2
= value of (5.5) ™ item

70+ 73
4

Md(B) = =715 marks

Since, Mq(A) < Md(B)
Hence, B is moreintelligent than A
(c) For the consistency of performance, the coefficient of variation (C.V.) is compared.

For student A

SD. o(A) = \/¥[¥JZ =1\ /%)—(%)szjﬁzn.?o.

a(A) 11.70
CV.(A)= == x100 %=
X 71

A

x 100% = 16.48%
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For student B

SD. o(B) = \/& —(%JZ

n

/796 10V
= TO_(E) =/77.35=8.79.

B 8.79
C.V. (B) _o(B) x100 %=1 x 100% = 12.29%.
XB '

Conclusion: Since C.V.(student A) > CV( student B) . Therefore, if the consistency of performance is
the criteriafor awarding a prize, student B should get the prize.

For Discrete Series

Direct method

SD (o). =

Short cut method

SD(0). = R (2)’

Where d=X —a
a= Assumed mean
N =), f = Total frequency

Find standard deviation (S.D.) and variance of the following data.

Variable(X) |10 |14 |15 |18 |20

Frequency (f) |3 |5 |7 |6 |4

Solution:

Lea=16
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Value | Frequency (f) |d=X-16 fd fo?
(X)
10 3 -6 -18 108
14 5 -2 -10 20
16 7 0 0 0
18 6 2 12 24
20 4 4 16 64

N=Yf=25 Yfd=0 |Yfd? =216

~ 0=2.939

Variance (o?) = (2.939)? = 8.637

Students age in the regular daytime BCA program and the morning program of Peoples campus are described
by two samples. If the homogeneity in age of the class is a pogitive factor in learning make suggestion, with
reason, which of thetwo groups will be eesier toteach?

Regular BCA Program Morning BCA Program

Age No. of Students |Age No. of Students
23 9 27 10

29 2 31 8

28 5 30 5

22 10 29 4

30 1 28 6

21 4 33 5

25 11 34 5

26 6 35 11
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27 3 36 2

24 9 32 4

Total 60 Total 60
Solution:

Now, we have to find the coefficient of variation (C.V.) for each program to compare the
homogeneity.

For Regular BCA Program

Lea=25
Age (X) ?fl)o of Students| x5 fd o
23 9 —2 ~18 36
29 2 4 8 32
28 5 3 15 45
22 10 ~3 ~30 90
30 1 5 5 25
21 4 —4 ~16 64
25 11 0 0 0
26 6 1 6 6
27 3 2 6 12
24 9 1 -9 9
Toa | %' f = N=60 > fd =-33| ) fd* =319

Now,
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C.V. (Regular BCA program) = % x 100 =

Mean (X) =a+

N

Y fd

2H_ o5 . =33 o5 055=24.45,

60

=+/5.014 = 2.239.

For Morning BCA Program

SD. (o) = szj - (%)2 = \/ % - (‘6%3)2 =+/5.317-0.303

2.239
24.45

x 100 = 9.16%.

Lea=31
Age (X) z\f')" of Students 4—x 31 |td fol
27 10 —4 —40 160
31 8 0 0 0
30 5 -1 -5 5
29 4 —2 -8 16
28 6 ~3 —18 54
33 5 2 10 20
34 5 3 15 45
35 11 4 a4 176
36 2 5 10 50
32 4 1 4 4
Total > f=N=60 > fd =12 | > fd® =530
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Now,

T\ Yfd _ 12 _ _
Mean (X) = a+== =31+55=31-02=312

SD. (o) = \/Zfdz—(&)z = %—(2%)2:\/8.833—0.04

N N

=+/8.793 = 2.965.

2,
C.V. (Morning BCA program) = % x 100% = %3 x 100 = 9.50%

Since, C.V.(Regular BCA program) < C.V.(Morning BCA program). Hence, if the homogenaty in age
of the class is a podtive factor in learning we conclude that it is easier to teach in Regular BCA
programme than morning BCA program.

For Continuous Series

Direct method
_ oz 22
SD (o). = |2 —(T)

Short cut method

-G

SD (o). = ~ ~

Where d=X —a
a= Assumed mean
N =), f = Total frequency

Step-deviation method

sD. (o) = 2= - (Z%)Z x h

Where, d’ =%

X =mid. value
a= assumed mean
h = class size (For unequd class size h is taken common factor)
Note:
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(i) Formula for calculating sd. (o)  is same in case of continuous series and discrete series but X is
middle value of the class intervals in case of continuous series but X is the given value of
variablefor discrete series.

(i)  hisclasssize but for unequal classsize histaken as common factor for continuous series.

Calculate the standard deviation and coefficient of variation from following data
Income(Rs) 20-25 25-30 30-35 35-40 40-45 45-50
No.of 170 110 80 45 40 35
persons
Solution:
Leta=325
Income  (in|No. of persons (f) | Mid d = X=325 |fd fd?
Rs.) Value >
X)
20-25 170 225 -2 -340 6380
25-30 110 27.5 -1 -110 110
30-35 80 325 0 0 0
35-40 45 375 1 45 45
40-45 40 42.5 2 80 160
45-50 35 47.5 3 105 315
N=Yf =480 2. fd'=-220 | 3" td"*= 1310

fd” fd' )’
Standard deviation (o) = ZN _(ZN th

2
_ /@_ -220
| 480 (480) X5
=+/2.729 — 0.210 x5
=+2.519 x5

=Rs.7.935
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For coefficient of variation (C.V.):

Mean()?)=a+¥xh

=325E220 o 5
480

=30.20833

Coefficient of variation (C.V.) = % X 100

_7.935
30.208

=26.267%

x 100

Findout the SD and variance from the following distribution.

Wages (inRs.) |0-20 |20-40 [40-60|60-80 |80-100

No. of workers |2 3 4 3 2
Solution:
Wages (in Rs.) |No. of workers|Mid g _X-50 |fd fd?
() Value 20
X)
0-20 10 10 -2 -20 40
20-40 12 30 -1 -12 12
40-60 15 50 0 0 0
60-80 8 70 1 8 8
80-100 5 90 2 10 20
N=> f =50 2. fd =S fd*= g0
14

SD. (o) = Zfdlz—(zfd}th = @_(ﬁ)zxzo

N N 25 25

=20 x1/3.2- 3136 = Rs. 33.98.

Variance (¢2) = (33.98)? = 1154.64

Calculate dispersion from the following data.

Marks (Lessthan) |10 (20 |30 40 |50 (60 |70
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Frequency 5 20 |40 62 |70 |76 |80
OR

Marks Below 10 | Below 20 | Beow30 | Below 40 |below 50 |Below 60 | Below 70
Frequency |5 20 40 62 70 76 80

Solution:

Since, Standard deviation is an ideal measure of dispersion, so for dispersion, standard deviation
(S.D.) iscalculated.

Lea=35
E/Ielacr)tvs ![_h?nsc.f. Frequency (f) '(\;I<i)d e xi—:5 fd fd®
010 |5 5 5 3 15 45
1020 |20  |20-5=15 |15 2 30 60
2030 (40  |40-20=20 |25 1 20 20
3040 |62  |62-40=22 |35 0 0 0
4050 |70 |70-62=8 |45 1 8 8
5060 |76  |76-70=6 |55 2 12 24
6070 |80  |80-76=4 |65 3 12 36
N= 80 S fd =33 |5 fd% =193

Now

fd” fd' )’
Standard deviation (o) = ZN _(ZN th
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193 (-33\?
="\/ 80 _(80) x 10
=10 x~[2.4125— 1702 x 10 = 1/2.2423 x10

= 1.497x 10 = 14.97.

Calculate an ideal measure of dispersion (i.e. standard deviation) and mean of the following series:
Marks (Morethan) |0 10 20 30 40 50 60
Frequency 80 76 70 62 40 20 5

OR

Marks Above O |Above 10 | Above 20 | Above 30 | Above 40 | Above 50 | Above 60

Frequency |80 76 70 62 40 20 5

Solution:

Since, almost all the requisites to be good measure of dispersion followed by the standard deviation
(S.D.). So, standard deviation is called an ideal measure of dispersion

Leta=35
Marks |More | Frequency |Mid g = X-35 |fd fd?
than cf. ) value 10
X)
0-10 80 4 5 -3 -12 36
10-20 |76 6 15 -2 -12 24
20-30 |70 8 25 -1 -8 8
30-40 |62 22 35 0 0 0
40-50 |40 20 45 1 20 20
50-60 |20 15 55 2 30 60
60-70 |5 5 65 3 15 45
N =80 Y fd'=33 |3 fd'? =193

Now,

_ fd’
Meen (X) = A + ZN x h :35+%2x10=35+4.125=39.825marks

- Sfd® (SfdY [103 (33)
Standard deviation () = N —[ N J xh = E_(ﬁ) x 10
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= 1/2.4125— .1702 x 10 = /2.2423 x10 = 1.497x 10 = 14.97 marks

The following table shows the monthly expenditure of ward no.1 and ward no. 2 of Kathmandu
Metropolitan City in certain locality.

Expenditure (in 000 Rs.) 0-5 5-10 10-15 | 15-20 | 20-25 | 25-30
No. of families (ward no.1) 5 12 50 20 10 3
No. of families (ward no.2) 7 15 40 18 12 8

(iii)  Which ward of people has uniform expenditure?

Solution: The ward of people has more uniform expenditure whose Coefficient of variation
(C.V.)isless. For ward no.1

Expenditure | No. of families | mid.value | g’ =XZ125 fd' fd'?
(in0O00ORs.) | (wardno.1)f (x) >
0-5 5 2.5 -2 -10 20
5-10 12 7.5 -1 -12 12
10-15 50 12.5 0 0 0
15-20 20 17.5 1 20 20
20-25 10 22.5 2 20 40
25-30 3 27.5 3 9 27
N =100 Yfd = Yfd'? =
27 119
X=allxn=125+2" x5 =27.35

= /%—(%)2 x 5 = 5284648

CV. (Wardno. 1) =2 x 100 = 22222 x 100 =19.3223%

For ward no.2
Expenditure | No. of families | mid.  value | g’ = X=125 fd' fd'?
(in0O00Rs.) | (wardno.1)f (x) >
0-5 7 2.5 -2 -14 28
5-10 15 7.5 -1 -15 15
10-15 40 12.5 0 0 0
15-20 18 17.5 1 18 18
20-25 12 22.5 2 24 48
25-30 8 27.5 3 24 72

N =100 rfd' = | Xfd'? =
37 181
X=a+2% x p=125+3 x 5 =14.35
N 100

o= /szdz— (Z%)Z X h = /%—(%)2 X 5 = 6.467418

C.V.(Wardno. 2) =2 x 100 = 212222 X 100 =45.06911%
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Since, C.V.(Ward no. 1) < C.V.(Ward no. 2). Therefore, people of ward 1 has more uniform
expenditure than ward no. 2.

Thefollowing table gives the two bike models and their corresponding life:

Life(inyears) 0-2 2-4 |46 |68 (810
Model T1 |1 9 (12 |11 8
No. of bikes
Model T. |5 7 (11 |19 9
Which model of bike has greater uniformity?

Solution:
We have to compute coefficient of variation (C.V.) to determine the uniformity.

Computation of Sum of Values for Mean and S.D

For Model T4
Life No. of bikes mid. d =*= fd' fd'?
(in (f) value (x) 2
years)
0-2 1 1 -2 -2 4
2-4 9 3 -1 -9 9
4-6 12 5 0 0 0
6-8 11 7 1 11 11
8-10 8 9 2 16 32
N=D>Xf-= Yfd' =16 | Y fd'? =56
41
X=a+ L x n=5+2x2=5+078=578years
_ /Zfd’z Y a2
9=N"n _( N ) X h
2
= /5—6 —(3)" x2 =1.101x 2=2.202 years
41 41
o 2.202
C.V. (MOdeI Tl) :§ x 100 :m X 100 =38.09%
For Model T,
Life No. of bikes mid. d =5 fd' fd'?
(in (f) value 2
years) (x)
0-2 5 1 -2 -10 20
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2-4 7 3 -1 -7 7

4-6 11 5 0 0 0

6-8 19 7 1 19 19

8-10 9 9 2 18 36
N=Yf=51 Yfd' =20 | Yfd'? =82

Y fd'

X:a+—><h=5+§xz = 5+0.7843 = 5.7843 years

N

o= P

2
= [2_ (Q) X 2 =1.205842x 2 = 2.4116 years
51 51

2.4116
5.7843

C.V. (Modél T,) =§x 100 = X 100 = 41.692%

Since, C.V. (Modd T1) < C.V. (Modd T,). Therefore, moddl T; of bike has greater uniformity than

mode T»

To Find the correct mean and correct standard deviation

For a group of 200 candidates, the mean and standard deviation were found to be 40 and 15. Later on
it was discovered that the score 53 was misread as 35. Find the correct mean and standard deviation

corresponding to the correct figures.
Solution:
We have given,
n =200
Mean (X) = 40
Standard deviation(c) =15
Wrong observation (i.e. wrong score) = 35

Corrected observation (i.e.correct score) = 53

Corrected Mean (Xcorrect) =?
Corrected standard deviation(o.orrect) =?
We know,

X =

X
n

or,40 = 2X
200

or, Y, X =200 x 40
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or, )X = 8000
Corrected ), X = ), X — Wrong observation + Correct observation

=8000 - 35+ 53 = 8018

Correct X _ 8018
= =518 _ 40.09
n 200

. Correct mean(Xcorrect)

Again,

SD. (o) = (X (%)’

n

_ fzxz X\?
or, 15 = %00 ~ (T)

— /EIXZ__ )2 oy 2X
or,15 = " X) .x_n

2
_[Ex
or,15 = " (40)

™M
>

Squaring both sides
_ XX 2
225 = 00 (40)

or, 225=2X _ 1600
200

2
or, 225+ 1600 = =X
200

2
or, 1825 = =X
200

or, > X?=1825% 200 = 365000
- Corrected Y, X? = Y X2 — (Wrong observation)® + (Correct observation)?

= 365000 — (35)2 + (53)2 = 366584

Corrected Y, X2 (Corrected ZX)Z
n

.. Corrected S.D. (amrm) =\/

_ [366584 (8018)2
200 200

=15.02

n

The mean and standard deviation of a set of 100 workers were found to be 40 and 12 respectively. On
checking, it was found that two workers were wrongly taken as 23 and 15 instead of 43 and 18.
Calculate the correct mean and standard deviation. Also, find correct variance.

57



Solution:
We have given,
Total no. of observations (n) = 100
Mean (X) =40
Standard deviation(c) =12
Wrong observations =23 and 15

Correct observations = 43 and 18

We know,

X =

b [

or,40= X
1

(=}
o

or, Y. X =100 x 40
or, > X = 4000
Corrected ), X =), X — Wrong observations + Correct observations

= 8000 — 23-15 + 43+18 = 4023

Correct L, X _ 4023

. Correct mean(X orrect) = - > =40.23

Again,

SD. (o) = [EX (2%’

n

_zxz zx)\?
or, 12 = [55— (%)
or, 12 = /Z—XZ— (X)? v X =22
100 n
>

or,12 = Too (40)2
Squaring both sides

_ X 2
144 = o0 (40)

2
or, 144 ==X _ 1600
100

2
or, 144 +1600 = 2%
100
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X?
100

or, 1744 =

or, >, X% =1744x 100 = 174400
- Corrected Y, X? = ¥ X2 — (Wrong observations)® + (Correct observations)?
= 174400 — (23)? — (15)2 + (43)2 + (18)?
= 174400 — 529 — 225 + 1849 + 324

=175819

Corrected Y X2 (Corrected » X) 2
n

.. Corrected S.D. (GCo,m) =\/

_ \/175819 (4023)2
100 100

=11.82

n

Correct variance (62 correct ) = (Ocorrect)? = (11.82)% =139.737

.". Corrected mean (X) = 40.23
Corrected standard = 11.82

& Correct variance (62 correct ) = 139.737

Combined standard deviation

Let Xiand X be the means of first and second series, 0'12 and0'22 be the variances of first and

second series with n; and n2 number of observations respectively. Then the combined standard

deviation of these two series taken together is given by

o \/nlalz +n,0,” +nd,” +n,d,’
1 n +n,

Where, d;, = X1— X1

d, = X2 X1

<~ nXi+n,Xo
X12 E—
n, +n,

Similarly, the combined standard for three seriesis given by

2 2 2 2 2 2
o = no,” +n,0,” +n,o,” +nd;” +n,d,” +n,d,
123 —
n +n,+n,

Where, d, = X1— X123

59



d, = X2~ Xz

d, = X3 —Xuzs
> n X1+n,X2+n, X3
Xz =
n1+n2+n3

A sample size 15 has mean 3.5 and SD 3.0. Another sample of size 22 has mean 4.7 and SD 4.0. If the
two samples are pooled together, find the mean and the SD of the combined sample.
Solution:

mn=15

Z<I
I
w
o

9
I
w

N = 22

3<\
I
P
N

Q
[
IS

nl)?l + n2X2 _ 15x 35+ 22 x47 _ 525+ 103.4
.+ N2 - 15+ 22 - 37

Combined mean, X1, = =4.2135

2 2 2 2
no,” +n,o,” +nd,” +n,d,
n, +n,

Combined standard deviation o, = \/

Where, d1 = (Xl - Xlz) = (3.5 - 4.2135) =-0.7135

th = (Xo— X12) = (4.7 — 4.2135) = 0.4865

From (i)

. [135+352+7636+5207 _ [499.943
i 37 N\ 37

= /13512 = 3.676
I

A factory produces two types of CFL bulbs A and B . The following results were obtained relating to
their life

Bulb A Bulb B
No. of bulbs 100 90
Average length of life 900 hours 1000 hours
Variance 121 144

a) Comparethe variability of life of two types of CFL bulbs.
b) Calculate the standard deviation of both types of CFL bulbs taken together.

Solution:

a) For Bulb A For Bulb B
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b)

nl = 100 n2 = 90

X, = 900 hours X, = 1000 hours
o, =121 = 11 o, =144 = 12
C.V.(Bulb A) = % x 100 C.V. (Bulb B) = % x 100
1 2
=1 %100 =12 %100
900 1000
= 1.222% =1.2%

Since, C.V. (Bulb A) > C.V.(Bulb B). Therefore, the life of type of Bulb A is more
variability than type of Bulb B. That is, the life of type of Bulb B is more consistent
than type of Bulb A.

The standard deviation of both types of CFL bulbs taken together (i.e. combined
standard deviation) is

P n1012+n,0,2+n;d;24n,d,?
12 n;+n,

_ N10424nN,0,24n;d;%+n,d,?
n{+n,

_ [100x121+90X144+100(—47.368)2+90%(52.631)2
100+90

=3.716903

MX1+ X2 100x900+90x1000
n+ Ny 100490

Where, X1 = =947.3684

d; = X; — X;,=900—947.3684 = - 47.3684

d, = X, — X;, = 1000—947.3684= 52.631
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M easures of Central Tendency
Introduction

The averages are the measures which condense a huge unwieldy set of numerical data into single
numerical values which are representative of the entire distribution.

Averages are the typical values and they lie between the two extreme observations (i.e. the largest and
smallest observations) of the distribution which represents entire data set and give us an idea about the
concentration of the valuesin the central part of the distribution. Accordingly, measures of such single
values are also known as the ‘Measures of Central Tendency”

The objectives of central tendency are

To get single value that represents the entire data.

e Tofacilitate comparison.
To present the salient feature of a mass of complex data.

e To help for computing various other statistical measures such as dispersion, skewness.
kurtosis, correlation, regression and various other basic characteristics of a mass of data.

e Totrace mathematical relation.

e To hdp in decision making.

Requisites of a Good Average or Characteristics of an ideal measure of central tendency

Since, central value of a mass of data is a proxy value, it should have some theoretical consideration,
which makes the central value more reliable and representative.

According to Prof. Yule, following are the requirements for ideal measures of central tendency.
. It should berigidly defined
. It should be easy to calculate and simpleto understand.
. It should be based on all the observations:
. It should be suitable for further mathematical treatment.
. It should be least affected by the extreme observations.
. It should be least affected by fluctuations of sampling.

Various M easures of Central Tendency
The measures of central tendency or measures of location are desighed to measure the central value
around which most of the values in the data tend to concentrate.
Thefollowing are the measures of central tendency or measures of location:
e  Arithmetic mean
(i) Simple Arithmetic Mean(X)
(i) Weighted Arithmetic Mean (X,,)
Median (Md)
Mode(Mo)
Geometric mean(G. M.) and
Harmonic mean(H. M.)
Mean, median and mode are generally considered as major measures while G.M. and H.M. are
considered as minor measures and used in special cases.

Note: G.M. and H.M. are beyond of our syllabus.
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Arithmetic Mean or Average (A.M.)

The arithmetic mean is the most popular and widely used measure of central tendency. It isalso called
simply ‘the mean’ or ‘the average’. It is also considered as an “Ideal measure of central tendency” or
the best-known measures of central tendency because it satisfies almost all requisites of ideal measure of

central tendency given by Prof. Yule.

In the study of social, economical or commercial problems such as production, income, prices,

imports, exports etc. to calculate average, A.M. is used.

Arithmetic mean may either be
0] Simple arithmetic mean or (ii )Weighted arithmetic mean
Simple arithmetic mean

In case of simple arithmetic mean, all the items in the distribution are equally important. It is denoted by

X (X bar)
Calculation of Arithmetic mean:

Individual Series
0] Direct method

Mean,iz%x

Where, Y. X = the sum of observations
n = the number of observations.
(i) Short-cut method or assumed mean method or change of origin method

X=a+2l
n
Where, a= Assumed mean

d = X —a= Deviations of items from the assumed mean

n = Number of items or observations

The following are the daily incomes of five personsin a certain locality.

Persons A B C D E
Income (in | 400 350 450 500 300
Rs.)
Calculate the arithmetic mean.
Solution:
Persons Incomes(in Rs)
(X)
400
350
450
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D 500
E 300
Total 3 X=2000

Arithmetic mean, X = ZTX

=22 = 400
5

Hence, the averageincomeis Rs.400

Calculate the average wage by using step deviation method from the following data
Wage (‘00” Rs.): 50, 55, 60, 65, 70, and 75

Solution

Taking A= 60

Wage (‘00" Rs.)
X

50

55

60

65

70

75

% X =375

Here n=6
— ZX
Averagewage, X = =

=375 = Rs. 62.5 (in 00)

— =
= Rs.6250
Hence, average wage is Rs. 6250

A Nepalese Child-care centre at community level is eligible for social services as long as the average
age of its children stays below 9. If these data represents the ages of all the children currently
attending Child-care Centre. Do they qualify for the grant?

8,59 10,9, 12,7,12,13, 7,8
Solution:
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Age(X):8, 5 9 10, 9,12,7,12,13,7,8
n=11

Y X=8+5+9+10+....... +7+8 =100

Averageage, X =

Since, average age, X =9.09 which is more than 9, therefore they don’t qualify for the grant.

The mean weight of a student in a certain group of studentsis 119 Ibs. Theindividual weights of five
of them are 115, 109, 129,117 and 114. What is the weight of the sixth student?

Solution:
Let the weight of sixth student be X1 Ibs.

n==6

S.No. of student | Weight (in lbs.) X
115

109

129

117

114

X1

Y. X =583+X;

A b W N R

Here X = 119 Ibs.

X = 2%
n

584+X,

or,119=
6

or, 714 =583+ X,
or, 714 - 583 =X,
X, =1301bs

Discrete Series

() Direct method

Mean,Xzz—fX
N

Where N = Xf = Total frequency
X =value of given variable.
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(i) Short-cut method or assumed mean method or coding method or change of origin
method

Mean, X = a + %

Where, a = Assumed mean
d= X - a= Deviation of the items from the assumed mean
N = Total frequency

Calculate arithmetic mean for the following frequency distribution.
X 5 110 15 20 25

f 2 |4 7 20 25

Solution:

Calculation of mean

X f X
5 2 10
10 4 40
15 7 105
20 3 60
25 1 25
N= 17 |2fX =240

Hence, arithmetic mean, X =14.12

Determine the average mark by changing the origin of data (i.e. short-cut method) from the data given
below.

Marks 10 20 |30 (40 |50 |60 |70

No. of students | 20 15 |12 |10 |4 8 6
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Solution

Calculation of average mark

Leta=40
Marks |d=X —-40 |f fd
10 -30 20 - 600
20 -20 15 - 300
30 -10 12 -120
40 0 10 0
50 10 4 40
60 20 8 160
70 30 6 180
N =75 |Zfd=- 640

Zfd - 404+ £ _ 4y gr3=3147

Here average mark (X) =a+ N 75

Hence, average mark = 31.47

Giventhat A.M. is equal to 7.3, find the missing frequency from the following data:

X 5 6 7 8 9
f 4 6 12 ? 8
Solution:
Let f; bethe missing frequency.
X f X
5 4 20
6 6 36
7 12 84
8 f; 8f;
9 8 72
N=30+f; X =212+ 8f;

Given, AM., X

7.3

X =

=3

212+8f;
30+f;

or,7.3=

or, 212 +8f, = 219 + 7.3f,
or, 8f,- 7.3f, = 219-212

or, 0.7, =7
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7
or, f1 :E

f, =10
From the following data, find the missing frequency when mean is 15.38
Size 10 |12 |14 |16 18 |20
frequency | 3 7 ? 20 8 5
Solution:

Let f1 be the missing frequency corresponding to size 14

Size (X) Frequency(f) X
10 3 30
12 7 84
14 f1 14 f,
16 20 320
18 8 144
20 5 100
N =43+f; Y X =678+14 f;
Solution: Given, X = 15.38
_ ¥ £X
X=N
or, 15.38 = 67;311;&

or,678 +14 f1= 661.34+15.38 f1
or, 678-661.34 =15.38 f1-14 f;

or, 16.66 = 1.38 f1

For a certain frequency table which has only been partly reproduced here, the mean was found to be
1.46

No. of | 0 1 2 3 4 5 total
accidents
No.ofdays | 46 | ? ? 25 10 5 200
Solution:

Let f; & f» bethe missing frequencies corresponding to number of accidents X =1 and X = 2.
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No. of accidents | Frequency (f ) | fX

(X)

0 46 0

1 f1 f1

2 f, 2f,

3 25 75

4 10 40

5 5 25

N=86+f+f, | XfX=140+f; + 2f,

Here, N = 200

N =86+ f1+ f, = 200

or, f1+ f2 = 200-86

or,1.46 =
200

or, 140 + f, + 2f, =1.46x200

140+f, +2f,

or, f, + 2f, = 292-140

or, f; + 2(114 — f;) =152

or, f,+228 - 2f, = 152

or, -f; = 152-228
or,-f; =-76

or,f; =76

(from i)

Putting the value of f; in equation (i)

fo=114-1,
=114-76

=38
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f,=76&f, = 38

Continuous Series (Grouped Data)

(i) Direct method
Mean, X = szx
Where, X = midpoint of the classinterval.

_ Lpwerlimit+Upper limit

2
N =Total frequency
Step-deviation method or change of origin and scale method or coding method
Theformulafor calculating A.M. by this method is given by

Lfd X h

Mean ()?) =a+T

Where, d’ =%,

a= Assumed mean
h = Class size or class width
X = mid points of classintervals.
N = Xf = Total frequency
Note: For unequal class size h is taken as common factor.

The formula for calculating arithmetic mean (A.M.) in continuous series is same as discrete series but
in continuous series X isthe mid value of classintervals.

Thefollowing is the monthly income distribution of the persons:

Income (OO0ORs.) | 10- 20- 30-40 | 40- 50-60
20 30 50

No. of persons 3 7 5 4 2

Find average income.

Solution:

Income (000 Rs.) | NO. of persons | Mid.value fX
(f) X)

10-20 3 15 45

20-30 7 25 175

30-40 5 35 175

40-50 4 45 180

50-60 2 55 110
N=)f=21 2 fX =

685
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Averageincome (X) = szx
_ 685

21
= 32.619(000 Rs.)
=Rs. 32619

Data below represents the wages (Rs.) received by workersin a construction site. Calculate A.M.

Wages P5-30 BO-35 B5-40 10-45 #5-50 p0-55 p5-60 50-65 p5-70

No. of recipients 10 13 (18 P1 p4 P8 R0 11 B

Solution:

Calculation of average wages using changing origin and scale of data

Leta=47.5
Mid. value
Wages (Rs.) ¢ == f fd’
X)
25-30 275 -4 10 —-40
30-35 325 -3 13 -39
35-40 375 -2 18 - 36
40-45 42.5 -1 21 -21
45-50 475 0 24 0
50-55 52.5 1 28 28
55-60 57.5 2 20 40
60-65 62.5 3 11 33
65-70 67.5 4 8 32
N=Xf=153 Efd=-3
We have,

AM. (X) :a+z%"x h

-3
=475+ KE’} x 5=47.5-0.098 = 47.40

Hence, mean wages is Rs. 47.40

Calculation of A.M. or Average in case of Open end classes
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Calculate average income from the given income distribution of 1400 workers of a factory.

Income | Below | 1500- | 2000- | 2500- | 3000- | 3500- | 4000 or
inRs. 1500 | 2000 | 2500 | 3000 | 3500 | 4000 | above

No. of

200 225 275 250 180 150 120
workers

Solution

Here, the given distribution has the open-end classes. Therefore, for calculating average income it is
necessary to estimate the lower limit of the first class and upper limit of the last class. The limit is
estimated according to the width of the second class and class preceding the last class.

Calculation of Average Income

Incomein Rs. NO- of worke's g value d- X—2759 fd
() (x) 500
1000-1500 200 1250 -3 — 600
1500-2000 225 1750 -2 — 450
2000-2500 275 2250 -1 - 275
2500-3000 250 2750 0 0
3000-3500 180 3250 1 180
3500-4000 150 3750 2 300
4000-4500 120 4250 3 360
N =2f=1400 2fd' =485
A = 2759, h=500
X :a+%x h=2750—ffo50x500

= 2750 - 173.21 = 2576.79
Hence, the average income is Rs. 2576.79.
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Calculation of A.M. in case of cumulative frequency distribution (Less than and more than
cumulative frequency distribution):

The following data shows the life time in in hours of 400 tube lights. Find the mean life time of the
data.
Life Less Less Less Less Less Less Less Less Less Less
time than than than than than than than than than than
inhrs. | 300 400 500 600 700 800 900 1000 1100 1200
No.of |0 20 60 116 194 265 324 374 392 400
tube
lights
OR
Life time | 300 | 400 | 500 600 700 800 900 1000 | 1100 1200
in hours
(Below)
No. of |0 20 60 116 194 265 324 374 392 400
tube
lights
Solution:

Since, the given frequency distribution is in the type of less than cumulative frequency distribution.
So, it should be converted into simple frequency distribution.

Life time (in hrs.) | No. of tubes (f) | Mid.value d - X —-750 |fd
(X) 100
300-400 20 350 -4 -80
400-500 40 450 -3 -120
500-600 56 550 -2 -112
600-700 78 650 -1 -78
700-800 71 750 0 0
800-900 59 850 1 59
900-1000 50 950 2 100
1000-1100 18 1050 3 54
1100-1200 8 1150 4 32
N =Y =400 Y fd' =-145

Here, a= 750, h= 100

A.M.(X):aﬂ%"

X h
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=750+ 5% % 100
400

=713.75

~.X =713.75 hours

Thefollowing table represents the marks of 100 students.

Marks (More than) | 20 30 40 50 60 |70 |80 90
No.of students 100 95 80 60 55 |50 |30 15
OR
Marks Above 20 | Above 30 | Abov | Above | Above | Above | Above | Above
e 40 50 60 70 80 90
No.of 100 95 80 60 55 50 30 15
students

Find the mean marks of all 100 students.
Solution:

Since, the given frequency distribution is in the type of more than cumulative frequency distribution.
S0, it should be converted into simple frequency distribution.

Marks No.of Mid.value (X) q - X =55 |fd
students (f) 10
20-30 5 25 -3 -15
30-40 15 35 -2 -30
40-50 20 45 -1 -20
50-60 5 55 0 0
60-70 5 65 1 40
70-80 20 75 2 45
80-90 15 85 3 60
90-100 15 95 4
N =), f=100 > fd'=85

Here, a=55,h=10

211 X h

Mean (X) :a+T

=55+ 8%« 10
100

=55+85

=63.5
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~. mean marksis 63.5

If the arithmetic mean of the following data is 67.45, find the missing frequency.
Marks 60-62 | 63-65 | 66-68 | 69-71 72-74

No. of | 15 54 - 81 24

Students

Solution:

Let f; be the missing frequency corresponding to class 66-68

Marks | No. of students (f ) Mid.value (X) X

60-62 15 61 915

63-65 54 64 3456

66-68 | f; 67 67 f1

69-71 81 70 5670

72-74 24 73 1752

N=Xf=f+174 Y fX=67f, + 11793
3 ==X

N
67f; + 11793

f,+174

or, 67.45f1+11736.3 = 67f; + 11793

or, 67.4=

or, 67.45f,-67 f,=11793-11736.3

or, 0.45 f;= 56.7

56.7
or, fi=—
0.45

C =126

Thefollowing table represents the marks of 50 students.

Marks 0-10 |10-20 {20-30 |30-40 |40-50 |Tota
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No. of students |4 f1 10 fa 10 50

If the average marks = 30.2 Find missing frequencies.
Solution

Let the number of students securing marks between 10-20 and 30-40 be f; and f, respectively.

Calculation of missing frequencies

Marks No. of students (f) | Mid.value|fX
X)
0-10 4 5 20
10-20 f1 15 15f;
20-30 10 25 250
30-40 f2 35 35f;
40-50 10 45 450
N=}. f =24 +f; +f, XfX = 15f + 35f, + 720

By given condition
N =50
or, 24 +f; +f, =50
or, f, +f» = 50-24
or,fo=26-f1....... 0]

3 =2
N
15f, + 35f, + 720
50

= 302=

or, 1510 = 15f; + 35f, + 720
or, 15f; + 35f, = 1510 - 720 =790
or, 3f, + 7f> = 158

or, 3f1 + 7(26 — f;) =158 (from equation (i) )
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or, 3f;+182 -7f; =158
or, -4f;, =158 -182
or, -4f; =-24
o,f, =6
Putting the value of f; in equation (i)
fo=26-11
=26-6
=20
s f1=6&1:=20

Hence, the required no. of students securing marks between 10-20 and 30-40 are respectively 6 and
20.

Note: (i) A.M. is more suitable average than others while we are dealing with quantitative measures
such as average bonus, average income, average sales, average profit, average production, average
height, and average expenditure, average revenue etc.

0] For A.M., it is ot necessary to convert unequal class intervals into equal class intervals.
But in case of unequal class intervals, h is taken as common factor from the mid-value of
classes.

(i) It is also not necessary to convert inclusive class interval into exclusive class intervals

because mid points remain same whether inclusive or exclusive.

Weighted Arithmetic Mean

While calculating simple arithmetic mean, it is based on the assumption that all the items in the
distribution are equally important. But in practice, this may not be so. The reative importance of
some items in a distribution are more important than others. So, when the weights are assigned for
individual items with their reative importance or priorities (or weights), then the arithmetic mean
calculated with respect to their priorities is called weighted arithmetic mean.

Then weighted arithmetic mean, usually denoted by X,, and is given by

Xy = % Where, X =Value of variablein rate (per)

W = given weight or proportion or frequency

An enquiry into the budgets of middle class familiesin a family gave the following information.
Food |Rent | Clothing |Fud | Others

Expenseson |10% |15% |20% 15% | 25%

Index no. 90 |100 |85 65 |137

Compute weighted A.M.
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Solution: Wehave, X, = 22X

W
Calculation of weighted average

Group |Weights (W) |Index No. (x) |WX

Food |10 90 900

Rent 15 100 1500

Clothing|20 85 1700

Fud 15 65 975

Others |25 137 3425

XW =85 WX =8500

.. Weighted mean ( Xw)= = 8% - 100

An examination was held to decide about the award of a scholarship in Ministry of Education.
The marks obtained by three candidates and their respective weights of various subjects are

given below:
Weight Marks

Weight A B C
Physics 4 70 80 85
Chemistry 3 90 75 75
Biology 1 50 60 45
Mathematics | 2 60 45 65

If the candidate getting the highest marks is to be awarded the scholarship who should get it.

Solution:

Subject Weight Candidate A Candidate B Candidate C
W X1 | WXy X | WX, X3 | WX

Physics 4 70 | 280 45 | 180 85 | 340

Chemistry 3 60 | 180 75 | 225 75 | 225

Biology 1 50 | 50 60 | 60 45 | 45

Mathematic | 2 90 | 180 80 | 160 65 | 130

s
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YW =10 Y WX, =690 SWX, =625 S WX5 =740

=625

2 W
X, () = 222

_ 740

10
=74

Since, the weighted mean of student C is the highest. So, C should be awarded the scholarship

Combined mean or M ean of combined Series

Let X, andX, be the arithmetic means of two series of sizes n; and n, respectively. Then the

combined mean of two series of size (N, +N,) is denoted by X;, and is given by

< _ 1’11X1+1’12X2
XlZ -

1’11+1’12
Similarly, the combined mean of three series of size (ni1+nx+ns) is defined by the following formula

n1)7(1+n2)7(2+n3)7(3
n;+n;+ns

X123 -
and so on

Particular regarding incomes of two villages are given below.

Village
A B
No. of people 600 500
Average income Rs. 175.00 Rs. 186.00

Calculate the combined mean.

Solution:
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Village A Village B Combined

n; =600 n, =500 n; + n,=600+500 =1100
X, =Rs.175 | X,=Rs.186 | X;,=?

ni{X;+nyX,

n;+n,

Combined mean (X;,) =

_ 600%x175+500x186
600+500

=Rs 180

4. The averageincome of 100 personsin acity A is Rs.3500 and that of 150 persons a city B is
Rs.4000. What is the average income of both the city A and city B?

Solution:
City A City B Combined
nl = 100 nZ = 150 nl + n2= 250
X, =Rs.3500 | X,=Rs.4000 X5=7?

The average income of both the city A and city B is

nl)_(1+n2)_(2

Combined mean (X;,) = ——
1 2

_ 100%x3500+150%x4000
100+150

= Rs 3800

The mean of monthly salaries paid of 77 employees in the company was Rs. 78. The mean salary of
32 of them was Rs.75 and that of other 25 was Rs. 82. What was the mean salary of the remaining?
Solution:

Remaining Combined
21:32 EZ=25 23:20 111+n2+n3:77
Xl =Rs.75 X2= R582 X3: ? X123 = 78
The average income of both the city A and city B is
Combined mean (X;,5) = 2aXithzXe*nsXs
n;+n,+ns
_ 32X75+25%82+20X3
or, 78 = -
or. 78 = 4450+20X;

77
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or, 4450 + 20X; = 6006
or, 20X; = 6006-4450

or, 20X; = 1556

< _ 1556

or, Xy =220

20

# X3 =778

From the information given beow, find

(iv)  Which factory pays larger amount as daily wage?

(v) What isthe average daily wage for the workers of two factories?
Factory A Factory B
No.of wage earners 35 20
Average daily wage Rs.200 Rs.250
Solution:
(i)

For Factory A

n; =35, X, =Rs.200

T _xXy

X, = o

or, 200 = 2%
35

or, Y, X; =35x 200 = Rs. 700

Amount paid as daily wage in factory A = Rs. 7000

For factory B:
n; = 20,

X, =2%

ny

or, 250 = 2%z
20

X, =Rs.250

or, Y, X, =20x 250 = Rs. 500

.. Amount paid as daily wage in factory B =Rs.5000
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Hence, Factory A pays larger amount as daily wage than factory B

(i)
Combined mean (X;,) = %
1 2
— 35%200+20x250
B 35+20
=Rs218.181

.. The combined average daily wage of two factories is Rs.218.181

In aclass of 50 students 5 have failed and their average of marksis 10. Thetotal marks secured by the
entire class were 281. Find the average marks of those who have passed.

Solution
Given,
Passed Failed Combined
n1=50'5=45 nZ =5 nl +n2= 50
X; =? X,=10 Y Xq, =281
Xi2= 2% 28 _ 562
50 50

The average income of both the city A and city B is

. = X1+n,X
Combined mean (X;,) = 22277272
n1+n2
45X, +5x10
or, 5.62=—"—"—

50

or, 45X; + 50 =5.62x 50
or, 45X, = 281-50

or, 45X, =231

or, X;=2>=513

The average marks of those who have passed = 5.13

The mean age of a combined group of men and women is 30 years. If the mean age of the group of
men is 32 and that of the group of women is 27. Find out the percentage of men and women in the

group.
Solution:
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men women Combined

%n, =7? %n, =? n; +n,=100o0r,n, = 100 — n,
X, =32 X,=27 X;,=30
n;X;+n,X,

Combined mean (X;,) =

n;+n,

nyx32+(100-n,)x27

or,30=
100

or, 3000 = 32n, + 2700-27n,
or, 3000-2700 = 5n,

or, 300 = 5n,

300 _
or, = - nq

or, 60% =n,

n =100-m
=100 -60
=40 %
.. % men = 60%
& % women = 40%

Corrected mean

Theformulafor the calculation of corrected mean is given by

Corrected Y X

Corrected mean (Xcorrected) = ——o——

Where, Incorrect ¥, X = nX = n X incorrect mean
Correctd. X = Incorrect). X - Incorrect items + correct items

Mean of 100 items was 45. Later on it was found that two items were misread as 60 and 8 instead of 192
and 66. Find the correct mean.

Solution
Here, we have given,
No. of items, n =100,
Mean ( X ) =45
Misread items = 60 and 8
Correct items = 192 and 66

83



X
Or, 50 = Z

100
or, X =5,000

Incorrect Z X =5000
Correct n = 100-1-1+1+1=100
Correctz X =5000-60-8+ 192+ 66=5190

— correct » X
Correct (X ) = Z = 51%0

= =519
correct.n 100

Correct mean (Y) =519

Arithmetic mean of 150 items is 50. Two items 40 and 60 were left out at the time of calculations.
What is the correct mean of all the items?

Solution:
Given, mean (Y) =50
No. of items, n= 150

Left out items = 40 and 60

Required mean of all theitems(f) =?

We have,

x=2X

n

- X
or, 50 = 150

or, ) X =50% 150 = 7500

Wrong) X = 7500
Correct Y X =7500 + 40 + 60 = 7600
Correct n=150+ 1+ 1=152

— correct » X
Correct X = Z = 7600 _ 76

correct.n 100

.. Correct (Y) =76
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The mean marks of 100 students were found to be 65. At the time of checking it was found that the

three marks 40, 50 and 55 were incorrect. Find the correct mean if the incorrect marks are omitted (or
weeded out).

Solution
Given, mean ( X ) = 65
No. of students, n= 100

Incorrect marks = 40, 50 & 55

Correct mean after omitting incorrect marks(f) =?

We have,

or, ) X =65x 100 = 6500

~.Correct ) X =6500 - 40 -50-55 = 6355
i.e. incorrect Z X = 6500
Correct n=100-1-1-1=97

— correct » X
Correct (X ) = Z = 0355 =
correct.n 97

= 65.515

The mean of 20 items was found to be 10. At the of checking, it was found that one item 8 was
incorrect. Calculate the mean when

() Thewrongitemis omitted.
(i) Itisreplaced by 12

Solution:
Here, we have given,
No. of items, n = 20,

Incorrect mean (Y) =10
Incorrect (wrong) item =8
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or, ZX - nX
Zx = 20X 10= 200

Incorrect Z X =200

Then,

(i)  When, incorrect item 8 is omitted
Correct n=20-1=19

COI’I’eCtZ X =200-8= 192

— . _correct) X 192

~.Correct (X)) = =— =101
correct.n 19
(i) When theincorrect item is replaced by 12
Correct n = 20-1+1=20
Correct Y’ X =200-8+12= 204
— correct X
~.Correct (X)) = Z = 204 =10.2

correct.n 20

Median or Positional average (Md)

The variate value which divides the total number of observations into two equal parts is called the
median. It is denoted by Md.

0] Md is suitable measure of central tendency (or average) for the qualitative characteristics
such as knowledge, intelligent, beauty, honesty, talent, good, bad, defective, etc.

(i) It is also more appropriate (or suitable) average (or measure of central tendency) for the
open ended classified data.

Calculation of median depends upon the given series

For Individual series
At first, arranging the given set of observations (data) in ascending order of magnitude.

th
Median (Md.) = Value of (nT-li item, Wheren = no. of observations

Find the median from the following set of observations:
30, 40, 25, 18, 27, 26, 35
Solution:
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At first, arranging the given data say in ascending order of magnitude: 18, 25, 26, 27, 30, 35, 40.
n=7,

th
Median (Md.) = Value of (”T”J item

. 7+10\"
Median = value of (—) item

2
=value of 4™ item
.. Median = 27

Find median from the following data:
48, 30, 40, 35, 27, 29, 38, 45
Solution:

The given data in the ascending order: 27, 29, 30, 35, 38, 40, 45, 48

. n+ 1\
s.Median = Vaueof (T) items

th
= Value of (8%1) items

= Value of (4.5)" items

th+ U
= Value of (4 ZSUitems

In discrete series

o At first, arrange the given data in ascending order of their magnitudes.
e Obtain the less than cumulative frequency (c.f.)

th
e Usetheformula, Median = value of (NTHJ item,

N = Xf=Total frequency

Thefollowing data gives the daily wages of 80 workersin a firm. Calculate median wage.

Daily wages (in ‘00’Rs.) |2 7 |5 10 |15

Number of workers 20 15 |12 15 18
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Solution: Calculation of median

Daily wages (‘00’ Rs.) ( X) No. of workers (f) Less than c.f.
2 20 20
7 15 35
5 12 47
10 15 62
15 18 80
N =80

th
Median = value of (NTHJ item

th
= value of (&;1) item

= value of 40.5" item
=Rs. 8 (in 00)

Since, the cumulative frequency just greater than 40.5 is 47 and its corresponding value of 'X' is 8.

For continuous series (Grouped frequency distribution)

Thefollowing steps areto be used in finding the median in case of continuous series:

o Atfirgt, arrange the given data in ascending order of their magnitudes.
¢ Preparetheless than cumulative frequency distribution.

e Find %

. . N
e See cumulative frequency equal to or just greater than the value of 5 and note the

corresponding frequency.
¢ The corresponding class contains the median value and is called the median class.

Then, Median is computed by applying the following formula,

N
>~ c.f.
f

Mgq=L + x h

Where, N = Total frequency

N
> = position of the median class.

L = Lower limit of median class
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f = frequency of median class

h = difference of classinterval of median class or class size of median class.

c.f. = Less than cumulative frequency preceding the median class.

Note: (i) The classes should be exclusive type

(ili) Median can also be calculated for the distribution having unequal classinterval.

i.e. For calculation of My. It is not necessary to be equal class size.

Thefollowing data gives the weekly wages in rupees of 24 workers of afirm.

Wages per Week (in ‘000’ RS.) | 10-14 | 15-19 | 20-24 | 25-29 | 30-34

No. of Workers 4 7 8 3 2

Compute M edian wage.
Solution
Since, the given class intervals arein inclusive type. So, for median we should first convert the given

inclusive class interval into exclusive class interval before calculating median by using correction
factor.

Correction factor = 5;14 =05
Calculation of median
Wages pea  Week | Workers (f) Lessthan c.f.
(‘000°Rs.)
9.5-14.5 4 4
14.5-19.5 7 11
19.5-24.5 8 19
24.5-29.5 3 22
20.5-34.5 2 24
N=24

N 2 . . . . : :
5 5 = 12. The c.f. just greater than 12 is 19, whose corresponding class is 19.5 - 24.5 i.e. median

liesintheclass 19.5 - 24.5.
Where, L =195,f=8, h=5, cf.=11

—c.f.
f

N
2

Mg=L + x h
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8

Mq=19.5+ x5=20.125

~.Mg=Rs. 20.125 (in 000 Rs))

Find out the appropriate measure of central tendency from the following distribution and support for
your choice of measure.

?gg;th'y INCOME & ow 100 | 100-199 | 200-299 | 300-399 | 400-499 | 500 & Above
No. of Families | 50 550 1105 | 1206|1235 | 1250
Solution:

Since, the given distribution has open end classes (i.e. The lower limit of first class and upper limit of
last class interval are in the form bedow and over). Therefore, My is the appropriate or suitable
measure of central tendency.

N

5 - c.f.

f

Wehave Mg=L + x h

200-199 _

0.5

Correction factor =

Here, the classes are in the form of inclusive, so at first it should be converted into exclusive form.

Monthly Income (Rs.) |[No. of Families (f) |lessthan c.f.
Below 99.5 50 50
99.5-199.5 500 550
199.5-299.5 555 1105
299.5-399.5 100 1205
399.5-499.5 30 1235
499.5 and above 15 1250

N = 1250

1250 . .
Here, g == = 625. Thec.f. just greater than 625 is 1105.

So, Md lies between 199.5-299.5
Where, L = 199.5, h =100, f =555, c.f. =550

625 — 550

555 X 100=213.01

Now, Median (Md) = 199.5 +

~.Median (Md) = Rs. 213.01
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The following table gives the weekly wages in rupees of workers in certain commercial organization.
Thefrequency of the class interval 50-54 is missing.

Weekly wages (Rs.) |40-44 |45-49 |50-54 |55-59 |60-64

No. of workers 31 58 60 ? 27

It is known that the median of the above frequency distribution is
Rs. 53.5. Find the missing frequency.

Solution:

Since, the given class intervals arein inclusive type. So, for median we should first convert the given
inclusive class interval into exclusive class interval before calculating median by using correction
factor.

45-44

Correction factor = 0.5
Let the missing frequency be'f1'.

Calculation of missing frequency

Weekly wages (Rs.) |[No. of workers|Lessthan c.f.
(f)

39.5-44.5 31 31

44.5-49.5 58 89

49.5-54.5 60 149

54.5-59.5 f1 149 +f;

59.5-64.5 27 176 +f,
N=176+f;

Since, median = 53.5, which lies in the weekly wages group 49.5-54.5, so, median classis 49.5-54.5.
Where, L =495, h=5,f =60, c.f.=89

N
E_C'f'
Wehave, Mg=1L + f x h

176+ f, _ 89

o, 535=495+ —2 x5
60

176+ f,-178

o, 535=495+
120

5

o, 535=495+ fy
24
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or, 53.5-495= f,-2

or,f1—2=4x24 or, f1=96+2=098

.. Therequired missing frequency = 98.

The following table represents the marks of 100 students

Marks 0-20 | 20-40 |40-60 |60-80 |80-100

No. of students |14 |? 27 ? 15

If the median mark is 48 find missing frequencies and the mean marks of all 100 students.
Solution:
Let f; and f» be the missing frequency of 20-40 and 60-80 respectively.

Calculation of Missing Frequencies

Marks [No. of students|Lessthan c.f.
()

0-20 |14 14

20-40 |fy 14+f;

40-60 |27 41+ 1,

60-80 |f2 41 +f1+ 1

80-100 |15 56 +f1+f;
N=56+f+f

From given condition,
N =100
or, 56+ f; + f, = 100
or, fy + f» =100 — 56
or, fi+f,= 44
or,fo= 44-f...... ()
Again,
Since, Median (Md) = 48 liesin class 40 - 60. So, median class is 40 - 60

Where,
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L=40,h=20,f=47, cf.=14+1f,

We know that,
N
5 - c.f.
Mg=L + f x h
1
% —(14+ 1)
o, 48=40+ >7 x 20

—14—f
48—4O=§502—712><20

or,
o, 8x27=(36-f)x20
or, 216=720-20f;

or, 20fi=720-216=504

04
20 - 252~ 25

or, f1 =
From equation (i)
25+f, =44

o, f,=44-25=19

.. Therequired missing frequencies are respectively 25 and 19.

Calculation of Mean

Marks | No. of students (f) |Mid-value (X) |fX

0-20 (14 10 140

20-40 |25 30 750
40-60 |27 50 1350
60-80 (19 70 1330
80-100|15 90 1350

N =100 XX = 4920

Mean (X ) = 5 =220 = 492

Hence, mean mark of all studentsis 49.2.
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Calculate the median income from the following income distribution of 100 persons.

Income in Rs. | 100 150 200 275 350 400 500
(Less than)
No. of persons 5 15 30 50 75 90 100
OR

Income in Rs. Below | Below | Below Below | Below | Below | Below

100 150 200 275 350 400 500
No. of persons | 5 15 30 50 75 90 100

Solution:

Since, the given frequency distribution of income is in the less than cumulative frequency distribution
form. So, it should be converted into simple frequency distribution.

Income (in Rs.) f Less than c.f.
Below100 5 5
100-150 15-5=10 15
150-200 30-15=15 30
200-275 50-30=20 50
275-350 75-50 =25 75
350-400 90-75 =15 20
400-500 100-90 =10 | 100
N =100

Here, N =£20 =50. The cumulative frequency just greater than or equal to 50 is 50. So median lies

in the class interval 200-275.

Here, L =200, h=75,f=20, cf.=30

We have,
N
2—c.f.
=200+ 20730, 75_ 275

Hence, Median income is Rs.275

Following is the distribution of marks in accountancy obtained by 50 students. Find median
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Marks (morethan): |0 10 |20 |30 (40 |50
No. of students 50 |46 (40 |20 |10 |3
OR
Marks Above |Above |Above|Above|Above|Above
0 10 20 30 40 50
No. of students |50 46 40 20 10 3
Solution:

Since, the given frequency distribution of marks is in the more than cumulative frequency distribution
form. So, at first it should be converted into simple frequency distribution.

Calculation of median

Marks No. of Students (f) | Lessthan c.f.
0-10 50-46=4 4

10-20 46-40=6 10

20-30 40-20=20 30

30-40 20-10=10 40

40-50 10-3=7 47

50 & above |3 50

N =50

N 50 . . . .
Here, 555 = 25. The cumulative frequency just greater than 25 is 30. So median lies in the class
interval 20-30.

Where, L =20, h=10, f =20, c.f.= 10

We have,
%‘C'f 25— 10
Ma. =L + f xh=20+ ) x10=275
Median = 27.5

The Partition Values
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The values which divide the total number of observations into a number of equal parts are called
partition values. Thus, median may also be regarded as a particular partition value because it divides
the given datainto two equal parts.

Depending upon the equal number of parts, the important amongst these partition values are
() Quartiles
(i) Deciles
(i)  percentiles

Note: For partition values, classes should be exclusive but not necessary to be equal class size.

Quartiles: Quartiles are those variate values, which divide the total observations into four equal
parts and each part equal to 25%. Hence, in such cases there are three quartiles (points) Q1, Q2 and Qs

suchthat Q, < Q, <Q, Todivideinto four equal partsthree quartiles namely Qi, Q. and Qs are used.
Q1 iscaled the lower quartile and Qs is the upper quartile.

Individual series

After arranging the given data in ascending order of magnitudes,
Quartiles can be obtained by the following formula

: th
Qi = value of Knt1)” item Wherg i=1, 2,3

n = No. of observations

Find out the lower (or first quartile) and upper quartile (or third quartile) from the given data.
18, 20, 15, 16, 25, 19, 12, 22, 14
Solution
Here, number of observationsi.e. n=9,
At Firgt, the given data are arranged in ascending order.
12, 14, 15, 16, 18, 19, 20, 22, 25

(n + 1)th

Lower quartile (Q1) = value of 2 item

9+ 1"
= value of £—4L item
= valueof 2.5th item
= value of 2nd item + 0.5 (3 — 2") item
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=14+ 05 (15— 14)
.. Q1 =145

1 th
Similarly, upper quartile (Qs) = valueof 3 %L item

@+

=valueof 3 2 item

= value of 7.5th item

= value of 7thitem + 0.5(8" — 7" item

=20+05(22-20)=21
Q3 =21
Discrete series

i(N+1)th

Q; = value of item , i=1,2&3

N =) f = Total frequency

Find first and third quartiles from the given data.
X 1 2 3 4 5 6 7

f 2 5 7 10 |4 3 2

Solution:

Calculation of quartiles

X f Less than c.f.
1 2 2

2 5 7

3 7 14

4 10 24

5 4 28

6 31

7 2 33

N=)f=33

N+1th
Q1 =Vaueof §—4Litem
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th
= value of (@J item
4
= value of 8.5" item. The c.f. just greater than 8.5 is 14 and its corresponding value

of Xis3

Q1 =3

N 1 th
(Qs) =valueof 3 3(%) item

1 th
=vaueof 3 (?BTJFJ item

= value of 25.5" item. The c.f. just greater than 25.5 is 28 and its corresponding value of
Xis5

~.Q,=5
Continuous series or Grouped frequency distribution
Quartiles are given by the relation:
IN_ c.f.
Q=L+ i x h

wherei=1, 2, 3

N
i c.f.

Wheni =1, Qi = first (or lower) quartile=L + X h

Wheni = 2, Q, = second (or middle or median) quartile

N

_L+ 2 C'th
B f

3N
— —c.f.

Wheni = 3, Qs = third (or upper) quartile=L + f x h

iN . . :
7 = thesizefor i™ quartile’s class

L = lower limit of i"" quartile's class

f = frequency of i"" quartile's class

h = difference of classinterval of ith quartil€'s class
c.f. = preceding c.f. of i"quartile's class.

Find first and third quartiles from the data given bel ow.

Income (in ‘000’Rs.) 20-30 | 30-40 | 40-50 | 50-60 | 60-70
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No. of households 10 15 25 16 14
Solution:
Income (‘000” Rs.) |No. of households (f) |lessthan c.f.
20-30 10 10
30-40 15 25
40-50 25 50
50-60 16 66
60-70 14 80
N=)f=80
For first quartile (Q;)
N_ -2
4 4

Q, liesinclass30-40 , L=30, f=15 c¢f.=10, h=10

x 10
= 36.66667(in 000)

=Rs.36666.67

For third quartile (Q3)

ﬂ: 3><80:60

4 4

Qs liesinclass50-60, L =50, f=16, cf.=50, h=10
ﬂ—c.f.

Q3=L+‘*f X h

=50+22% 10
16

=56.25 (in 000)

=Rs.56250

From the given following data, calculate the number of workers getting wage between first and third
quartile.

WageinRs.(lessthan) |10 20 30 40 50

No. of workers 45 85 160 75 35

OR

Wage (inRs.) Belowl1l0 |Below 20 |Below 30 |Below 40 |Below 50
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No. of workers |45 85 160 75 35

Solution:

Since, the given frequency distribution of income is in the less than cumulative frequency distribution
form. So, it should be converted into simple frequency distribution.

Calculation for Quartiles

WageinRs. [No. of workers (f) |c.f.

0-10 45 45

10-20 85 130

20-30 160 290

30-40 75 365

40-50 35 400
N =400

So, Qi liesintheclass 10-20, L = 10, c.f. =45, f =85 and h = 10.

Vi c.f.

100 — 45
=10+ —5— x 100 =Rs. 16.47
85
3N 3 x400 . :
For Qs: 2°-" 1 - 300, the c.f. just greater than 300 is 365.

So, Qs liesintheclass30-40, L =30,cf.=290,f=75andh=10

N
3 c.f.

300 — 290
S

75 *10

=30

=Rs. 31.33

.. The number of workers getting wage between Rs. 16.47 to Rs. 31.33.
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20 - 16.67 31.33-30
= 10 x 85+ 16 + 10 x 75
=55.98~ 56

Deciles:

The variate values which divide the total number of observations into ten equal parts are called deciles
and each part equal to 10%. Hence, therearein all nine deciles denoted by D1, D2, . . ... ,D9 such that
Di<Dy<Ds< ... ... .. <Dq. Ds the fifth decile divides the series into two halves and hence it is the
same as median.

Individual series
After arranging the given data in ascending order of magnitudes,

i th
fn+1) item.

D;j = value of
Wherej=1,2,3...,,9
n = No. of observations

Discrete series

; th
Djzvdueof%item., i=1,2,3..... 9

Where, N =), f = Total frequency

Continuous series or Grouped frequency distribution
iN _
D= L+2 T xh

Where j=1,2,3..... 9

Where,
jl—lj)= the sizefor j™ decile’s class
L = lower limit of j™ decile’s class
f = frequency of j" decile’s class
h = difference of classinterval of jth decil€'s class

c.f. = preceding c.f. of j" decile’s class.

Per centiles:

The variate values which divide the total number of observations into 100 equal parts are called
percentiles. There are in al 99 percentiles and are denoted by Pi, P, ...,Pw respectively such that
Pi<P<Px<........ <Po. Psy™ percentileis same as median.

Casel: To find the highest value (maximum value) of % failed, lowest earner, poorest, flattest, shortest
ec.
i.e The highest income of the poorest 40% of the peopleis given by 40" percentilei.e. Py.

Poorest 40%

& ] |
0 P 100

Casell: Tofind the limits (Range) of middle %
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i.e. Thelimits of income of middle 50% of families is given by the 25" and 75" percentiles. i.e.
P25 and Pys.

2506 Middle 50% 2506

Case l11: To find the lowest value (or minimum value) of % top, pass, richest, highest earner,
longest, tallest etc.

i.e. Thelowest income of the richest 40% of the people is given by 60" percentilei.e. Pe.
60% Richest 40%

| = ]

|
0 Py, 100

Individual series
After arranging the given data in ascending order of magnitudes,
Percentiles can be obtained by the following formula
k(n+1)th
100
Wherek=1,2,3,.....,,99

n = No. of observations

P« = value of item.

Discrete series

K(N+1)th

P« = value of
100

item. N =) f=Total frequency

Continuous series or Grouped frequency distribution
xn c.f.

Pc =L +2—xh

Where K=1,23,..... ,99

oo thesizefor K™ percentile’s class

L = lower limit of k™ percentile’s class

f = frequency of k™ percentile’s class

h = difference of class interval of k™ percentile's class
c.f. = preceding c.f. of k" percentile’s class.

|” Median=Q; =Ds = P50|

Find Q1, D3 and Pss from the given data: 8, 6, 5, 4, 10, 15, 3, 16

Solution
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Here, the number of observation, i.e. n=8

First, the data are arranged in ascending order: 3, 4, 5, 6, 8, 10, 15, 16.
1(n+ 1)
Q: =Vaueof (JTE) item

(8 + 1)th

= value of ] item

= 225" item
= 2" jtem +0.25 (3 — 2") item

Q1 =4+025(5-4)=4.25
o 3(n+ 1M .
Similarly, Ds = Value of (JWL item

38+
10

= value of item

= valueof 2.7"item

= value of 2™ item + 0.7 (39— 2™ item
D;s =4+07(5-4)=47

65 (n+ 1™ .
Pss = Vaueof (J;O_OL item

65(8 + )"

= value of 100 item

= value of 5.85" item
= value of 5" item + 0.85 (6th item - 5™ item)
=8+0.85(10-8)=9.7

Pes =097

Find upper quartile and upper decilei.e. Dy from the given data. Also obtain P7.

X 1 /2 (3 |4 (5 |6 (7 (8 |9 (10 11

f 12 |5 |8 |10 |12 |8 |6 (4 (3 |2 |1

Solution:

Calculation of partition values
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X f Less than c.f.
1 2 2
2
3 15
4 10 25
5 12 37
6 8 45
7 6 51
8 4 55
9 3 58
10 2 60
11 1 61
N=61
For Qs:
Qs = value of —3(Nzl)th item
= value of 3ertn® item.

= value of 46.5th item. The value in c.f. just greater than 46.5 is 51 its corresponding value of
Variable X is7

S0 upper quartilei.e Qs =7.

Similarly, For Dy
th
Dg = value of SN+ item.
th
= value of 261+ 7 item.

= Value of 55.8"item

Thevalue of c.f. just greater than 55.8 is 58 its corresponding value of Variable X is 9.
S0, upper decilei.e. Dg=9.
For P

77(N+1)th

Pz = value of item.

77(61+1)th
100

= Value of 47.74"item

=value of item.

Thevalue of c.f. just greater than 47.74 is 51 and its corresponding value of Variable X is 7.
P77 =7.

The following table shows the frequency distribution of wages (in Rs.) of 50 employees of
Darwin Inc.
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Wages(Rs.) 50-70 | 70-90 | 90-110 | 110-130 | 130-150
No. of Employees 6 11 15 10 8
Write reference to the above table,

(i) Determine the percentage of employees having earnings more than Rs. 85.
(i) Find the number of employees having earnings less than Rs.125.

(iii) Find the number of employees having earnings between Rs.65 and Rs.140.

Solution:
Wages(Rs.) 50- 70- 90-110 | 110-130 | 130-150 | Total
70 90
No. of | 6 11 15 10 8 50
Employees

Difference

Frequency (No. of employees) = X corresponding frequency of the class

class size

(90—-85)
20

(i) The number of workers having earnings more than Rs. 85 = X 11+15+10+8

=2.75+15+10+8

=35.75~ 36

= The percentage of workers having earnings more than Rs. 85 = —355'075 x100

=71.5%

125-110
( ) x

(ii) The number of workers having earnings less than Rs.125 = 6+11+15 + 10

=6+11+15+ 7.5
=39.5~40

(iii) The number of employees having earnings between Rs.65 and Rs.140

= —(702‘065) X 6 + 11 + 15+ 10+ —(14"2‘0130) x 8

= 1.5+11+15+10+4
=415= 42

The data given bdow represents the daily wages (in Rs.) recelved by 55 workers in a
construction site.

Wages (InRs.) | 200-250 | 250-300 | 300-400 | 400-450 | 450-650 | 650-700
No. of workers | 5 10 20 15 3 2
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Find (i) lower quartile (ii) upper quartile (iii) 7" decile (iv) 3" decile (v) 60" percentile & (vi) 80"
percentile.

Note: For partition values, classes should be exclusive but not necessary to be equal class size.

Solution:
Wages (inRs.) |No. of workers(f) |Lessthanc.f.
200-250 5 5
250-300 10 15
300-400 20 35
400-450 15 50
450-650 3 53
650-700 2 55

N=)f=55

(i) For upper quartile (Q4)
No 321375
4 4

Qq liesinclass250-300 , L =250, f=10, cf.=5 h=50

=Rs. 293.75

(i) For third quartile (Q3)

T= 224105
4 4

Qs liesinclass 400- 450, L =400, f=15, cf.=35 h=50
3N

Qs =L ++

c.f.

- X h
=400 + 2225735 « 50
15

=Rs. 420.83
(i) 7" decile (D)

== X2 =385

10 10

D, liesin class 300- 400, L =300, f=15 cf.=35 h=50
n_cr

D; =L +%——xh

_ 38.5-35
= 400 + 2=

=Rs. 411.6667

X 50

(iv) 3° decile (D5)

3N _ 3x55
— = =16.5
10 10

D; liesin class 300- 400, L =300, f=20, c.f.=15 h=100
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3N of.
=L+ - “xh
16.5—-15

=300 +
=Rs. 307.5

x 100

(v) 60" percentile (Psg)

60N _ 60x55 _ aq
100 100
P liesin class 300- 400, L =300, f =20, c.f.=15 h=100

60N —c
P60 - L +100 X h

=300 + 33 15

=Rs. 390

X 100

(vi) 80™ percentile. (Pgo)
80N _ 80X55
100 100
Pgo liesin class liesin class 400- 450, L =400, f =15, c.f.=35 h=50

60N —cf
P80 - L +100 X h

44-35

= 400 +
=Rs. 430

X 50

Find the 1% quartile and the limits of marks of middle 50% students from the following data.
Also interpret the value of 1% quartile.

Marks 10-20 20-30 | 30-40 40-50 50-60
Frequency | 8 6 7 12 7
Solution:
Marks |frequency (f) Lessthan c.f.

10-20 8 8

20-30 6 14

30-40 7 21

40-50 12 33

50-60 7 40

N=)f=40

N . :
For Qu: Vi % =10, thec.f. just greater than 10 is 14.

So, Qi liesintheclass 20-30, L =20,cf.=8,f=6and h=10.
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N
Z_C'f'
Q =L+—F—xh

-2O+M><1O

= 23.33 marks

The limits of marks of middle 50% of students is given by the 25" and 75" percentiles. i.e. P> and
P75.

For P25

ﬂ — 25%x40 — 10
100 100
P,s liesinclass 20-30, L =20, c.f.=8,f =6and h = 10.

25N of
Pps =L+ ——xh

_20+M x 10

= 23.33 marks

For Pzs.

75N 75%400
N =30

100 100

P, liesinclass40-50, L =40, f=12, cf.=21, h=10
75N —cf
P, =L +100 x h

_40+30 21

=475 marks

x 10

The limits of marks of middle 50% of marks are
Lower limit, P,z = 23.33 marks

Upper limit, P;¢ = 47.5 marks

Q, = Py5 = 23.33 marks

Inter pretation of the value of 1* quartile (Q):

Q, is called the lower quartile and it indicates that 25% marks are below the value of Q, i.e. 75%
marks are above the value of Q,
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Monthly income (in 000 Rs.) distribution of 400 families of a certain town are given below:

Income (in 000 Rs.)| 80 120 160 200 240 280
Below
No. of families 10 35 165 310 380 400
OR
Income (in O00Rs.) | Below Below Below | Below | Below Below
80 120 160 200 240 280
No. of families 10 35 165 310 380 400
a) Find the highest income of the poorest 20% of the families.
b) Find the limits of incomes of middle 50% families.
¢) Find thelowest income of therichest 20 % of the families.
Solution:
Income No. of families (f) Lessthan c.f.
(000in Rs.)
Below 80 10 10
80-120 25 35
120-160 130 165
160-200 145 310
200-240 70 380
240-280 20 400
N =) f =400
a)
Poorest 20% 30%
s 2) |
0 P20 100

The highest income of the poorest 20% of the familiesis given by P,,

20N 20x400
== =80
100 100

P,y liesin class 120- 160, L =120, f =130, cf.=35 h=40

2N _ o
Py =L +%—xh
80-35
130

=120 +

X 40

= Rs. 133.8462 (000)

=Rs 133846.2
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The highest income of poorest 20% of the familiesis Rs 133846.2

2506 Middle 50% 2504

b) '

i ;
0 P

|
I
25 FHS

The limits of income of middie 50% of families is given by the 25" and 75" percentiles. i.e. P and
P75.

For Py

25N 25%x400
28— 29490 = 100
100 100

P,5 liesin class 120- 160, L =120, f =130, c.f.=35 h=40
25N
Pps = L +3200— " xh

100 35

=120+ 2 x 40
= Rs. 140 (000)
= Rs 140000

For Pzs.
TN _ 739 - 300

100 100

P,; liesin class 160- 200, L = 160, f =145, c.f.=165 h=40

75N —cf
Prs =L+ ——xh

=160 + 302 195 % 40
= Rs. 197.2414 (000)
=Rs197241.4
The limits of income of middle 50% of families are
Lower limit, P,z = Rs 140000
Upper limit, P;5 = Rs197241.4
Range = Rs 197241.4- Rs 140000

=Rs.57241.4

¢) Find the lowest income of the richest 20 % of the families.

80% Richest 20%

| [ Se—

0 Pso 100
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The lowest income of the richest 20 % of the familiesis given by Pgq

For Psgo.

80N _ 80x400 _ 320
100 100
Pgo liesin class 200- 240, L =200, f=70, cf.=310, h=40
ﬂ—c.f.
Pgo =L +% X h

=200 + 22212 x 40
70

= Rs. 205.7143 (000)
=Rs205714.3

-~ Thelowest income of therichest 20 % of thefamiliesis Rs 205714.3

From the following distribution of marks of 500 students of a campus, find the minimum pass mark if
only 20% of the students had failed and also find the minimum marks obtained by the top 25% of the
students.

Marks 0-20 |20-40 |40-50 | 50-60 |60-80 | 80-100

No. of students |50 100 |150 |90 60 50

Solution: Calculation of partition values

Marks |No. of students (f) |Lessthan c.f.
0-20 |50 50

20-40 |100 150

40-50 (150 300

50-60 |90 390

60-80 |60 450

80-100 |50 500
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Total |N =500

Passed 80%

0 100

If 20% students had failed, it means 80% students had passed. Then, the minimum pass mark is given
by Poo.

on = Dz =?

Now. 22N _ 20 500
oW, 100 = 100

= 100. Thec.f. just greater than 100 is 150.

So, Py liesinclass 20 - 40. L = 20, f =100, c.f. =50, h= 20

20N

100—c.f.
Px=L +f x h

100 - 50

Pao=20+755

x20=30

. The required minimum pass mark = 30

For thetop 25%:

The minimum marks obtained by top 25% of the students is given by Pzs.
Top 25%

——
0 25 50 75 100
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3 x 500 _ . o
% = === = 375. Thec. just grester than 3755 390. So Py lies in class 50-60.
L =50, =90, cf. =300, h=10

7SN _
Pys =L +2—xh

=50+322 x 10
90

=58.33~ 58
Therefore, the minimum marks obtained by the top 25% students = 58.

The marks distribution of 150 students in a class test as follows.

Marks (lessthan) |10 {20 |30 |40 |50 |60 |70

No. of students 8 |28 |50 {100 120 | 142 |145
OR
Marks Below10 | Below 20 | Below Below Below Below Below
30 40 50 60 70
No. of | 8 28 50 100 120 142 145
students

If the campus has a policy to run a special class for the top 25% of the students what is the lowest
mark obtained by those top 25% of the students.

Solution:

75% Top 25%
(]

| [ Se—

0 Prs 100

Thelowest mark obtained by those top 25% of the studentsis given by Prsi.e Qs

Marks No. of students (f) |Lessthan c.f.
Lessthan10 |8 8

10-20 20 28

20-30 22 50

30-40 50 100
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40-50 25 125

50-60 17 142
60-70 3 145
N =145

75N 3x145 _ 3x145

R = 108.75.
100 4 4

Thec.f. just greater than 108.75 is 125. So, Qzor Pz liesin class 40-50,

Where, L =40, h=10, f = 25, c.f. = 100.

TN
Ps =L +2—xh

=40 108.7255—100 % 10
=435
.. Thelowest marks obtained by thosetop 25% studentsis43.5

The table given below represents the daily wage distribution of 130 workers. Find out the range of
income of the middle 60% workers.

Wage (Rs. | More More More | More | More | More More More
per week) | than70 | than85 | than than than | than than than
100 115 130 145 160 175

No. of

130 122 109 79 44 26 14 5
workers

OR

Wage (Rs. per week | 70 |85 | 100 | 115 | 130 | 145 | 160 175
) (More than)

No. of workers 130 | 122 | 109 | 79 44 26 14 5
Solution:

Thelimits of income of the middle 60% workers are given by P20 and Pg

20% Middle 60% 20%
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Calculation of partition values

Wage (Rs. per week) |No. of workers (f ) | Lessthan c.f.
70-85 8 8
85-100 13 21
100-115 30 51
115-130 35 86
130-145 18 104
145-160 12 116
160-175 9 125
More than 175 5 130
N =130
Sizefor Px:
20N 20 x 130

100- 100 - 26. Thec.f. just greater than 26 is 51.

So, Py liesin class 100 — 115. L =100, f =30, c.f. =21, h=15

20N

100 ~ c.f.

P20=L+f><h

26-21
30

P2 =100 + x 15

=Rs. 102.50
Similarly,
For Pg,

S8ON 80 x 130
100 - 100 104

Thec.f. just equal to 104. So, Py liesin class 130 — 145.

L =130, f =18, c.f. =86, h= 15

BON
100—C. .

P80:|_+th
104 - 86

..Pgo =130+ 18 x 15
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18+15
18

=130+
=130 + 15=145.

Lower limit, P,y = Rs 102.50

Upper limit, Pgg = Rs 145

Hence, the range of income of the middle 60% workers = Pg — P2

=145-102.50

=Rs. 42.5.

Mode or Modal value or Most repeated value (Mo)
Modeis thet variate value which repeats maximum number of times.

There are many situations in which A.M. and median (Md.) fail torevedl the characterigtics of datasuch as
maost common stock, most common wage, most common height, most common size of shoe, size of T-shirts
and other ready-made garments we have in mind mode but not the A.M. or Median

Calculation of mode

For Individual series:

Mode = Vaue of varigble X which repeats maximum number of times

Casel: If thedistribution isregular and unimodal (i.e. only one maximum frequency).
The mode for various distributions is given be ow.

For discrete series.

Mode = Vaue of varidble (X) corresponding to maximum frequency

For continuous series (Grouped frequency distribution)
In case of continuous series, if the digribution is regular and unimodal, mode is calculated by using the
following formula.

f1—fo

2 fo

Mode (Mo) =L +

f1 = maximum or modal class frequency.

fo = preceding frequency of modal class.

f, = following frequency of modal class.

L = lower limit of modal class.

h = difference of classinterval of modal class or class size of modal class.
Note: For Mode

(i) Itisnecessary to be equal class size as well as exclusive class intervsls
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Case |l: When the distribution is regular and bimodal or multimodal, the mode can be
determined by using Karl Pearson’s empirical relation

M, = 3Md - 2X

This empirical relation is used for all series and mean (Y ) and median (Md) are calculated
by using the formulae according to their series.

Caselll: Whenthe distribution isirregular, mode is determined by using grouping method.
Note: Caselll is beyond of our syllabus.

Relationship between Arithmetic Mean, Median and Mode

If thedistribution is symmetrical then the arithmetic mean, median and mode coincide
i.e. the mean = median = mode.

However, for a moderately asymmetrical (non-symmetrical or skewed) distribution, mean, median
and mode follows the following relationship.

Mode= 3 Median— 2 Mean

For Individual series:
Mode = Vaue of variable X which repeats maximum number of times

Find the mode from the data of marks obtained by 10 students.
Marks: 10, 27, 24, 12, 27, 20, 18, 15, 30, 27

Solution

Here, the value 27 repeats maximum number of timesi.e 3times.
Hence, Mode = 27 marks

For discrete series.
Mode = Vaueof varigble X corresponding to maximum frequency

Find the modal size of shoes from the data given below:

Size of shoes 5 6 7 8 9 10 11
No.of pasons |10 |20 |25 40 22 15 6
Solution:

Since, the given frequency distribution isregular and unimodal.

Mode = Value of varigble corresponding to maximum frequency
=8

.. Modd size of shoesis8.

For continuous series (Grouped frequency distribution)
In case of continuous series, if the digtribution is regular and unimodal, mode is calculated by using the
following formula.

f1—fo

Mode (Mo) =L +mx

h
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Where,
f1 = maximum or modal class frequency.
fo = preceding frequency of modal class.
fo = following frequency of modal class.
L = lower limit of modal class.

h = difference of class interval of modal class or class size of modal class.

Note: For Mode

(i) Itisnecessary to be equal class size as well as exclusive class intervsls

Find the mode from the following frequency distribution

Marks 0-10 | 10-20 | 20-30 | 30-40 | 40-50 50-60 60-70
No. of students | 4 12 15 20 32 14 13
Solution

Since, the given frequency distribution is regular and unimodal and maximum frequency is 32.
So, modal classis40-50
L=40, h=10, f;=32, fo= 20, f=14

f1—fo

Mode (Mo) =L Yo o1,

h

32-20
=40+————x 10
2x32-20-14

=40+2 % 10
30

= 44 marks

Find the modal value from the given frequency distribution.

Value (mid-point) |5 10 |15 |20 |25 |30

Frequency 3 7 12 |16 (13 |3

Solution
Since, the mid values of the distribution are given.So, at first we need to construct the classintervals.

Class size (h) = difference between two successive mid-values
=10-5
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~h_og

- =
Subtract% = 25 from the first middle value for lower limit of first class interval and add 2.5 to the

same mid value for the upper limit of first class interval and so on. Other class intervals are
constructed in the similar fashion as shown in the calculation table be ow.
Calculation of mode

Here, the given frequency distribution is regular and unimoda and maximum frequency is 16, so

=5

Class f
25-75 3
75-125 7
125-175 12
175-225 16
225-275 13
275-325 3

mode lies between 17.5 - 22.5i.e. modal classeis 17.5 - 22.5.

Where f1=16,f0=12,f,=13,L =175, h=5

f1—fo

We have, mode = L o o1, ¥ h

=175+

=175+

16-12

Mode = 20.36

Unequal Class Interval

In this case, first of all class intervals should be converted into equal class interval, then express other
unequal class intervals according to that suitable reference regular equal class interval is also divided
proportionately. To fix the idea about unequal class interval, following examples can be considered.

Find out the mode or most repeated value from the following frequency distribution.

2x16-12-13 "

35 o5 = 2036

Class

5-10

10-15

15-20

20-25

25-35

35-45

45-50

Fregquency

5

10

18

16

4

Solution:
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Since, the given frequency distribution has unequal class width. In order to calculate mode, let us first
convert the given unequal class intervals into the suitable class intervals having class width 5 for each
classintervals.

Calculation of mode

Class Frequency (f)
5-10 5

10-15 7

15-20 10

20-25 18

25-30 8

30-35 8

35-40 2

40-45 2

45-50 1

Since, the given distribution is regular and unimodal
And maximum frequency (f1) = 18. So, modal classis 20-25
L=20,h=5,f,=10,f,=8

_ f1—fo
Here, Mode =L +2f17f07f2><h

18-10

=20+73_10_8"%

5

8
=20+75%x5=20+222=2222

18
If the mode for the following distribution is Rs 24, find the missing frequency corresponding to
the class 30-40.
Expenditure 0-10 | 10-20 | 20-30 | 30-40 | 40-
per day (in 50
Rs.)
No.of persons | 14 23 27 ? 15
Solution

Let f' be the missing frequency corresponding to class 20-30

Since Mo = 24 liesin the class 20-30. So, modal classis 20- 30.
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L =20, f1= 27, f¢=23, f =f', h=10

f1—fo

2 fo_f, <N

Mode=L +

or, 24=20+—2"28 _+10

2%x27-23—f"

or, 24-20 = —
31-f

_ 40
or,4= T

or, 40 = 124 - 4f'
or, 4f' =84

~f'=21

Hence, the required missing frequency is 21.

Modal marks for a group of 47studentsis 27. Five students got marks between 0 to 10, 15 students got
marks between 20-30 and 7 students got marks between 40-50. Find the number of students getting
marks between 10-20 and 30-40, if the maximum marks in the test were 50.

Solution:

Given, N =47, Mode = 27

Let the number of students getting marks between 10-20 and 30-40 are respectively f; and f2.

Calculation of missing frequencies

Marks [No. of students
0-10 5
10-20 |f:
20-30 |15
3040 |f2
40-50 |7
N =47

Here, given mode = 27 which lies in the class 20-30, so, modal class is 20-30.
Here f1: 15,fo=f1, f2=f2, L 220, h=10

We have,
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or,

or,

or,

or,

or,

f1—fo

Mode=L + 5 —¢ ¢ X

h

15-1f;

2=+ 5505, 1,

10

7(30 — f1 —f2) = 150 — 10f1
210 — 7f1 — 7f2 = 150 — 10f,
3fy— 7f2 =150 - 210

7f2—3f1 = 60 (I)

Again, we have, total no. of students = 47

or,

5+f,+165+f,+7=47

fo+f,=20 (i)

Solving (i) and (ii),

We get,

and

f2=12
f1=8

The required number of students obtaining marks between 10-20 and 30-40 are
respectively 8 and 12.

Case Analysis.

A factory has two machines producing and packing particular types of Ice cream in suitable boxes.
These boxes are specially designed to maintain cool temperature so that they comfortably reach the
destinations, namely Ice Cream parlours. The process times to provide pack and ship the Ice Cream
for these two units are given below:

Machine1: 11, 11, 33, 22, 23, 43, 17, 17, 11, 23, 13, 15, 15, 16, 9, 21, 15, 19, 15, 18

Machine 2: 19, 23, 33, 25, 52, 31, 29, 26, 27, 20, 13, 25, 18, 25, 12, 5, 29, 11, 13, 19

Compute the Measure of central tendency (Arithmetic mean, Median and mode) for the two machines
and interprets the result. Which shows better performance-Machine 1 or Machine 2?

Solution:

At first, arranging the given data in ascending order:

For Machine 1
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Time(X): 9, 11, 11, 11, 13, 15, 15, 15, 15, 16, 17, 17, 18, 19, 21, 22, 23, 23, 33, 43

n=20
X =9+11+11+. ......... . +23+33+43 = 367
Y X?2=92 4112 +11%+..... +23% + 332 + 432 = 7953

Arithmetic mean (X ) =22

n

_ 367

20

=18.35

. n+ 1\"
Median (Md) = Valueof (T) items

th
= Value of (%) items
= Valueof (10.5)" items

10thyq1thy |
— ) Items

=Va|ueof(

_16+17
2

~.Md. =16.5
Mode (M,) = Vaueof variable X which repeats maximum number of times
=15

~+ 15 repeats maximum number of times (i.e. 4 times)

For Machine 2

Time (X): 5, 11, 12, 13, 13, 18, 19, 19, 20, 23, 25, 25, 25, 26, 27, 29, 29, 31, 33, 52

n=20
X =5+11+12+.......... . +31+33+52 = 455
Y X?2=524+11%2 +12%+..... +31% 4+ 332 + 522 = 12319

Arithmetic mean (X) = 21X

n
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_ 455

20

=22.75

_ n+ 1\
Median (Md) = Valueof (T) items

20+1

= Value of (T)th items

= Value of (10.5)" items

th th
= Vaue of (%) items

_ 23425
2

~Md. =24
Mode (M,) = Vaueof variable X which repeats maximum number of times
=25
~+ 25 repeats maximum number of times (i.e. 3 times)

Since, for both machines 1 & 2, X < Md < M,; therefore the distribution of the process times to
provide pack and ship the Ice Cream for these two machines 1 and 2 are positively skewed.

Totest better performance-M achines

For machine 1:

X =18.35
. . _ Zx2 EX 2
Standard deviation () = |=~— (T)
_ [7953 367\2
"N 20 (_0)
= 7.805

Coefficient of variation, C.V. (Machine 1) = % x 100

7.805
=——x 100
18.35

=42.534%

For machine 2:

X =2275
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Coefficient of variation, C.V. (Machine 2) = % x 100

Since, C.V. (Machine 1) < C.V. (Machine 2), therefore, machine 1 shows better performance than

Machine 2.

Case Analysis.

The number of checks cashed each day at the five branches of NIC bank during the past month has the

following distribution.

9919
T 22.75

= 43.60%

x 100

Class

0-200

200-400

400-600

600-800

800-1000

Frequency

10

13

17

42

18

The director of operations for the bank knows that a standard deviation in check cashing of more than
200 checks per day creates staffing and organizational problems at the branches because of the uneven

workload.

i Calculate mean, mode and standard deviation of the data?
ii.  Should the director worry about staffing next month?

Solution:
Let a=500
Class Frequency (f) | mid.value (X) _ X500 | fq’ fd'?
200
0-200 10 100 -20 40
200-400 13 300 -13 13
400-600 17 500 0 0
600-800 42 700 42 42
800-1000 18 900 36 72
N=Yf=100 Yfd = Y fd'?=167
45

(i) Mean (X) = a+¥ X h

=500 + +> % 200
100
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=590 checks
For Mode (M,)

Since, the given frequency distribution is regular and unimodal and maximum frequency is 42.
So, modal classis 600-800
L=600, h=200, fi=42, fo=17,f,=18

f1—fo < h

Mode (Mo) =L o o T

=600 +—2"7 _ %200

2x42-17-18
25

=600+ x 200
49

= 702.041 checks

Standard deviation () = [E97 (Z;d’)z « h

_ ’167 45 \?2
= E — (E) x 200
=+/1.4675 x200

=1.2114 x200

= 242.28 checks

Case Analysis.

Banks are permitted to sell a form of the life insurance called saving bank life insurance (SBLI), the
approval process consists of underwriting, which include a review of the application, a medical
information bureau check, possible request for additional medical and medical exams and a policy
compilation stage during which the policy pages are generated and sent to the bank for delivery. The
ability to deliver approved polices to customersin atimely manner is critical to the profitability of this
service to the bank. During a period of one month, a random sample of 30 approved polices was
selected’ and the following total processing times in days were recorded; the data are:

73,19, 16, 64, 28, 28, 31, 90, 60, 56, 31, 56, 22, 18, 45, 48, 17, 17, 17, 17, 17, 17, 91, 92, 63, 50, 51,
69, 16, 17.

() Compute mean, mode, standard deviation.
(i) Find median, first quartile and third quartile.

Solution:

Arranging the given data in ascending order:

126



Time (in days) X : 16, 16, 17, 17, 17, 17, 17, 17, 17, 18, 19, 22, 28, 28, 31, 31, 45, 48, 50, 51, 56, 56,
60, 63, 64, 69, 73, 90, 91, 92,

n=30
Y X= 16+16+17+.......... . +90+91+92 = 1236
Y X?2=16% +16% + 17%+.. ... +90% 4+ 912 + 922 = 69496

(i) Arithmetic mean (X ) = 2%

n

_ 1236
300

=41.2 days
Mode (M,) = Vaueof variable X which repeats maximum number of times
=17 days

~+ 17 repeats maximum number of times (i.e. 7 times)

2 2
Standard deviation (o) = 2 — (%)

_ |69496 (1236)2
30 30

=24.881 days

(if)
. n+1\"
Median (Md) = Value of (T) item

30+1 h

=Va|ueof( 5 )t item

= Vaueof (15.5)" item

15t +16th

= Value of ( ) item

_ 31431
2

. Md. = 31 days

n+1

th
First quartile (Q;) =Valueof (T) item
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30+1 h

:Valueof( " )t item

= Valueof (7.75)" item

= Value of 7™ item + 0.75 (8" item-7t™" item)
=17+ 0.75 (17-17)

=17+0.75x 0

=17 days
. . n+1 th .
Third quartile (Q;) = Valueof 3 (T) item

=Vaueof 3 (%)th item
= Value of (23.25)" item
= Value of 23™ item + 0.25 (24" item-23t" item)
=60 + 0.25 (63-60)
=60+0.25%x 3

=60.75 days
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Simple Correlation and Regression Analysis

Correlation Analysis

Correlation analysis is the statistical tool which is used to describe the degree of relationship between two or
more than two variables. Thus, correlation is a statistical tool or device which is used to measure the degree of
association between two or more variables and correlation analysis involves various methods and techniques
used for studying and measuring the extent of relationship between two or more variables. To measure the
degree of association between such variables, one more relative measure is needed and is known as correlation
coefficient. It is generally denoted by ‘r’. It is pure number and independent of units of measurement.

The correlation analysis provides only a quantitative measure. It does not necessarily indicate a cause and effect
relationship Two variables are said to be correlated when the change in the value of one variable is accompanied
with the change in the value of other variable. For example, change in volume of sales is associated with the
change in advertisement expenditure, the change in the sales of woolen garment is related to the change in the
temperature, change in the supply of a commodity isrelated to the change in the price of commodity etc.

Therefore, two or more variables are said to be correlated if change in the value of one variable is accompanied
by the change in the value of other variable(s).

“Correlation is defined as a statigtical measure which is used to study the degree of relationship between two or
more than two variables”

Definition
Some important definitions are given below:
“Correlation is an analyss of co-variation between two or more variables” A.M. Tuttle

“The measure of relationship between two or more variables is termed as correlation”

Sir Francis Galton.

Importance

The study of correlation has an immense important in practical life due to the following reasons:

o Related to quantity of fertilizer used, types of soil, quality of seeds, amount of rainfall and so on.
Correlation helpsin quantifying precisaly the degree and direction of such relationships.

Correlation analysis contributes to the understanding of economic behaviour, aids in locating the
critically important variables on which others depend, may reveal to the economist the
connections by which disturbances spread and suggest to him the paths through which
stabilizing forces may become effective. (W.A. Nelswanger)

¢ In economic theory and business studies we come across several types of variables which show
some kind of relationship. For example, there exists a relationship between price, supply and
guantity demanded; advertising expenditure and sales promotion measures; yield of crop

The concepts of regression and ratio of variation are based on measure of correlation.

Measures of correlation give us the more reliable prediction of variables. According to Tippett,
"the effect of correlation isto reduce the range of uncertainty of our prediction”.

e In most researches in social sciences, correlation analysis helps in arriving at very important
conclusions.

8.3 Typesof Corrédation
Correation may be classified as follows:
e Positive and Negative Correlation
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e Linear and Non-linear Correlation
e Simple Partial and Multiple Correlations

Positive and Negative Correation

Two variables are said to be positive correlation if the values of the both variables deviate in the same direction
i.e.correlation is said to be positive or direct if the increase (decrease) in the values of one variable results on an
average, in a corresponding increase (decrease) in the values of other variable. e.g. price and supply of
commodities, income and expenditure of a family etc.

On the other hand, correlation is said to be negative or inverse if the variables deviate in the opposite direction,
i.e. if the increase (decrease) in the values of one variable results on the average, in a corresponding decrease
(increase) in the values of other variables. Examples of such correlation are the day temperature and sale of
woolen dresses, price and demand of commaodities etc.

The following examplesillustrate the concept of positive and negative correlation.
1 Positive Correlation
i. IncreasingT X: 17 20 25 30 34
IncreasngT Y: 8 12 15 18 22
ii.Decreasing | X: 60 51 40 35 30
Decreasing | Y: 18 17 10 7 5
2. Negative Correlation

i. Increasing 1T X: 17 20 25 30 34
Decreasing | Y: 22 18 15 12 8

ii. Decreasing X: 60 51 40 35 30
Increasing T Y 5 7 10 17 18

It may be noted here that the change (increasing or decreasing) in the values of both variablesisnot proportiona
or fixed.

Linear and Non-Linear Correlation

The correlation between two variablesis said to be linear if corresponding to a unit change in one variable, there
is a constant change in the other variable over the entire range of the values. Following example illustrates a
linear correlation between two variables X and Y.

X1 2 3 4 5
Y: 5 7 9 11 13

Thus, for a unit change in the value of X, there is constant change 2 in the corresponding values of Y. when
these pairs of values X and Y are plotted on a graph paper; the line joining these points would be a straight line.

The corréelation between two variablesis said to be non linear or curvilinear if corresponding to a unit change
in one variable, the other variable does not change at a constant rate over the entire range of the values. The
following exampleillustrates anon-linear correlation between two variables X and Y.

X1 2 3 4 5
Y: 7 8 15 20 23

We find the values of Y do not change at a constant ratio, if we plot the above values and graph paper we will
get curve linear instead of a straight line.
Simple, Partial and Multiple Correation

1 Simple correlation: The degree of relationship between only two variables is called simple correlation.
e.g. (i) A study on the yield of crop with respect to only amount of fertilizer, (ii) saes revenue with
respect to amount of money spent on advertisement.
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2. Partial correlation: The degree of relationship (association) between the dependent variable and only
one particular independent by keeping the effects of all other independent variables constant is called
partial correlation. For example; the rdationship between two variables: yield of crops production and
amount of irrigation by keeping the fertilizer, quality of seeds etc constant is the study of partia
correlation.

3. Multiple correlation: The degree of association (or relationship) between one dependent variable and
joint (or combined) effect of independent variables is called multiple correlation coefficient. For
example; the relationship between dependent variable yield of crops and combined effect of independent
variables fertilizer, irrigation and seed qudlity is the multiple correlation.

M ethods of Studying Simple Correlation

The commonly used methods for studying correlation (linear rel ationship) between two variables are:
e  Scatter Diagram Method or Graphic method.
o Karl Pearson's Coefficient of Correlation (Covariance method)
e Bivariate Correlation Method (Two way frequency table)
e  Spearman's Rank Corrdation Method

Scatter Diagram (Graphic method)

Scatter diagram is one of the smplest diagrammatic representations of bivariate distribution consisting of dots
or points. It isa graphical method of studying the correlation between two variables. In this method, the points
are represented by dots by keeping values of one variable on X-axis and the values of other variable on Y-axis
in the XY -plane. Then, the diagram of dots so obtained is called scatter diagram. Scatter diagram is used to
observe the exigence of correlation betwween two variables. The following are the different types of pattern in
scatter diagram of a bivariate data

e The pattern of points on a scatter diagram reveals on upward trend rising from bottom |eft to top
right. The variables in this case shows positive correation between them.

e The pattern of points on a scatter diagram reveals a downward trend falling from top left to
bottom right. The variables in this case show the negative correlation between them.

¢ \When we can not trace any trend, thereis no correlation between them.
The following are some scatter diagrams depicting different types of correlation between two variables.

' L
N B i v Erirm T orrsdabics
aridt Pesiig LS LR T VI o DTTHAE el b 008 Tdid

Corralstion

Hi g D i Dot Yo Cameladon

o g bea Dot
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Observationson Scatter Diagram

o If the points on the scatter diagram show a very little spread, then the fair good amount of
correlation can be expected between the two variables if the points on scatter diagram show a
widely spread, then the poor correlation may be expected.

e The scatter diagram provides a rough measure of correlation only. It gives the direction and
degree of correlation between the two variables.

¢ |t enables usto locate theline of best fit.

Merits:

o Itisthe simplest method of measuring correlation.

o |tislead affected by the extreme observations.

e |t can be easily understood by non —statistician.

o If helps usto detect abnormal variates in the data
Demerits:

o It givesonly rough idea

e |t can not be numerically expressed.

e |tisnot amenableto algebraic treatment.

Karl Pearson's Coefficient of Corréation (Covariance Method)

Karl Pearson’s developed a widely used mathematical formula to measure the degree (intensity) of linear
relationship between two variables is called Karl Pearson’s correlation coefficient. It is also called
product moment correlation coefficient or simple correlation coefficient. This method is based on the
linear relationship between two variables (Series). Karl Pearson’s correlation coefficient is specially
useful when data are quantitatively measured.

According to him, correlation coefficient between two variables X & Y is denoted by r(X, Y) or Iy, or

simply r and is defined as the ratio of the covariance between them to the product of their corresponding
standard deviations.

. .. . _ COV(XY) _ COV(XY) .
=~ Coefficient of correlatlon,r—m O~ oxoy )

Where,
Cov (X, Y) = Covariance between two variables X & Y

=YX -X) (Y-
Covariance measures the simultaneous changes between two variables

V(X) = Variance of X = ox? = ﬁZ(X — X)?

Standard deviation of x = oy = /ﬁZ(X —X)2

V(Y) = Variance of Y =oy2 == Y(Y — Y)?

n

Standard deviation of Y = oy = /%Z(Y -Y)2

Substituting Cov(X, Y), ox and oy in (i) we have,
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ZZX-%) (Y-9)

a Jzoenz [Erev-vy

LX-X) (Y-Y)

or,

T 02 20D

2

On simplification, we get
nyXy-ExQy

F = S-G9 fnI -G V2
This method is also known as direct method.

Different formulae for calculating Kar| Pearson's Coefficient of Correlation

1. We have,
>(X-X) (Y-Y)

XXy

r= — — =
VIX-XZVEY-1?  JIx2y?

This method is known as Actual mean method.

Where, x and y denote the deviations of X and Y from their arithmetic means X and Y

respectively, i.e, x =X -X,y=Y -Y.

2. When actual means of X and Y are in fraction, the calculation of Pearson's correation
coefficient can be simplified by taking deviations of X and Y values from their assumed means
aand b respectively. ThatisU=X —aandV =Y — a, when a and b are assumed means of X
and Y values. The formula (iii) becomes as given below and known as short cut method.
Short cut method or Assumed mean method ( i.e. Change of origin)

nyuv-EuEv)

= V-G U ynz V- V)2

Where U=X-a,V= Y-b
a, b = Assumed means
3. Step deviation method (i.e. Change of origin & scale)

[ = nyU' v -(xu)(EVv')
PEUP-Eun2 fnpvi-@v)?
S = Yob
Whee U'= — V'= ”

h = common factor (or class size) for variable X,

k = common factor (or class size) for variable Y
Inter pretation of Correlation Coefficient
Coefficient of correlation liesbetween —1to+1(-1<r < +1)

SThe degrees of correation coefficient according to Karl Pearson's formulas are as follows:

Degree of Correlation Direction

Positive Negative
Perfect correlation +1 -1
Very high degree of correlation |+ 0.9 or more -0.9 to-0.99
High degree of correlation +0.75t0+0.9 -0.75t0-0.9
Moderate degree of correlation |+0.50to+0.75 |-0.50to-0.75
Low degree of correlation +025t0+050 |-0.25to-0.50
Very low degree of correlation |lessthan + 0.25 less than — 0.25
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‘ No correlation ‘0 |0 ‘

| Worked Out Examples I

Following are the marks in the statistics and Economics of six students. Caculate correlation coefficient
between them.
Marksin Statistucs(X) |26 | 24 24 27 25 23
Marksin Economics(Y) | 13 12 14 16 15 11
Solution:
Marks in|Marksin|XY X2 Y?2
Statistics | Economi
X) cs(Y)
26 13 338 676 169
24 12 288 576 144
24 14 336 576 196
27 16 432 729 256
25 15 375 625 225
23 11 253 529 121
IX =149 |TY =81 |ZXY =2022 |ZX?=3711 TY2=1111

The Karl Pearson's correlation coefficient is

(= nEXY-GXEY
YnIX2-(ZX)2 {nyy2-(ZY)?
_ 6x2022-149x81
T J6x3711-(149)2,/6x1111-(81)2
_ 63
~ V65105
=0.672

Thereis high degree positive correation between two variables marks in Statistics (X) and marks in Economics

)

Calculate the co-variance from the following:
X2 7 9 11 13 15 17

f. 2 3 5 9 6 5

Solution:

Leaf=Y

X Y X=X Y-Y) X=-X(Y-Y)
7 2 -5 -3 15

9 3 -3 -2 6

11 5 -1 0 0

13 9 1 4 4

15 6 3 1 3

17 5 5 0 0
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[ %X=72 [XY=30 | | [ SX-X)(-Y)=28 |

Mean ()?):ZTX:%z 12, Mean(l?)zzn—yz%: 5

~ Cov (X, Y) = Covariance between two variables X & Y
=-IX-X) (Y -V)

_28

6
=4.667

Calculate the co-variance from the following.

X 10-20 | 20-30 | 30-40 40-50 50-60 60-70

f 7 3 5 9 6 5
Solution:
Lef=Y
Class mid. Y X=X | (Y-Y X=X -Y)
value(X)
10-20 15 7 -25 -1.167 29.175
20-30 25 3 -15 -2.833 42.495
30-40 35 5 -5 -0.833 4.165
40-50 45 9 5 3.167 15.835
50-60 55 6 15 0.167 2.505
60-70 65 5 25 -0.833 -20.825
Y X=240 |YY=35 YX-=-X)(Y-Y)=
73.35

40, Mean ) =Zn—Y =2 = 5833

Mean (X)=¥=%:

~ Cov (X, Y) = Covariance between two variables X & Y
=-IX-X) (Y -V)

_ 7335

6
=12.225

Find the Karl Pearson's correlation coefficient for the following data:
X: |2 |4 |6 |8 |10
Y: |6 |8 |9 |10]12
Use: a Direct method

b) Deviation from assumed mean method

Solution: &) Direct method

X Y XY X?2 Y?2
2 6 12 4 36
4 8 32 15 64
6 9 54 36 8l
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8 10 80 64 100
10 12 120 100 144
IX=30|2Y =45 |ZXY =298 |ZX2=220|XY?=425
The Karl Pearson's correlation coefficient is
[ = nEXY-EXEY) _ 5(298) — (30) (45) -0
YnEXZ-(EX)2 /nXY2-(TY)2 [5(220) — (30)2/5(425) — (45)2
Thereis very high degree positive correl ation between two variables X & Y.

OR
b) Deviation from assumed mean method
a=4, b=10

X |Y (U=X-4 V=Y-10 uv u? V?
216 [-2 -4 8 4 16

4 |8 |0 -2 0 0 4

6 |9 |2 -1 -2 4 1

8 |10 |4 0 0 16 0
10|12 |6 2 12 36 4

*U=10 >V =-5 TUV =18 |2U?=60 |ZV?=25

nYUV-GHEv)
Jnzv2-gu [nxvi-gvy
_ 5(18) — (10) (-5) 0,99
\/5(60) - (10)* V/5(25) - (-5)°
Thereis very high degree positive correlation between X & Y.
Compute the product moment correlation coefficient or Karl Pearson’s correlation coefficient for the following:
Height of father 67 65 |68 |64 66
Height of son 69 65 |69 |65 67
Solution:
Let X beavariable of father'sheight and Y be the variable of son'sheight
Computation of Correlation Coefficient
Leta=66, b=67

r=

Height of father |Heigh of son{U=X-66 |[(V=Y-67 |[U? V2 uv
(&) (Y)

67 69 1 +2 1 4 2

65 65 -1 -2 1 4 2

68 69 2 2 4 4 4

64 65 -2 -2 4 4 4

66 67 0 0 0 0 0

XU=0 V=0 *U2=10 |[x=V2=16 YUV =12

Karl Pearson’s correlation coefficient is
nyUV-GUEV)
anuz—(ZU)Z \/nZVZ—(ZV)Z

- 5x12—-0x0 =0.948
J5x10—(0)2\/5x16—(0)2

r=

Thereis very high degree positive correlation between X & Y.
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Example 6

Calculate the Karl Pearson's correlation coefficient for the following data of sales and expenses in thousands of
rupees of 5 firms.

Sales 43 |41 (36 |34 |50
Expenses (12 (24 (15|21 (19

Solution:
Let X bethevariable of sadlesand Y be the variable of expensesin '000' Rs.
Computation of Correlation Coefficient

Sales | Deviations from | U? Expenses | Deviations from|V? Product of

(x) |asume mean Y) assume mean deviation
U=X-41 V=Y_19 u.v

43 |2 4 12 -7 49 —-14

41 |0 0 24 5 25 0

36 |5 25 15 —4 16 20

34 |7 49 21 2 4 -14

5 |9 81 19 0 0 0
U=-5 TU? =159 V=-4 XV2=94 UV =-8

Therefore, The Karl Pearson's correlation coefficient between sales (X) and expenses (Y) is given by
nYUV-gHEw
Jnzv2-gu [nxvi-gvy
- 5x(-8-(=9x(4
"~ 4[5 %159 (-5)?.4/5 x 94— (— 4)

r=

_ -40-20 __—60
T \[795-25.+/470-16 591.253
=-0.10.
Thereisvery low degree negative correlation between sales and expenses.
Compute the coefficient of correlation from the following data:
No. of items (X): 200 [270|340 |360 |400 |300
No. of defectiveitems(Y): | 150 |[160 [165 |[180 |195 | 155
Solution: Computation of Correlation Coefficient
XY |[oXo300| Y -165 (U2 (V)2 (UAYA
10 5
200 {150 |-10 -3 100 9 30
270 {160 |-3 -1 9 1 3
340 (165 |4 0 16 0 0
360 {180 |6 3 36 9 18
400 {195 (10 6 100 36 60
300 {155 |0 -2 0 4 0
sU'=7 XV'=3 TU?=261 |xV?=59 |[zUV=11l

The Karl Pearson's correlation coefficient between no. of items (X) and no. of defective items (YY) isgiven by
n YU vV -(Tu )TV
JnZU’Z—(Z u’)? JnZV’Z—(ZV’)Z

r=
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_ 6x11-7x3
T /6% 261—72.1/6 x 59— 32

_ 666 — 21
/1566 —49./354 -9
645 645

= 1517 Naas 12344~ 089

Thereis high degree positive correlation between no .of items and no. of defective items.

Findout Karl Pearson's coefficient of correlation between the values of X and Y from the following data:
X [100{110{115|116|120|125|130|135
Y (18 |18 (17 |16 |16 |25 |13 |10

Solution: Computation of Correlation Coefficient
X Y U=X-120|V=Y-16|U? V2 uv
100 |18 |-20 2 400 4 —40
110 |18 |-10 2 100 4 -20
115 |17 |-5 1 25 1 -5
116 |16 |4 0 16 0 0
120 |16 |0 0 0 0 0
125 |25 |5 9 25 81 45
130 (13 |10 -3 100 9 -30
135 (10 |15 —6 225 36 —90
>U=-9 2V =5 TU2=891 |xV2=135|3U.V =-140

Correlation coefficient between two variables X and Y is given by
nyuv-guaEv)
JnzU2-@u2 ngvi-gvy?
_ 8 x (-140) - (-9) x5
~1/8x 891 (-9)2.1/8x 135— (-5)°
— 1120+ 45 — 1075 _ —1075

r=

= 7125 _81.41080 25 7047 .\1055 272664 03942
Hence, there islow degree negative correlation between X & Y.
Calculate coefficient of correlation from the following data given below.
No. of orange (X): 10|15 |20 |25 |30 |40
No. of bad oranges (Y): 2 14 |5 |6 |8 |11
Solution:
Compuitation of Correlation Coefficient
X |y U,:x-Tzo V':YT'G u? vz uv
10 |2 -2 -4 4 16 8
15 |4 -1 -2 1 4 2
20 |5 0 -1 0 1 0
25 |6 1 0 1 0 0
30 (8 |2 2 4 4 4
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40 |11 |4 5 16 25 20
U =4 2V'=0 TU? =26 TV?2 =50 |zZUVv'=34

Karl Pearson's correlation coefficient between two variables no. of orange (X) and no. of bad orange (Y) is
n YU v'-(Tu’)(ZTVv')
Jnzv-guy anv'z—(zv')z

r=

~ 6x34-4x%0
T \[6x26-42.[6 x50 (?
204-0 204

=0.995.

/156 _16.4/300 0 204.94
Hence, thereis very high degree positive correlation between no. of orange and no. of bad oranges.

The following are the monthly figures of advertising expenditure and sales of a firm. It is generally found that
advertising expenditure has its impact on sales generally after 2 months. Allowing for this time-lag calculate
coefficient of correlation.

Month Advertising Sales (Rs. Lakhs)

Expenditure  (Rs.

Lakhs)
Jan 50 1200
Feb 60 1500
Mar 70 1600
Apr 90 25000
May 120 2200
Jun 150 2500
Jul 140 2400
Aug 160 2600
Sep 170 2800
Oct 190 2900
Nov 200 3100
Dec 150 3900

Solution:

Allow for atime-lag of 2 monthsi.e. link advertising expenditure of January with sales for March and so on.
Let x and Y betwo variables of advertising expenditure (in lakhs) and saes (in lakhs) respectively.
Computation of Correlation Coefficient

U \A
Months | X Y _ X-120 | _ Y -2600 U2 V72 [VAYA
- 10 - 100
Jan 50 1600 |-7 -10 49 100 70
Feb 60 2000 |-6 -6 36 36 36
Mar 70 2200 |-5 -4 15 16 20
Apr 90 2500 |-3 -1 9 1 3
May 120 |2400 |0 -2 4 0
Jun 150 |2600 |3 9 0 0
Jul 140 |2800 |2 4 4
Aug 160 |2900 |4 3 16 9 12
Sep 170 |3100 |5 25 25 25
Oct 190 |3900 |7 13 49 169 91
U2 =222 |3V?2=364[zU.V'=261

The correlation coefficient is
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n YU v-(Tu’)(ZVv')
Jazur-guz fasvi-ve

r=

_ 10x 261 -0x0
" \10x222-0.4/10 x 364 -0
2610 2610

= 2220 N36a0 284267 0%

Thereis high degree positive correlation between advertising expenditure and sales.

If sample szenis50, variance of X is 9, S.D. of Y is4, then covariance is 9.8, find Karl Pearson's correlation
coefficient.

Solution:
We have,
n=>50, varianceof X =6,>=9,SD.of X =0x=3,SD. (Y)=0cy=4
Cov (X,Y)=98
Corrdation coefficient (r) =?
Now,

_Cov(X)Y) 98
r= p— =3x4-082

Thereis high degree positive correlation between two variables X & Y.

Compute the correlation coefficient of correlation. From the following results are obtained between two
variables.

Variable X |VariableY
Number of sets 7 7
Arithmetic mean 4 8
Sum of squares of deviations from arithmetic mean |28 76

Summation of products of deviation of variables X and Y from this respective mean 46
Solution:  Intheusual notations, we have given

n=7,X=4Y =8,

(X —X)?=32x%=28,

(Y -Y)?=32y?*=76

T(X=X)Z(Y -Y) =Zxy = 46
Then, Karl Pearson's correlation coefficient between x-series and y-series is given by:
XY 46
r= = =0.997
x2 . A[zy? \[28.4[76

Thereis very high degree positive correlation between two variables X& Y.

If r = 0.5, =xy = 120, oy = 8 and x? = 90, find the number of items. Where x and y are deviation from their
respective means.

Solution:
We have given,

r=0523xy=120,06,=8 5x?=90 v X=X-X&y=Y-Y

\ [%E(Y—V)ZZGy
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Number of items (n) =?
Then Karl Pearson's correlation coefficient between variables X and Y isgiven by

r_—ZXL SOS_A:(OSZ_J@L

C[zx2 A[zy? "~ 7490 .4/64n ~ T90x64xn
o (2op 1440

= N=90x64x (0572 5760x0.25

Find the Karl Pearson's correlation coefficient between two variables X and Y from 12 pairs of observations,
X =30,2Y =5,2X?=670,xY?= 285, XY = 383
Solution:
We have given,
Paris of observation (n) = 12
X =30,2Y =5,2X2=670,XY2 =285, 2XY =385
Correlation coefficient between two variables X and Y is

(= nYXY-EXEY)
JnIX2- X2 /nyY?-(XY)?

~ 12x385-30x5

“[12 x 670 — 307 .1[12 x 285 — 5?

__4620-150 4470
/7140 .[3395  4923.44 "

ThereisVery high degree positive correlation between X & Y.

0.91

Compute the Karl Pearson's coefficient of correlation from the following data by the Karl Pearson's method
Price A 25 |28 |35 |20 (22 |30 |31 |22
Price B 35 |39 |48 |29 |30 |38 |40 |32
Also

(@  Caculateitsprobable error

(b)  Interpretif the value of r issignificant or not

(c0  Determine the limits within which the population correlation coefficient may be expected to lie.
Solution:
Let X betheprice of teaand Y be the price of coffee in Rupess.

Computation of Correlation Coefficient

X 1Y U=X-28|V=Y-38 U2 V2 uv
25 |35 |3 -3 9 9 9
28 39 |0 1 0 1 0
35 |48 |7 10 49 100 70
20 |29 |-8 -9 64 81 72
22 |30 |-6 -8 36 64 48
30 |38 |2 0 4 0 0
31 |40 |3 2 9 4
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22 132 |-6 -6 36 36 36
U=-11 |3V =-13 TUZ=207 |ZV2=295|3IUV =241
Karl Pearson's correlation of coefficient is
n YU v'-(Tu’)(ZTVv')

\/nZU’z—(Z u"? anv'z—(zv')z
_ 8 x 241 — (-11) x (-13)
/8% 207 — (—11)? .4/8 x 295 — (—13)?

1928 — 143

=0.97
\[1535 .1/2191 09733
a) Probable error of correlation coefficient is given by

1-p8 1-(0.9733)
PE. (1) = 0.6745 x = = 0,6745x =093 _ (5105

\n V8

b) Significanceof r

6 x P.E. (r) =6 x 0.0125 = 0.0753

Since, r ismuch greater than 6 x P.E. (r), the value of r ishighly significant.
c) Limit of population correlation coefficient
r£6xPE. ()
=0.9733 + 0.0753= (0.9733 - 0.0753, 0.9733 + 0.0753)
= (0.8980, 1.048) = (0.8980, 1.0)

A computer while calculating the correlation coefficient between two variants X and Y from 25 pairs of
observation obtained the following information's.

n=25 X =125,X?=650, Y =100, 2Y? = 460, £XY =508

It was however, discovered later at the time of checking that it had copied down two pairs of wrong
observations as

r=

X Y X |Y
6 14  |Whilethecorrect valueswere |8 |12
8 6 6 |8
Obtain correct value of the correlation coefficient between

xandy.

Solution: We have given,

n=25 %X =125, £X?=650,XY =100, 2Y? = 460, XY =508

Now,
Corrected X =125-6-8+8+6=125
CorrectedXY =100-14-6+12+8=100
Corrected *X? =650- 67— 8+ 8 + 62 =650
Corrected Y2 =460 - 14 - 62 + 122 + 82 = 436
Corrected XY =508-6x14-8x6+8x 12+ 6x8=520
nyXy-Ex)Qy)

YnZX2-(ZX)2/nTY2-(TY)?

_ 25 x 520 — 125 x 100

/25 x 650 — (125)2. /25 x 436 — (100)?

Corrected r =

=—F——F—="""=067
325.4/900 ~ 750

There is moderate positive correlation between X & Y.
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Regression Analysis
Introduction

The literal or dictionary meaning of the word “Regression” is “Stepping back” or “Returning back” towards the
average value. The concept of regression was first developed by a British biometrician Sir Francis Galton in
1877 (1822-1911) in report of his research on heredity. He made a study and found that the off-springs having
either short or tall parents tend to “regress” or “step back” towards the average height of general population. But
the term “regression” as now used in Statistics is only a convenient term without having any reference to
biometry. Nowadays, in Statistics the concept of regression analysisis applicable to all those fields where two or
more variables have tendency to move back to the average behaviour.

Regression analysis is a mathematica measure (method) of the average relationship between two or more of
variables in terms of original units of data. In other words, the statistical method (device) that helps to formulate
an algebraic relationship between two or more variables in the form of equation to predict or estimate value of
one variable, given another variable in terms of original units of data, is called regression anaysis. Therefore,
the cause and effect relationship is clearly indicated through regression anaysis. Thus, regression is a statistical
tool (device) which is used to estimate or predict one variable's value from the given value of other variables.
For example, the yield of a crop depends on the amount of rainfall, quantity of fertilizer used, quality of seeds,
types of soil etc. Linear regression isthe most basic and commonly used predictive analysis.

Definition: Regression analysis is a statistical technique of studying the functional relationship between one
dependent variable and independent variables to predict the average value of dependent variable with help of
known val ues of independent variablesin terms of original units of data.

There are two types of variablesinvolved in regression analysis.

0] Dependent variable
(i) Independent variable

Dependent Variable: The variable whose value is to be predicted or estimated is called dependent variable. The
dependent variable is also called explained variable or response variable or outcome variable or Regressand
variable or predictand variable.

Independent Variable: The variable which is used for prediction is caled independent variable. The variable
which influences the value of dependent variable is known as independent variable. In other words, an
independent variable is a variable that is manipulated to determine the value of a dependent variable. The
independent variable is also called explanatory variable or predictor or regressor or covariate.

Galton studied the average relationship between these two variables graphicaly and called the line of
regression.

Uses of Regression Analysis
Regresson Andysisisthe most useful Statigtical tool which can be used in both natural aswell as socid sdences. Some
usesaregiven below:
e Insodd and economic fidd, it is used for projection of population, birth rates, death rates, marital status,
planning €tc.
e Inthebusinessfield, it iswidely used. For example, businessmen are interested to predict the future
production, consumption, investment, prices, profit, sales etc.
e It can be used to estimate unknown value of a variable (dependent variable) from the given vaue of
other variable (independent variable) which areinterrelated.
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e Regression analysis helpsto explore cause and effect relationship between variables.
e It alsohelpsto determine correlation coefficient between the variables under study.

Objectives of Regression Analysis

The main objectives of regression analysis are as follows:

() To predict or estimate the value of dependent variable corresponding to given values of
independent variables.
(i) To measure the effect of independent variables on the dependent variable i.e. to measure the cause

and effect relationship between the variables.
(iii) To measure the coefficient of determination or the proportion of variation in the dependent
variable which is explained by the independent variable(s).

Types of Regression

0) Simple Regression: Regression analysis between only two variables (i.e. one is dependent and one
is independent variable) is known as smple regression. For example, the yield of crop depends on
the amount of rainfall; profit depends on the sales etc.

(i) Multiple Regression: Regression analysis between more than two variables (i.e. oneis dependent
variable and others are independent variables) is known as multiple regression. For example, the
yield of crop depends on the amount of rainfall, types of seed, quality of fertilizers used, irrigation,
soil quality etc.

Simple Regression Analysis
Theregression analysis confirmed to the study of only two variables in which oneis dependent and other
isindependent at atimeis called simple regression. In other words, if there are only two variables under
consideration, then the regression is called simple regression. For examples, the study of regression
between income and expenditure, profit and sales of a product, the yield of a crop and the amount of
rainfall etc.

Lines (or Equations of regression)
Galton studied the average relationship between these two variables graphicaly and called the line of
regression.
Line of regression is the line which gives the best estimate of one variable for any given value of the other
variable. In case of simple regression only two variables X & Y are studied. If X and Y are two variables, the
algebraic expressions of regression equations are called regression equations (lines)
Depending on the number of variables, there are two regression lines (Equations)

) Regression equation of Y on X

(i) Regression equation of X on'Y

Regression Equation of Y on X:

The regression equation of Y on X which describes the variation in the values of dependent variable Y for given
changes in independent variable X. So, the line of regression of Y on X isthe line which gives the best estimate
for the value of Y for any specified value of X. Thus, the regression equation of Y on X is used to estimate the
value of Y when the value of X isgiven.

Since, the line of regression is the line of best fit. So, the term ‘best fit’ is interpreted in accordance with the
principle of least square which consists in minimizing the sum of sguares of the residuals or the errors of
estimates i.e. the deviations between the given observed values of the variable and their Corresponding
estimated values as given by the line of best fit

The sum of squares of the errors either paradld to Y-axis or parallel to X-axis may be minimized. The equation
of theline of regression of Y on X isobtained by minimizing the sum of squares of errors parallel to Y - axis.
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Let regression equation of Y on X be
Y=a+bxX ... (1)
Where

Y=a+bX

0
Y = dependent variable (To find or estimate)

X = independent variable (Given or known)
a =Averagevalueof Y when X =0
= Intercept of theline (Y - intercept)
b =bvx = Regression coefficient of Y on X.
=dopeof line

= Rate of change in Y due to unit change in X or it measures the average change in the value
of Y as per unit change in the value of X.

Applying principle of least square method, the normal equations for estimatinga & b are
Y =na+byX ... (i)
YXY=ayX +by x% ... (iii)
Wheren = no. of pairs of observations.
By solving equations (ii) and (iii), we get estimates of a and b. Substituting theses values in equation (i), we get
therequired equation of line or regression equation of Y on X i.e.
Y=a+bx ... (iv)
Thisis called regression equation of Y on X. It isaso called line of best fit or prediction equation or estimating
equation or linear estimated equation or least square regression equation of Y on X.

Alternatively
Theregression equation of Y on X is
Y_?:byx(x_i) ........ (l)
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Where

Y = dependent variable (to find or estimate)

X = independent variable (known)

Y = Average (mean) value of variable Y

X = Average (mean) value of variable X

byx = regression coefficient of Y on X.
=dopeof line
=rate of changeinY due to unit changein X

Calculation of regression coefficient of Y on X (i.e. byx ):
0) Actual mean method

_IX-X)(Y-T)
byx = ¥ (X-X)2

This method is appropriate when X & Y are whole numbers.
(i) Direct method
_nIXy-GxQEY)
box == -2
(iii) Short cut method or Assumed mean method (Change of origin)
_nIuv-Gunav)
box == S vr-guz
(iv) Step deviation method (i.e. Change of origin and scale)

_nIUuvV'-EUu)Ev) K ) _X-A oy Y-B
byx = U U X whereU' = —&V' = —

wheeU=X—-4&V=Y—-B

h and k are common factors or class sizes.
(v) If standard deviation (S.D.) and corrdation coefficient (r) are given, then theregression coefficient

byx=rg¥andb<y=r%
Ox Gy
where,

ox = S.D. of variable X.

oy = S.D. of variable Y.
r = correlation coefficient between two variable X and Y.

From the following information find the regression equation of Y on X.
Y'X=21,3Y=20YX%=91 Y XY=74 n=7.Also, estimatethevalueof Y on X =3
Solution:

Theregression equationof Y on X isY—-Y = byy X-Y) ........ (i)
Where, X=22=2=3 7=2Y-2 =666
n 7 n 7
byy = RPEXY-GOAY)
X T hIxE-Ex)?
_ 7X74-21X20 _
T 7x91-21)2 0.5

From equation (i)
Y-Y= by (X—X)
or, Y—6.666 = 0.5 (X —3)
or,Y =6.666 +0.5 X—1.5

or, Y = 5.166 + 0.5X isthe required estimated regression equation of Y on X.
When X =3
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?
=5,166 + 0.5X
=5.166 + 0.5x 3
Y =6.666
Hence, the estimated value of Y is 6.6666 when X = 3.
OR
Alternative method

Y
Y

Theregression equationof Y on XisY=a+bX ........ 0]

Where, X=2%=2=3 y=2Y=2-6066
_nIXY-EXEY)
n¥ X2-(YX)?
— 7X74—-21%20
7x91—-(21)2
b =05
& a=Y -b X =6.666 —0.5 x3
=5.166
From equation (i)
Y =a+bX
or, Y =5166+ 0.5 X
. Y =5.166 + 0.5 X istherequired estimated regression equation of Y on X.
When X =3
Y=?
Y =5.166 + 0.5X
=5.166 + 0.5% 3
Y =6.666
Hence, the estimated value of Y is 6.6666 when X = 3.
Estimate the marksin JAVA when the marksin Statistics is65 by using following data:
Marksin Statistics |57 |58 |59 |59 |60 |61 |62 |64
Marksin JAVA 77 |78 | 75|78 |8 |82 |79 |81
Solution:
Here,

n==6

Let X = Marksin Statistics

Y = Marksin JAVA (To find or estimate)
Let theregression equation of Y on X be

Y=a+bX...... 0)
Calculation of sum of values
Marksin Statistics (X) | Marksin JAVA (Y) XY X2
57 77 4389 5929
58 78 4524 6084
59 75 4425 5625
59 78 4602 6084
60 82 4920 6724
61 82 5002 6724
62 79 4898 6241
64 81 5184 6561
> X =480 YY= 632 Y XY =37944 | Y X2 =49972
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X
X=">=20-¢0
n 8

%
Y=">-=22-79
n 8

Regression coefficient of Y on X:

nY XY-QxX)QY)
nY X2-(Tx)?2
8x37944—480X632
8x49972—(632)2

b =0.667
& a=Y —bX = 79 —(0.667) x60 = 38.98

b=

=22 = 0.667
288

Subsgtituting the value of a & b in equation (i), we get
Y=a+bX
Y =38.98 + 0.667X isthe required regression equation of Y on X .
When marksin Statistics X = 65, then
Y =38.98+ 0.667X
= 38.98 +0.667 x 65

=82.335
~ The estimated marksin JAVA 82.354 when marksin Statistics X = 65

OR
Alter native method

Solution:
n==6
Let X = Marksin Statistics
Y = Marksin JAVA (To find or estimate)
Then, theregression lineof Y on X isgiven line

Y-Y=by(X-X) ... (i)
Calculation of sum of values
Marksin Statistics (X) | Marksin JAVA (Y) XY X2
57 77 4389 5929
58 78 4524 6084
59 75 4425 5625
59 78 4602 6084
60 82 4920 6724
61 82 5002 6724
62 79 4898 6241
64 81 5184 6561
Y X =480 YY= 632 Y XY=37944 | Y X?=49972
- X 480
X=="="==60
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_3Y
Y="-=22-79
n 8

Regression coefficient of Y on X:

byx = nYXy-ExQy)

nY X2-(¥ X)?
_ 8x37944-480x632 _ 192 _ 0.667
8x49972—(632)2 288
byx =0.667

From equation (i)
Theregression equation of Y on X is
Y -Y =bx (X -X)
= Y —79=0.667 (X — 60)
=Y = 79+ 0.667X - 40.02
= Y =38.98+0.667X
=Y =38.98+0.667 X istherequired regression equation of Y on X.
When marks in Statistics X = 65, then
Y =38.98+ 0.667X
= 38.98 +0.667 x 65

=82.335
~ The estimated marksin JAVA 82.335 when marksin Statistics X = 65

Thefollowing table showing age of cars of a certain make and annual maintenance costs, contain the
regression equation for cost related to age:

Age of cars (years): 2 4 6 8 10 12 14 16 18 20
Annual maintenancecost (00O0ORs)): 3 5 7 9 11 13 15 18 23 25
Also, calculate the maintenance costs for the car 25 years old.
Solution:
Let X = Age of cars(in years)
Y = Annual maintenance cost (000 Rs.)
(Tofind or estimate)

Theregression equationof Y on X isY—-Y = by X-Y) ........ (i)
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Age of cars Annual XY X2
(inyears) | maintenance cost
X (000 Rs.)Y
2 3 6 4
4 5 20 16
6 7 42 36
8 9 72 64
10 11 110 100
12 13 156 144
14 15 210 196
16 18 288 256
18 23 414 324
20 25 500 400
Y. X=110 Y'Y =129 Y. XY = 1818 Y. X2 =1540
X=2X=10-qg y=2Y=-2_199
n 10 n 10
_nXXy-EX)CEY)
brx = =S % aw?

10%x1818—110%x129
= =12
10x1540—(110)2 09

From equation (i)

Y-Y= by (X—X)

or, Y—12.9=1.209 (X-11)

or, Y =12.9+1.209 X—13.299

or, Y =-0.399 + 1.209 X istherequired estimated regression equation of Y on X.
When age of cars X = 25 years

Annual maintenance cost (Y) =7

Y =-0.399 + 1.209 X

= -0.399 + 1.209%x 25

Y =29.826 (in 000 Rs.)

= Rs. 29826

Hence, the estimated Annua maintenance cost, Y is Rs. 29826 when age of cars, X = 25 years

OR

Alter native method
Let X = Age of cars(in years)

Y = Annual maintenance cost (000 Rs.)

(Tofind or estimate)

Theregression equationof Y on XisY=a+bX ........ 0]
Where X=2X=10-17  y=2Y-1_gp9
n 10 n 10
_nIXY-EXQCY)
T nIxX2-(x)?

_ 10x1818-110x129
T 10x1540—(110)2

b=1.209
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& a=Y-bX=129-1.209 x11
=-0.399
From eguation (i)
Y =a+bX
or, Y =-0.399 + 1.209 X
.Y =-0.399 + 1.209 X isthe required estimated regression equation of Y on X.
When age of cars X = 25 years
Annual maintenance cost (Y) = ?
Y =-0.399 + 1.209 X

=-0.399 + 1.209% 25
Y =29.826 (in 000 Rs.)

= Rs. 29826

Hence, the estimated Annua maintenance cost, Y is Rs. 29826 when age of cars, X = 25 years

Compute the appropriate regression equation for the following data:
X (Independent variable) (2 |4 |5 |6 |8 |11
Y (Dependent variable) 18|12|10(8 |7 |6
Find Y when X =12
Solution: Here, Y = dependent variable (To find or estimate)
X = independent variable

n==6
Let theregression eguation of Y on X be
Y=a+bXx ... 0]
Calculation of sum of values
X Y XY X?
2 18 36 4
4 12 48 16
5 10 50 25
6 8 48 36
8 7 56 64
11 5 55 121
»>X=36 YY=60 | XXY=293| Y X?=266

X:7:?:6
— XY 60
Y = n-6 =10

Regression coefficient of Y on X:

_nIXY-EXCY)
T nrx2-(zx)?

6X293-36X60 _ 1758 — 2160 _ -402
6x266-(36)2 1596 —1296 ~ 300

b=-134
& a=Y —-bX =10 —(—1.34) x6
=18.04
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Subsgtituting the value of a & bin equation (i), we get
Y =a+bX
Y = 18.04 - 1.34X istherequired regression equation of Y on X .
when X =12, then
Y =18.04-134x 12
=18.04-16.08

=196
~ The estimated values of Y is1.96 when X = 12

OR
Alter native method

Solution:
Here, Y =dependent variable (To find or estimate)

X = independent variable
Then, theregression lineof Y on X isgiven line

Y-Y=bx(X-X) ... ()
X Y XY X?
2 18 36 4
4 12 48 16
5 10 50 25
6 8 48 36
8 7 56 64
11 5 55 121
X =36 XY =60 |IXY =293 T X? = 266
Now,

- _2X _36

X = n e - 6

— 2Y 60

Y = n 6" 10

Regression coefficient of Y on X:

byy = RZXY-EXEY)
T T xe- (X2

6x293-36x60 _ 17582160 402 _
6x266-(36)2 1596 —-1296~ 300 ~
From equation (i)
Theregression equation of Y on X is

1.34

Y =Y =by (X - X)
= Y-10=-134(X-6) =>Y=-134X+134x6+10
= Y=-134X+8.04+10
= Y = 18.04 - 1.34X istherequired regression equation of Y on X
when X =12
Y =?

Y=18.04—134%x12=196
~ The estimated values of Y is 1.96 when X = 12

152



Regression Equation of X on Y:

The regression equation of X on Y which describes the variation in the values of dependent variable X for
given changes in independent variable Y. So, the line of regression of X on Y is the line which gives the best
estimate for the value of X for any specified value of Y. Thus, the regression eguation of X on Y is used to
estimate the value of X when the value of Y is given.

Since, the equation of the line of regression of X on Y is obtained by minimizing the sum of squares of errors
paraled to X- axis

Then, the required equation of the line of regression of X on Y becomes

0 X

Where
X = dependent variable (To find or estimate)
Y =independent variable (Given or known)
a’ =vaueof XwhenY =0
= Intercept of theline (X - intercept)
b’ = bxy = regression coefficient of X on Y.
=dopeof line

=rate of change in X dueto unit changein Y or it measures the average change in the value of
X as per unit changein thevalueof Y.

Applying principle of least square method, the normal equations for estimating a’ & b’ are
EX=na +b'ZY ... (i)
XY =a’ZY +b'TY...... (iii)
Wheren = no. of pairs of observations.
By solving equations (ii) and (iii), we get estimates of a’ and b’. Substituting theses values in equation (i), we
get the required equation of regression lineor regressionof X on Y i.e.
X=32a+bY ... (iv)
Thisis called regression equation of X on Y. It isalso caled line best fit of X on Y or prediction equation or

estimating equation or linear equation or least square regression equation of X on Y or estimated regression
equation of X on Y.

Alternatively
Theregression equation of X on Y is
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X—X=by(Y-Y) ........ (M)
Where
X = dependent variable
Y =independent variable
Y = Average (mean) value of variable Y
X = Average (mean) value of variable X
bxv = regression coefficient of X on Y.
=dopeof line
= rate of change in X due to unit changein Y

Calculation of regression coefficient of X on'Y (i.e. bxy ):
0) Actual mean method

_IE-X(Y-Y)
by = (Y-V)2

This method is appropriate when X & Y are whole numbers.

() Direct method
_nIXy-EXCEY)
by = nyy2—(3Y)2

(i) Short cut method or Assumed mean method (Change of origin)

by = PEU-EVEY)
nYVvZ-(xv)?2

(iii) Step deviation method (i.e. Change of origin and scale)

wheeU=X—-A&V=Y-B

_nIUV-EUHEV) b P XA oy B
YT Sy X+ whereU’ = . &V =
(iv) If standard deviation (S.D.) and correlation coefficient (r) are given, then the regression coefficients
are given by
)
v b=
where,

ox = S.D. of variable X.
oy = S.D. of variable Y.
r = correlation coefficient between two variable X and Y.
Find the regression equation of X on 'Y from the following data:
X 11 14 13 18 12
Y 40 43 38 45 37

Also estimate thevalue of X when 'Y =40.
Solution: Here, X =dependent variable (Tofind or estimate)

Y =independent variable

n=>5
Let theregression equation of Y on X be
X =a+bYy .. 0]
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Calculation of sum of values

X Y XY Y?
11 40 440 1600
14 43 602 1849
13 38 494 1444
18 45 810 2025
12 37 444 1369
Y. X=68 YY=203|YXY=2790| Y Y?=8287
- X
X="==2=136
n - s
= 2Y
Y="-=2-406
n- s
Regression coefficient of Y on X:
b= "LXY-GXOEY)
T nxr-gn?
5x2790-68x203 _ 146 _
5x8287-(203)2 226 0.646
b=0.646
& a=X —bY =13.6 —0.646 x40.6

-12.627

Substituting the value of a & bin equation (i), we get
X=a+byY

X =-12.627 + 0.646Y istherequired regression equation of X on Y.

When Y =40, then
X =-12.627 + 0.646Y
=-12.627 + 0.646% 40

=13.213
~ The estimated values of X is13.213 whenY =40

OR
Alternative method

Solution:
Here, X =dependent variable (To find or estimate)

Y = independent variable
Then, theregression lineof X on Y is
X =X =bxy (Y -Y)

Calculation of sum of values

X Y XY Y?

11 40 440 1600
14 43 602 1849
13 38 494 1444
18 45 810 2025
12 37 444 1369

YX=68 |YY=203|%XY=2790| xY?=8287
X=X -8 _ 134
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n —T=406

Regression coefficient of X on Y:

by = BEXV-COEY)
T T RIr2-r)?
_ 5x2790-68x203 _ 146
T 5x8287-(203)2 226

_—
v = 2% _ 203

= 0.646

From equation (i)
Theregression equation of X on Y is
X —X=bxy (Y -Y)
= X -13.6=0.646 (Y —40.6)
= X = 13.6+ 0.646Y — 26.227
=X = 12.627 + 0.646Y isthe required regression equation of X on Y
When Y =40, then
X =-12.627 + 0.646Y
=-12.627 + 0.646x% 40

=13.213
~ The estimated valuesof X is13.213 whenY =40

The following table gives the normal weight of a baby during the first six months of life;
Weight in Ibs. (X) 5 7 8 10 |12
Agein months (Y) 0 2 3 5 6
Estimate the weight of a baby at the age of 4 months.
Solution: Here, X =Weight (in Ibs.) (To estimate or find)
Y = Age (in months)

n=>5

Let theregression equation of X on'Y be

X=a+bYyY .. 0)

Calculation of sum of values
X Y XY Y?
5 0 0 0
7 2 14 4
8 3 24 9
10 5 50 25
12 6 72 36

YX=42 | XY=16 | XXY =160 YY:=74

o IX s _
X=""=2=84
Y

5 <=1l _16 _
Y = n —?—3.2

Regression coefficient of Y on X is

b= PEXY-EXEY)
nYy2-v)?2
_ 5x160-42x16 _ 128

5x74—(16)2 114 =1.123

=1123

O
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& a=X-bY=84-1.123 x3.2
=4.8064

Subsgtituting the values of a& b in equation (i), we get
X=a+byY
X =4.8064 + 1.123 Y istherequired regression equation of X on Y.
When Y =4 months, then

X =4.8064+1.123x 4
=9.2984 Ibs

-~ The estimated weight of baby at the age of 4 monthsis 9.2984 Ibs.
OR
Alter native method
Solution:
Here, X =Weight (in Ibs.)) (To estimate or find)
Y = Age (in months)
n=>5
Let theregression equation of X on'Y be

X=X =bxy (Y -Y)....... 0]
Calculation of sum of values

X Y XY Y2
5 0 0 0
7 2 14 4
8 3 24 9
10 5 50 25
12 6 72 36
¥ X =42 YY=16 M XY =160 Yyv2=74
=y
o _2Y _16
=5 c% " 32
Regression coefficient of Y on X is
be, = RIX-GXEY
XY™ hzy2-(zv)2
_ 5x160-42x16 _ 128 _ 1123

5x74—(16)2 114
From equation (i)
Theregression equation of X on Y is
X —X = bxy (Y -Y)
o, X-84=1123 (Y -3.2)
or, X = 84+ 1.123Y — 3593
=X =4.8064 + 1.123Y istherequired regression equation of X on Y
When Y =4 months, then

X =4.8064 + 1.123x 4
=9.2984 lbs

-~ The estimated weight of baby at the age of 4 monthsis9.2984 |bs.
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The following table gives the normal weight of a baby during the first six months of life:

OR

Weight in Ibs. (X)

5

7

8

10

12

2

3

5

6

Agein months (Y) 0
Estimate the weight of a baby at the age of 4 months.

Solution: Here, X =Weight (in Ibs.)
Y = Age (in months)
n=5
Let theregression equation of X on'Y be
X=a+bYy .. (1)

By using the principle of least square method, the normal equations for estimating aand b are

YX=na+b)yyY
YXY=a)YyY+hyY?

Calculation of sum of values

X Y XY Y?
5 0 0 0
7 2 14 4
8 3 24 9
10 5 50 25
12 6 72 36
NX=42 | Y Y=16 | XY =160 XY =74
Subsgtituting the sum of valuesin normal equations (ii) and (iii), we get
42=5a+b16
o,5a +16b=42......... (iv)

& 160=al16+b74
or,16a+74b=160..... (v)
Solving equations (iv) and (V)
[ bBa+16b=42]x 16
[16a+ 74b=160] X 5

—114b=-128
b= =1123
114
Substituting the value of b in equation (iv), we get
5a+ 16 x 1.123 =42

or, 5a=42—17.968

or, a="2%2 - 48064
From equation (i)
Hence, therequired regression equation of X on Y is
X =4.8964 + 1.123X
when Y =4 months, then
X =4.8964+1.123%x 4

= 4.8964 + 4.492

=9.2984 Ibs.
-~ The estimated weight of baby at the age of 4 monthsis9.2984 |bs.
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Difference between correlation and regression

Correlation

Regression

1. Corrdation analysis is the statistica tool
(statistical measure) which is used to study or
describe the degree of relationship to which
the variables are linearly related.

1. Regression andysis is the mathematical
measure of the average relationship between
two or more variables in terms of original
units of data whether the variables are
linearly related or non-linearly related.

2. It does not necessarily imply cause and effect
relationship between the two variables under

study.

2. It necessarily shows (indicates) the cause and
effect reationship between the variables
such that the cause is taken as independent
variable and effect is taken as dependent
variable.

3. Correlation coefficient i.e. rxy is a relative
measure of linear relationship between two
variables and is independent of the units of
measurement.

3. Regression coefficients bxy & byx are
absolute measures. so, regression coefficients
have units of measurement of the variable.

4. Correation coefficientsare symmetric
i.e I'xy = Iyx

4. Regression coefficients are not symmetric.
i.e bxy# byx

5. Correlation anaysis is confined only to the
study of linear relationship between the
variables

5. Regression analysis studies linear as well as
non-linear (curvilinear) relationship between
the variables.

6. Correlation coefficients is a pure number
lying between -1 & +1.

6. But regression coefficients are absolute
measures and if one of the regression
coefficient is greater than unity (one), the
other must be less than unity.

ieieif b,.>1then b, <1

7. Correlation coefficient is independent of
change of origin and scale.

7. Whereas regression coefficients are
independent of change of origin but not of
scale.

8. Correlation coefficient is independent of units
of the variables

8. Regression coefficient is expressed in the units
of dependent variable.
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Introduction to probability

Introduction and Importance of Probability

Probability is one of the important branches of Statistics that is concerned with random phenomena.
Everyday concept of “likelihood”, “predictability” and “certainty” are formalized by the part of
statistics called probability. Probability is a statistical method used to study of the chance of
occurrence and non occurrence of different phenomena. It is the synonym of the words most likely,
chance, probably etc. Hence, Probability defined as “uncertainty is numerically expressed.

The theory of probability was developed in the middle of the seventeenth century. It was originated
from the problem related to gambling such as tossing a coin, throwing a die, drawing cards from a
pack of cards etc. Therefore, in the early days it was known as the theory of games and chance. But
nowadays, there is hardly any displine (field) where “probability” has not been used. The theory of
probability is used in aimost all displine like physical science, natural science, biological science,
medical science, engineering, social sciences, business, industry etc. It is extensively used in
guantitative analysis of business and economics problems.The concept of probability has many real
life applications such as when playing cards, you can determine the likelihood of obtaining a
particular hand, when selling insurance you can use probability ot assess therisk of an individual, in a
production plant you can use probability to detearmine the possibility of making a defective product
efc. It is an essential tool in statistical inference and backbone of probability sampling and forms the
basis of the “Decision Theory”, viz. decision making in the case of uncertainty with calculated risks.

Business firms, factory managers, stock market policy makers often have been facing the problems
regarding the chance of sdling the goods, chance of receiving better demand, chance of getting
defective or non-defective product and chance of deterioration and prosperity of stock market etc. The
theory of probability can be used to measure the risk or errors in forecasting and to minimize such
risks. It helps a business manager in reducing the elements of uncertainty associated with the decision
making with respect to cost, profit, production, sales, pricing, capital investment etc. Insurance
companies make an extensive use of probability. The word probability is a chance or possibility
whichiswidely used in daily life also.

e.g. What isthechance of heavy rain in this morning?
What is the chance of increasing sales when the price of product is decreased?

How likely isit that a given project will be completed in time? and so on.

Definition:

Probability is a numerical measure (with a value lying between 0 and 1) of the likdihood or
chance that a particular event will occur or not.

Probability is simply a number lies between zero and one. That is; 0 < P < 1. It is generally denoted
by 'P. If there is absolute paossibility of occurrence of an event, then its probability is equal to one.
This probability is also called the probability of certainty. If there is complete impossibility that an
event will occur, then its probability is zero and is called the probability of uncertainty. This shows
that the range of probability isin between zero and one. This range of probability is shown as follows.
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Probability theory provides us with a mechanism for measuring and analysing uncertainties associated
with future events.

Basic Terminology in Probability

Experiment: When the process (phenomenon) performed which results different possible outcomes is known
as experiment. For example, tossing a coin, attempting in an examination, throwing a dice etc.

Random Experiment

An experiment is caled a random experiment if it performed a large number of times under essentialy
homogeneous conditions; the result is not unique but may be any one of the various possible outcomes. Tossing
an unbiased coin and rolling a uniform die are some examples of random experiment.

Trial and Event

Performing a random experiment is called a trial and outcome or combination of outcomes (i.e. results) of
random experiment is called an event. For example; flipping an unbiased coin isatrial and getting either head or
tail isan event.

Sample Space

The set of al possible outcomes of a random experiment is called sample space. Each outcome is thus
considered as a sample point in the sample space. It isusually denoted by S. For example, in tossing an unbiased
coin once, there are two possible outcomes head (H) and tail (T). So, the sample spaceis given by S= {H, T}

Exhaustive Cases

The total number of possible outcomes of a random experiment is caled the exhaustive cases for the
experiment. In atoss of single coin, we can get head (H) or tail (T). Hence, exhaustive number of casesis 2

Similarly, in rolling a six faced die, the exhaustive number of cases = 6.

Favour able Casesor Events

The number of outcomes of a random experiment which result in the happening of an event are termed as the
cases favourable to the event. In other words, the number of outcomes which are in favour of happening of an
event are called favourable cases. For example; in drawing a card from a pack of 52 playing cards, the number
of cases favourable to drawing a queen is 4. Similary , in atoss of two coins, the number of cases favourable to
the event ‘exactly one head ‘ is 2, viz., HT , TH and for ‘two heads’ is one viz., HH.

Equally Likely Events

Events or cases are said to be equally likely or equally probable if none of them is expected to occur in
preference to other. In other words, two or more events are said to be equally likdly if al of them have equal
chance of occurrence. In tossing an unbiased coin, head and tail are equally likely, throwing a unbiased die (the
faces 1, 2, 3, 4, 5, 6) are equally likdly.

Mutually Exclusive Events

Two or more events are said to be mutualy exclusive if the happening of any one of them excludes the
happening of al othersin the same experimentsi.e. if two or more than two events cannot occur smultaneously
at the same time in the same trial. For example in a single tossing of a coin, we may get either head or tail but
not both. Thus, the events head and tail in a single tossing of a coin are mutualy exclusive. Similarly, in the
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throw of a die, the six faces numbered 1, 2, 3, 4, 5 & 6 are mutually exclusive. Thus, no two or more of them
can happen simultaneoudly.

Independent Events

Events are said to be independent if the occurance of one event does not affect the occurance of the other events
and vice versa. In tossing of a coin, the occurrence of head in first tossing is independent of the occurrence of
head in the second tossing. Similarly, drawing of balls from an urn gives independent events if the draws are
made with replacement.

Dependent Events

Events are said to be dependent if the occurance of one event affects the occurance of the other events and vice
versa. For example, if apack of cardsis playing without replacemement, the occurrence of a king in first darw
affects the occurrence of other cardsin the second draw.

Approaches of Probability

The chance of occurrence or non-occurrence of any event in a random experiment is called probability. There
are four approachesto define the probability.

e Mathematical or classical or priori approach

o Statistical or empirical or relative frequency approach
Subjective approach

Axiomatic approach

Mathematical or Classical or Priori, approach of Probability

Let n be the exhaustive, mutually exclusive and equally likely cases (or outcomes) out of which 'm' are
favourable cases to the happening of an event A. Then the probability of happening (occurrence) of an event A
isgiven by

P (A) _ Favourable number of casestoA _ M
Exhaustive number of cases n
m
or, P(A)= o D

If (n—m) cases are favourabl e to the non-occurrence of an event A, then its probability is given by

Favourable number of cases for not happening of event A

P (A°) or P (A) =q=

Exhaustive number of cases

n-m
n

1-—

S13

or, P(K):qzl—%

o, P@)=g=1-p(A)

Hence, P(A) +P(A)=1.......... )

or, p+qg=1, qg=1-p

This shows that total probability is equal to 1.

Hence, probability of occurrence of event A + Probability of non-occurrence of event A = 1.
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i.e 100%
Note that probability lies between zeroand 1i.e 0<p < 1.

Limitations of Classical Approach of Probability

This approach breaks down in the following cases

e |f n, the exhaugtive number of cases (outcomes) of the random experiment isinfinite.
o |f the various outcomes of the random experiment are not equally likely.
o |f theactual value of nisnot known.

Statistical or Empirical or Relative Frequency Approach

This approach of probability is based on dtatistical data. If an experiment is performed repeatedly a large
number of times under essentially homogeneous and identical conditions, then the limiting value of theratio of
the number of times the event occurs to the total number of trials of the experiment as the number trials becomes
indefinitely large, is called the probability of happening of the event. It being assumed that the limit is finite and
unique.

Suppose an event A occurs m times in n repeatitions of a random experiment. Then the ratio % gives the

relative frequency of the event A. In the limiting case when n becomes sufficiently large, then a number which
is called the probability of A.

Symbolically,

lim
P(A)=n— o

m
n

Limitations:

e The experimental conditons may not remain essentially homogeneous and identical in a large number
of repeatitions of the experiment.

e Therdative frequency % , may not attain a unique value, no matter however large n may be.

e Thevalueof % isnot unique, it changesasn —oo, So, exact probability isimpossible.

Subjective Approach

The subjective probability approach is purely individualistic in nature. Therfore, this approach of probability is

completely based on the persona bdliefs, feelings, experience, judgement, personal discretion of a person.
Since, different persons may assign different probabilities one cannot arrive at objective conclusions using
probabilities assigned by this subjective method. This method of assigning probability is generally used by top
level authorities on the basis of their discretion.

Axiomatic Probability

The modern theory of probahility is based on the axiomatic approach introduced by the Russian mathematician
A.N. Kolmogorov in 1930. The aximatic definition of probability includes both classicd and empirical
definition of probability and at the same time is the free from their drawbacks. It is aso caled dementary
properties of probability. It states the following facts:
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Definiton: Given a sample space of a random experiment, the probability of occurrence of any event ‘E’ is
defined as a set function P(E) satisfying the following axioms:

Axiom 1: Axiom of non-negativity
P(E) isdefined, isreal and non-negetive) i.e. P(E) >0
Axiom 2: Axiom of certainty
The sum of the probabilitiesisunityi.e. P(S) = 1, where S= Sample space
Axiom 3: Axiom of additivity
IfE;,E; Eqe\nnnnnn. ,E, isany finite or infinite sequence of digoint events of sample space S, then
P(U?:1 A) = =1 P(A;) or P(Ufil A) = 21 P(A)

Note: When probability isnot given directly, then it can be categorised into two cases:
Case (i): When oneitem is selected at atime.

Case (ii): When morethan oneitem is selected at atime.

Examplesrelated to

Case (i): When oneitem isselected at atime.
A card is drawn at random from a well-shuffled pack of 52 cards. What is the probability of getting?
(@ aredcard,
(b) ablack king
Solution:
Thereare 52 cardsin a pack.
Total number of cases (n) = 52
(@ P(aredcard) =7
Since, there are 26 red cards.
Favourable number of cases (m) = 26
Required probahility of getting ared card is

P (ared card) ==

1
SIS
1

NI

(b) P (ablack king) =?
Thereare 2 black kings

Favourable number of cases (m) =2
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Required probability of getting a black kingis

2 1
P (ablack king) = &5 =5¢
Example

A card isdrawn from a pack of 52 cards at random what is the probability that it is (i) Red, (ii) Spade,
(iii) Face card, (iv) an ace, (v) red king, (vi) Knave of heart, (vii) King or queen, (viii) Heart or club,
(ix) ared 2 or black 8 or a queen, (x) Spade or ace, (xi) Heart or face card, (xii) Red or face card.

Solution:
e
v
17 Colour (2) —l
BI aci< (26) Red¢(26)
v v v v
A Spade (13) & Club (13) v Heart (13) ¢ Diamond (13)
v v v y

Ace 2,3,4,5,6,7,8,9,10,J Q, K

Knave Face cardg/Picture cards
Since, there are 52 cards in a pack.
n = Total number of cases (or outcomes) = 52
Since, one card is drawn at random
() P(aredcard)=?
Let 'E' denotes the event of drawing red cards

Favourable number of case (m) = 26

@iy P (aspade) =2
Let E denotes the event of drawing spade cards
Favourable number of cases (m) = 13

. Plaspadg =P ()= T=22=3

Similarly,
(iii) P (afacecard) =?

Let 'E' denotes the event of drawing a face card
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Favourable number of cases (m) = 12
(3 face cards in each suit)

P (afacecard) = P (E) = =22 = >

(iv) P (an ace) =?
Let 'E' denotes the event of drawing an ace

Favourable number of outcomes (m) = 4

(v) P(aredking) =?
Favourable number of cases (m) = number of red kings = 2

2 1
P (ared king) =52-26

(vi) P (aknave of heart) =?

Favourable number of cases (m) = number of knave of heart =1
1
P (aknave of heart) = 5

(vii) P (aking or queen) =?
Favourable number of cases (m) = number of kings or queen
=4+4=8

P (king or queen) = %zé

(viii) P (Heart or club) =?

m=13+13=26
26 1
P (Heart or club) =575

(ix) P (ared2or black 8 or aqueen) =?

m = number of red 2 or black 8 or a queen
=2+2+4=8

P(ared20rb|ack80raqueen)=%=%

(x) P (aspade or ace) =?

m = number of spade or ace
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=13+4-1 (*+ spade ace is common in both)
=16

P (aspadeor ace) =~ = =

16 _ 4
2

(xi) P (aheart or face card) =?

Favourable number of cases (m) = number of heart or face cards

=13+12-3
=22 (+ 3 face cards of heart are common)

P (a heart or face card) =% =;—é
(xii) P (ared or face card)
Favourable number of cases (m) = number of red or face cards
=26+12-6 (- 6redcardsarecommon)

2
P (ared or face card) -2 8

~52713

Twenty balls are numbered from 1 to 20. If one ball is drawn at random, what is the probability that
the ball drawn is multiple of 4 or 7?

Solution:

Total number of cases (n) =20
Favourable number of cases (m) = The number of cases which are multiple of 4 or 7

i.e {4,7,8, 12, 14, 16, and 20}

iee m=5+2 =7
Required probability that the ball drawn is multiple of 4 or 7 =

Two fair dice are thrown at random. What is the probability that the face turn up show (i) a sum 7 (ii)
asum of 8 or 9 (iii) sum less than 5 (iv) number 6 in the first die (v) odd number in the second die
(vi) same faces (vii) different faces.

S 13
8~

Solution:
Since, two dice are thrown
n = Total number of cases=6 x 6 =36

The sample spaces (total outcomes) are presented below:

167



Facesin second die

1 2 3 4 5 6

11Dy 12 @13
2,1 (2,2

5,4 (55
(6,4 (6,5 (6, 6)

Faces in first die

OOk, WDNPR

(i) P(asum7)=2?
m = Favourable number of outcomes

= number of cases of getting asum 7 in both dice
i.e (1, 6) (2 5) (3,4 (4 3) (5 2) (6,1)

m=6

P (asum?7) “hn=36"6
(i) P(asumof 8or9) =7
m = Favourable number of outcomes
= number of cases gettingasumof 8 or 9
i.e (2,6)(3,5(4,4 (5362 (36)(4,5) (54 (®6 3
m=9

. 9
P(asum|380r9)=%=

HipR

(iii) P (sumlessthan5) =?

m = Favourable number of outcomes
= number of cases getting a sum of less than 5
ie (1,1)(1,2),(21),(1,3),(2,2 31

m=6

ol

6
P (sum less than 5) 36"

(iv) P (number 6inthefirst die) =7?
m = Favourable number of outcomes
= number of cases gettinga 6in 1st die

i.e. (6,1), (6, 2),(6,3),(6,4), (6 5) (6 6)
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m=6

[0

e 6
~P(6infirstdie) = 36

(v) P (odd number in the second die)
m = Favourable number of outcomes
= number of cases of odd number in the second die
ie (1,1),(21),3 1), @1),51),6 1), 13), (23
(3,3),(4,3),(53),(573),(6,3),(1,5), (2,5, (3 5),
(4,5) (5,5), (6, 5)
m= 18

1 1
P (Odd number in the second die) = 3—2 =5

(vi) P (samefaces)
m = Favourable number of outcomes (cases)
= number of cases of getting same faces in both dice
i.e(1,1)(2,2)(3,3) (44 (5,5)(66)
m=6

P (same faces in both dice) = % =

ol

(vii) P (different faces) =?
m = Favourable number of outcomes

= Number of cases of different faces in both dice
ie(1,)21)(13)B Y. ..., (1,6)(61)

m=30

Since, P (different faces) + P (samefaces) = 1

P (different faces) = 1 — P (same faces)
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What is the chance that a leap year sdected randomly consists of 53 Sundays?
Solution:

In aleap year, there are 366 daysi.e. 52 complete weeks and 2 days more. These 2 days may be either
(i) Sunday and Monday or (ii) Monday and Tuesday or (iii) Tuesday and Wednesday or (iv)
Wednesday and Thursday or (v) Thursday and Friday or (vi) Friday and Saturday or (vii) Saturday
and Sunday.

Total number of cases (n) =7
P (53 Sundays) =7
Favourable number of cases (m) = number of cases consisting Sunday
=2

=~ Required probability that a leap year sdlected randomly consists of 53 Sundaysi.e.

P(A)=

S 13

2
What is the chance that a non-leap year sdected randomly consists of 53 Sundays?
Solution:

In aleap year, there are 365 daysi.e. 52 complete weeks and 1 day more. The 1 day may be either (i)
Sunday or (ii) Monday or (iii) Tuesday or (iv) Wednesday or (v) Thursday or (vi) Friday or (vii)
Saturday.

Total number of cases (n) =7
P (53 Sundays) =7
Favourable number of cases (m) = number of cases consisting of Sunday
=1

= Required probability that a non-leap year sdected randomly consists of 53 Sundaysi.e.

P(A) =

S 13
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In agroup of equal number of men and women, 20% of men and 30% of women are unemployed. If a
person selected at random, what is the probability the selected person is an employed?

Solution:

Since, the number of men and women are equal and their unemployment percentages are given. Let
the population of men and women each be 100 Therefore, the given information can be presented in
the following tabular form:

| Nature | Unemployed | Employed Total
Sex
Men 20 80 100
Women 30 70 100
Total 50 150 200

Let A bethe event of sdecting employed person.

Total number of cases (n) = total number of persons = 200

P (person is an employed) = P (A) =?

Favourable number of cases (m) = number of employed persons = 150

Then,

PA)=2=22-3_075
n 200 4

Examplesrelated to

Case (ii): When morethan oneitem isselected at atime.

A bag contains 8 red, 4 white and 5 black coloured balls. Three balls are drawn randomly from a bag. Find the
probability that (i) all arered (ii) 2 isred and 1 white (iii) 2 arered and 1 other (iv) all colour balls.

Solution:
Exhaustive (total) number of cases (n) = number of cases of selection of 3 ballsout of 17 balls

17 x16x 15
:17C3:—1x2x3 = 680.
0] Favourable number of cases of drawing all 3 arered balls (m) =8C;

_1x7x6
T1x2x37

56
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(i)  Favourable casesfor 2 red and 1 white (m) = 8C, x “C4

(iii)  Favourable casesfor 2 arered out of three drawn ballsi.e. 2 arered and 1 other

8x7 9
(M) =°C, x °Cr =755 %7 = 252
m 252
P (2 arered and 1 other) = n-680°" 0.37058

Five men in a group of 20 are graduates. If 3 are chosen out of 20 at random, what is the probability
that

a) all aregraduates b) noneof themis graduate
¢) al least one of them being graduate
Solution: Here,
Total number of men =20
Number of graduates =5
Number of non-graduates=20-5= 15
If three are choosen at random

Total number of possible outcomes (n) = *Cs

20
~(20-3)! 3!

20!

EE]

_20x19x18x 17!
h 171 3!

= 1140

(@) P (al aregraduates) =?
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5!
Favourable number of cases (m) = °Cs = G 33—

5
C: 10 1
~ P (al are graduate) = BC, = 1140~ 114

(b) P (none of them are graduate) =?

Favourable number of cases for none of them are graduate (m) = °Cs

S
T (15-3)3 "

“C; 455 91
= P (none of them are graduate) = ﬁ =1140"= 278

(if) P (at least one of them being graduate)

= 1 — P (none them are graduate)

91
= 1-7%
_ 228-91 137
= 228 228

A class consists of 40 boys and 60 girls. If two students are chosen at random, what will be the probability that
(@) both are boys (b) both are girls
(c) oneboy and onegirl
Solution:
Number of boysin aclass =40
Number of girlsin aclass= 60
Total number of student = 40 + 60 = 100
If two students are choosen at random, then total number of possible outcomes (n)
= 190C,=4950
(i) P /(both are boys) =?
Favourable case for both are boys (m) = “C, = 780

40
=~ P (both are boys) = 2 - 180 _ 18

(ii) P (both aregirls) =?

Favourable case for both are girls (m) = %C, = 1770
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. 60c, 1770 177 59
P (both are girls) :TCz = 2950 = 495~ 165

(iif) P (oneboy and onegirl) =?
Favourable number of cases for one boy and one girl (m)
= 40C, x ¢,
=40 x 60 = 2400

0C, x 0C, 2400 48 16

. 1
=~ P (oneboy and one girl) = 100C, ~ 4950 99~ 33

L aws (or rules) of Probability)
Following are the laws of probability:

1. Additive law of probability
2. Multiplicative law of probability

Additive Law of Probability (Addtion Theorem of Probability)
(At least one, one of them, or) “Union u~,+

Case l: when eventsare not mutually exclusive

If A and B are not mutually exclusive events, then the probability of occurrence of at least one of them is given
by

P (A or B) =P (AUB) = P(A) + P(B) - P (ANB) A B

P(ANB)

The probability of occurrence of at least one of them can also be written as
P(AUB)=1-P(AUB)
=1-P(AnB) ~P(AUB)+P(AUB) =1
Demorgan’s law
P(AUB)=P(AnB) & P(ANB)=P(AUB)

If A, B and C arethree not mutually exclusive events then the probability of occurrence of at least any
one of them is given by

P(A or Bor C) =P (AUBUC) = P(A) + P (B) + P(C) - P (AnB) — P (BNC) — P(CnA) + P (ANBNC)

(ANBNL)




The probability of occurrence of at least one of them can also bewritten as
P(AuBUC) =1-P(AUBUC) “P(AUBUC)+P(AUBUC) =1
=1-P(ANBNC)

In general,

P(AJUA,UA;UA, U............ UA,) =1-P(A{UA,UA;U.......... UA,)

Demorgan’s law
PAUBUC)=P(ANBNC) & PANBNC)=P(AUBUOQ)

The probability that anew airport will get an award for itsdesign is 0.16, the probability that it will get an award
for the efficient use of materialsis 0.24, and the probability that it will get both awardsis0.11.

a What isthe probability that it will get at least one of the two awards?
b. What is the probability that it will get only one of two awards?
Solution:
Probability that anew airport will get award for itsdesign, P(A) =0.16
Probability that anew airport will get award for efficient, P (B) = 0.24
Probability that anew airport will get award for both, P (AnB) = 0.11
a Probability that it will get at least one of the two awards,
P(AUB) =P (A)+P(B)- P(ANB)
=0.16+0.24-0.11=0.29
b. Probability that it will get only one of two awards.
=[P(A)-P(ANnB)] or [P (B) - P (ANB)]
=[P(A) - P(ANB)] + [P (B) - P(ANB)]
=(0.16-0.11) + (0.24 - 0.11)

=0.05+0.13=0.18

A construction company is bidding for two contracts A and B. The probability that the company will get
contract A is % the probability that the company will get contract B is% and the probability that the company

will get both the contracts isé. What isthe probability that the company will get contract A or B?

Solution:
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We have, P(A) =2,P(B) = ;,P(AN B) = =, P(A or B) =?
The probability that the company will get contract A or B isgiven by

P(Aor B) =P (AUB) = P(A) + P (B) - P (ANB)

1 1 97
to—-=—
3 8 120

vl w

The probability that a boy will get a scholarship is0.9 and that a girl will get is 0.8. What is the probability that
at least one of them will get the scholarship?

Solution:
Let B = event of aboy getting scholarship
G = event of a girl getting scholarship
Then,
P(B) =0.9, P(G)=038
The probability that at least one of them will get scholarship is given by
P(BUG)=1-P(BUG)
=1-P(BNG) (UingDe-morgan'slaw)

=1-P(B) x P(é) (Since, aboy and a girl getting scholarship areindependent)

=1-01x02=1-0.02=0.98
Alter native method (i)
The probability that at least one of them will get scholarship is given by

P (BUG) = P (Boy get the scholarship and girl not or girl get the scholarship and boy not or both get the
scholarships)

=P(BNG or GNB or BNG)
=P(BNG)+P(GNB)+P(BNG)
=P(B)xP(G)+P(G)xP(B)+P(B)xP(G)
=09x02+08x01+0.9%x0.8
=0.18+0.08 +0.72=0.98

Alternative method (ii)

The probability that at least one of them will get scholarship is given by
P (BUG) = P(B) + P(G) - P (BNG)

=P(B)+P(G)-P(B) xP(G)
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=09+08-09%x08=17-0.72=0.98

A bag contains 24 balls numbered from 1 to 24. One ball is drawn at random. Find the probability that the ball
drawn has anumber which ismultiple of 3 or 4.

Solution: Let A and B be the events of drawing anumber which ismultiple of 3 and 4 respectively.

Then, A ={3,6,9,12,15,18,21,24}, B ={4,8,12,16,20,24}

_m_38 _m_5
P(A) = n_ 24 P(B) = n_ 24
But 12 and 24 repeated. So, P(ANB) =2 =2

~P(3or4) =P(AUB) =P (A) + P(B) - P (ANB)

8 , 6 2 12 1

24 24 24 24 2

OR
Total number of cases (n) =24

Favourable number of cases (m) = number of cases of multiple of 3 or 4

=8+6-2=12
~P(3or4) =P(AUB) = %:ﬁ:i

A product is made up of three components C,,C, and C5. The probability that thses components are defective
areintheratio 1:2:3. Find the probability that one product selected at random isnon defective.

Solution
Since, the probability that these components C;, C, and C; are defective areintheratio 1:2:3.
Total ratio=1+2+3=6

Then, P(Cl)zé, P(C_'l):l—%zg

P(C)=7% P(G)=1-7=¢

P(C)=7 PC)=1-7=7

Hence, the probability that one product selected at random isnon defectiveis given by
P(Cl, CTZ and 63) ZP(Cl n Cz n C_‘3)
=P(C,) x P(C,) x P(C3) * the events C,,C, and C, areindependent

=3xix3-3_0277
6 6 6 18
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If the probability of machines M;, M, and M working without failure are 0.2, 0.3 and 0.5 respectively. Find the
probability that

(1) at least one machine will work without failure.
(i) at least two machine will work without failure.
(iii) all machines will work without failure.

Solution:

Let A, B and C denote the events that machines M,, M, and M working without failure respectively. Then
P(A) =02 P(A)=1-02=08

P(B)= 03, P(B)=1- 03=0.7

P(C)= 05, P(€)=1— 05=0.5

()P ( at least one machine will work without failure) = P(AU B U C)
= 1- P(none of them will pass the exam)

=1-P(A)P(B) P(C)
=1-08x0.7x05=1-028=0.72

(i) P (at least two machine will work without failure) = P (ANBNC orAnBNC orAnBnN
CorA NBNCQC)
=P(A)P(B)P(C) +P(A)P(B)P(C) + P(A) P(B) P(C) + P(A) P(B)P(C)

=0.2x03%x05+ 02%x03x05+0.2x0.7x%x054+0.8x0.3x0.5= 0.25
( ~ Eventsare mutualy exclusive and independent)

(i) p (al machines will work without failure) = P(AN B N C)

=P(A)P(B)P(C)
=0.2x0.3x0.5 =0.03

A, B and C will pass a certain examination in the proportion 2:4:6. What is the probability that

) at least two of them will pass the examination?
(i) at least one of the them will pass the examination?
(iii) all will passthe examination?

(iv) none will pass the examination?

(V) B will pass but not A and C?

Solution:
Since, the pass proportion of A, B and C in a certain examination arein therato 2:4:6.

Total ratio=2+ 4+ 6=12. Then

PA=F=2 PAD=1--=2

1
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P(B)= =5 P(B)=1- ;="
PO =15=5 MO=1-;=7

1 2

(iv) P (at least two of them will pass the examination) = P (ANBNC orANBNC orANBnN
CorA NBNCQ)

=P(A)P(B)P(C) + P(A)P(B)P(C) + P(A) P(B) P(C) + P(A) P(B)P(C)

1 1 1 1 1 1 1 2 1 5 1 1 9
S-X=X-4+ =X=X-4+-=-X=X-4+=-X=-X-=—=0.25
6 3 2 6 3 2 6 3 2 6 3 2 36

( ~ Eventsare mutualy exclusive and independent)

(v) P (at least one of the them will pass the examination) =P(AU B U C)
= 1- P(none of them will pass the exam)

=1-P@) P®B)P()
=1-2x2x1=1-02777=07222
6 3 2

(vi) P(all will pass the examination) =P (AN BN C)
=P(A)P(B)P(C)
== x=x = = 002777
67372

(vii) P(none will pass the examination) = P(A n B n C)
=P(A) P(B)P(C)
=3x2x1=02777

6 3 2

(viii)  P(B will pass butnotAandC) = P(A NBn ()

=P(A)P(B)P(C)

=2x1x1=0.1388
3 2

Additive Law of Probability (Addtion Theorem of Praobability)

Casell: when events are mutually exclusive

Let A and B be two mutually exclusive events. Then the probability of the occurrence of either event A or event
B isthe sum of their individua probabilities. Hence, the probability of occurance of either event A or event B is
given by

P (A or B) = P (AUB) = P(A) + P (B)

A B
If A, B and C are three mutually exclusive events, then the probability of occurrence of either events A or B or
Cisgiven by

P (A or Bor C) = P (AUBUC) = P(A) + P(B) + P(C)
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In general, if events Ay, Ao,.... .,As aren mutually exclusive then

P (A1UALU ......... UAR) = P(A,) + P(A,) + P(A)+eeeveeen. +P(4,)

Example 22

The probability that a company execute will travel by plane is§ and that he will travel by train isi. Find the
probability of histravelling by plane or train.
Solution: Let A and B be the events that a company execute will travel by plane and train respectively.

P(4) = % P(B) = % , P(plne or train) = P(Aor B) =?

P(AuB) =P (A) + P (B)

_2,1_ 1043 13
_3+5 15 15
Example 23

If an experiment has the three possible and mutualy exclusive outcomes A, B and C, check in each case
whether the assignment of probabilitiesis permissible.

(@ P(A)=13 P(B)=13 PC)=13
(b) P(A)=0.35 P (B) =052 PC) = 0.26

Solution:

=1

Wl

@ PA)+PE)+AC)=3+5+

Hence, this probability is permissible since total probability = 1.
() PA)+P(B)+PC)=035+052+0.26=113>1
Which isimpossible. Hence, this probability is not permissible.
Example 24
Three events A, B and C are mutually exclusive events and their respective probabilities are as follows.
P(A)=2/3; P(B) = V/4; P(C) = 1/6.
Comment on the result.
Solution:
If A, B and C are mutually exclusive events then

P(AorBorC)=P(A)+P(B) + P(C)

_2,1 1 _8+3+2 13
"3 467 12 "12
13 L . L o
P(AorBorC)= - 1.08 > 1, which isnot possible. Hence, the given information is not correct.

Example 25
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Suppose that a manager of a large apartment complex provides the following subjective probability estimates
about the number of vacancies that will exist next month.

Vacancies O 1 2 3 4
Probability 0.05 0.15 0.35 0.25 0.10 0.10
List the sample pointsin each of the following events and provide the probability of the event.

(8 novacancies (b) at least four vacancies (c) two or fewer vacancies

Solution:
Suppose the number of vacancies from 0to 5 is denoted by Ao to As respectively.
(@  Probability of selecting no vacancies, P (Ao) = 0.05
(b)  Probability of selecting at least four vacancies,
P (AsUAs) =P (AJ)+ P (As)

=010+0.10=0.2
(c)  Probability of sdecting two or fewer vacancies,

P (A2UA1UAQ) = P(A2) + P (A1) + P (Ag)

=0.35+0.15+0.05=0.55

A card isdrawn a random from a pack of 52 cards. Find the probability of drawing (i) ajack , a queen or aking
(ii) acard which is neither ajack , aqueen nor aking.

Solution:
0) Let A, B & C be the events of drawing a jack, a queen and a king respectively. Then P(4) =
5 PB) =5, PO =

-~ Probability of drawing ajack, a queen or aking

=P (ajack, aqueen or aking) =P (A or Bor C)
=P(AUBUC) =P (A) + P(B) + P(C)

4 4 4 12 3
=t —t—=—=—
52 52 52 52 13

(i) P ( Neither ajack, aqueen nor aking) = 1 — P (ajack, aqueen or aking)

3 _ 10

13 13
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Multiplicative Law of Probability (or Multiplication Theorem of
Probability)

(And, both, aswell as, all, three, two) “I ntersection, n»

Case (i): When events are independent

Let A and B are two independent events, then the probability of occurrence of both the events is the product of
their individual probabilities.Symbolically,

P (A and B) = P(ANB) = P (A) P(B)
If A, B and C arethree independent events, then
P (ANBNC) = P (A) .P(B). P(C)
In general, if Ay, Ao, ... .. , An aren independent events.Then
P(AinAzN ... NA) =P (A1) P(A2) ... .. P(An)
Where, P (AnB) = Joint probability of events A and B
P (AnBNC) = Joint probability of events A, B and C
P (A1nA2N ... NAn) = Joint probability of events Ay, Ao,. . . ... , An

and P(A), P(B), P(C), P(A1), P(A,) etc. arethe marginal probabilities of occurrence of events A,
B, C, Ay, Az etc. respectively.

Two brothers: Mr. X and Mr. Y appear in an interview for getting the scholarship. The scholarship can be
provided for two persons.The probability of getting scholarship by Mr. X is % and getting by Mr. Y is %
Wheat isthe probability that,

(@  both of them will get scholarship.

(b)  Only one of them will get scholarship.

(60  None of them will get scholarship.

Solution:

Let P (A) = Probability that Mr. X will get scholarship
P(A) = Probability that Mr. X will not get scholarship
P (B) = Probability that Mr. Y will get scholarship
P(B)= Probability that Mr. X will not get scholarship

Given that,

Nl

P(A):%andP(/T):l— 573
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_4
~5

gl

P(B)=%andP(§) =1-

€) Probahility that both of them will get scholarship,
P(AnB) =P (A) P(B) A & B Events A & B are independent

1
35

= X-=

NI
s

(b) Probability that only one of them will get scholarship
=P(ANBorAnB)

=P(AnB) +P(ANB)

P(A).P(B) + P(A). P(B)

4.6 _10
35 35735

Nl

4,6 1.
5 7°57

(c) Probability that non of them will get scholarship
P(AnB)=P(A) P(B)

Probability that a man will be alive 25 years hence is 0.3 and the probability that his wife will be alive 25 years
hence is 0.4. Find the probability that 25 years hence (i) both will be alive (ii) only the man will be aive (iii)
only the woman will be alive (iv) none will be alive (v) at least one of them will be alive. (vi) only one of them
will be alive.

Solution:

Let A and B be the events that a man and awoman will be alive 25 years hence respectively. Then,

Probability that a man will be alive 25 years, hencei.e.
P(A)=03andthen P(4) =1- 0.3=0.7

Similarly, probability that his wife will be alive 25 years, hencei.e.
P(B)=0.4, P(B) =1-0.4= 0.6

0] Required probability that both will be alive 25 years
P(ANB) =P (A) x P(B) =0.3x 0.4=0.12

(i) Probability that only the man will be alive
=P(AnB)=P(A)xP(B)=0.3x0.6=0.18.

(ili)  Probability that the only woman will be dive
=P(BNA)=P(B)xP(4)=04x0.7=0.28

(iv)  Probability that none will be alive

P(ANB)=P(4) xP(B)=0.7x 0.6 = 0.42
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(v)  Required probability that at least one of them will be alive
=P(An B or AnB or ANB)
=[P(A)x P(B)] +[P(4) x P(B)] + [P (A) x P(B)]
=03x06+07x04+0.3x04=018+0.28+0.12=0.58
OR
Alternatively
P(AUB)=1-P(A) P(B)
=1-07x06=1-042=0.58
(vi)  Probability that only one of them will be alive
=P(AnBorAnB)=P(AnB)+ P(ANB)

=P(A) x P(B) + P(4) x P(B)

=03x06+07x04
=0.46
A problem in datistics is given to three students A, B, and C whose chances of solving it are % %1 and :;l)

respectively. Find the probability that
(@  theproblem will be solved (or at |east one of them will solve the problem )
(b)  only one of them can solve the problem.
(¢  none of them will solve the problem
(d) A solvesit but B and C cannot.

(e)  all threestudents A, B and C can solve the problem.

Solution:
Given,
. . 1 - 1 2
Probability that A solvesaproblemi.e. P(A) = zand P(4) =1-3= 3
. . 1 - 13
Probability that B solvesaproblemi.e. P(B) =, andP(B)=1-;=4

Probability that C solves a problem i.e. P(C) = % and P (C) :1—;1) = g
(@  Required probaility that the problem will be solved is given by
P(AUBUC) =P (A) +P(B) + P(C) - P(AnB) - P(BNC) - P (CNA) + P (AnBNC)
=P(A)+P(B)+P(C)-P(A) P(B) - P(B) HC) - P(C) P(A)+ P(A) P (B) P(C)
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A, B & C Events A & B are independent
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Alternatively,
Required probability that the problem will be solved is given by

P(AUBUC)=1-PA)P(B)P(C)

(b)  Probability that only one of them can solve the problem.
=P(ANnBNC)+P(AnNBNC)+PANBNC)
=PA)PB)P(C)+P(A) PB)P(C)+P(4) P(B) P(C)

134214231128 6 26 .,
3747537475 °'374°5760 60 60 60"

(c)  Probability that non of them will solve the problem,
P(AnBnC) =P(A)P(B)P(C)

X

Mlw
gk

2 2
—3X —5—0.4

(d)  Probability that A solveit but B and C cannot, P(An B n C) =P (A) x P(B) x P(C)

Mlw

1 4 1
_3x x5_5_Q2

(e)  Probability that all three students can solve the problem,

1

60

gl

P(ANBNC) = P(A) x P(B) x P(C) = 3% 3

=0.017

A salesperson has 65 percent chance of making a sale to a cutomer. The behaviour of each successive customer
isindependent. If three customers A, B and C entre together, (i) what is the probability that the salesperson will
make a sale to at least one of the customers? (ii) What is the probability that the salesperson will make a sdeto
all three customers?

Solution:
The probabilities that a salesperson making asaleto customers A, B and C are

P(A)= 065 P(4)= 1-P(A)=0.35
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P(B)= 0.65 P(B)= 1-P(B)= 0.35

P(C)= 065 P(C)= 1-P(C)= 0.35

(1) Probability that the salesperson will make asaleto at least one of the customersis given by

P(AuBUC)=P(A)+P(B)+P(C)-P(AnB) - P(BNC) - P (CnA) + P(ANBNC)
=P(A)+P(B) + () -P(A) P(B)-P(B) P(C) - P(C) P(A)+ P(A) P(B) P(C)
= 0.65+ 0.65 + 0.65-0.65x0.65 —0.65x0.65 —0.65% 0.65 + 0.65 x 0.65 X 0.65 = 0.957

- The behaviour of each successive customer isindependent i.e. Events A & B are independent

Alternatively,
Therequired Probability that the salesperson will make a sale to at least one of the customersis given by

P(AAUBUC)=1-P(A)P(B)P(C)
=1-0.35x 0.35x 0.35
=0.957
(i) Probability that the salesperson will make asale to al three customers given by

P (ANBNC) =P (A) x P (B) x P(C)
=0.65 x 0. 65% 0.65

=0.274

A box contains 6 red and 4 white balls. Another box contains 3 red and 5 white balls. One ball is drawn at
random from each bag, find the probability that (i) both balls are red; (ii) oneisred and one is white; (iii) same
colors

Solution:
Total number of ballsin 1% box =6+ 4 =10

Total number of ballsin 29 box =3+5=8

Box 1%t Box 2nd
6 Red 3 Red
4 White 5 White
1 ball 1 ball
Let,
P (R1) = Probability of getting ared ball from 1% box = %
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P (W,) = Probability of getting awhite ball from 1% box = %

P (Rz) = Probability of getting ared ball from 2™ box =

olw

P (W>) = Probability of getting awhite ball from 2" box =

olo

Now,
(i)  The probability of getting both red ballsis given by,

9

P (both red ballg) = P (RinRy) = P (R) P (Ro) = 2 x 20

10

olw

(i)  The probability of oneisred and oneiswhite isgiven by,

P (onered and one white) = p (red ball from 1% box and white from 2™ box or white ball from 1% box and
red from 2" box)

=P(RinW2 or, W1NRy)
=P(R1 N W2)+P(Wi1 N Ry
=P (Ry) x P(W>) + P (W1) x P (Ry)

= EXEX
8

10

4

21
10 4

X§:—
8 40

Note: The probability of different colors means probability of getting ball of each color. In above example
probability of different colorsisgiven by,

P (different colors) = P (Onered and one white)
(iii)  The probability of getting balls of same color is given by,
P (same colors) = P (both red or both white)
= P (both red) + P (both white)
=P(RiNRy) + P(WinW5)

=P (Ry) x P(Ry) + P (W1) x P (W5)

_6,3,4,5_19
1078 10 8 40
Example 32

The oddsin favour that A speaksthe truth are 3: 2 and the odds in favour that B speaks the truth are 5:3. In what
percentage of cases arethey likely to contradict and do not contradict each other on an identical point?

Solution: Given,

Probability that A speaksthetruth =P (A) = 3%2 = g
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2
Probability that A does not speak truth = P (4) =375 =

[211\V)

o
ocolo

Probability that B speaks thetruth = P (B) =

ol

+3
. = 3 _3
Probability that B does not speak truth=P (B) =g 3 =7¢

Required probability that they are likely to contradict each other on an identical point
=P(An B or A NB)

=P(A) xP(B) + P(A) x P(B)

oIul
8l

_3.3.2
“5°8'5

; - 19
-~ Required percentage of contradiction = 20 % 100 = 47.5%

Required probability that they do not contradict each other on an identical point
=P(AnBor ANB)
=P(A)P(B)+P(A) P(B) A and B are independent.

3 5 2 3 21
:gx§+ gxg:E P (An B) =P (A) P(B)

_21 _
=50 % 100 = 52.5%
OR

Alternatively,

Required probability that they do not contradict each other on an identical point = 1—411—?) = %

=21 % 100 = 52.5%
40

A product is made up of three components C;, C, and C5. The probability that thses components are defective are
in theratio 1:2:3. Find the probability that one product selected at random is non defective.

Solution
Since, the probability that these components C,, C, and C; are defective arein theratio 1:2:3.

Total ratio=1+2+3=6

Then, P(C)=1 P(C)=1-2=2
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P( Cz) =

N

P(C)=1-2=2

6

3

P(C)==% P(C)=1-2=2
Hence, the probability that one product selected at randomisis non defective is given by
P(C,, C, and C3) =P(C; n C, n C3)

=P(Cy) x P(C,) x P(C3) ~ the events C,,C, and C, areindependent

=3 333 _0277
6 6 6 18

If the probability of machines M,, M, and M; working without failure are 0.2, 0.3 and 0.5 respectively. Find the
probability that

(i) atleast one machinewill work without failure
(i) at least two machine will work without failure.
(iii) al machines will work without failure.

Solution:

Let A, B and C denote the events that machines M,, M, and M5 working without failure respectively. Then
P(A) =02 P(A)=1-02=08

P(B)= 03, P(B)=1- 03=0.7

P(C)= 05, P(C)=1— 05=0.5

()P ( at least one machine will work without failure) = P(AU B U C)
= 1- P(none of them will pass the exam)

=1-P(A)P(B)P(C)
=1-08x0.7x05=1-0.28=0.72

(i) P (at least two machine will work without failure) = P (ANBNC orANBNC orANBN
Cord NBNC)
=P(A)P(B)P(C) +P(AP(B)P(C) + P(A) P(B) P(C) +P(A) P(B)P(C)

=0.2x03x%x05+ 02x%x03x05+0.2x0.7x%x054+0.8x%x0.3x0.5= 0.25
( ~ Eventsare mutualy exclusive and independent)

(iii) p (al machines will work without failure)= P(ANn B N C)
=P(A)P(B)P(C)
=0.2x0.3x0.5 =0.03

A, B and C will pass a certain examination in the proportion 2:4:6. What isthe probability that

0) at least two of them will pass the examination?
(i) at least one of the them will pass the examination?
(i) all will passthe examination?
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(iv) none will pass the examination?
(v) B will pass but not A and C?

Solution:
Since, the pass proportion of A, B and C in a certain examination arein therato 2:4:6.

Total ratio=2+4+6=12. Then

P(A)=2=3 PA)=1--=2

12

4 1 = 1 2

P(B)—E—g, P(B)—l—g—g

-6 _1 O)=1_ -1

P(O=5=5, (O=1->=~
@) P (at least two of them will pass the examination) = P (ANBNC orANBNC orANBN

CorA NBNCQC)
=P(A)P(B)P(C) + P(A)P(B)P(C) + P(A) P(B) P(C) + P(A) P(B)P(C)

=ixIx i I i i p il ininio 22025
6 3 2 6 3 2 6 3 2 6 3 2 36
( ~ Eventsare mutualy exclusive and independent)

(i) P (at least one of the them will pass the examination) = P(AU B U C)
= 1- P(none of them will pass the exam)

=1-P(A)P(B)P(C)
=1-3x2xi=1-02777=07222
63 2
(i) P(all will pass the examination) =P(ANBNC)
=P(A)P(B)P(C)
1

=1x1xl=002777
3 2

"6

(iv) P(none will pass the examination) = P(A n B n C)
=P(A) P(B)P(C)
=3x2x2=02777

6372

(v) P(B will pass butnot Aand C) = P(A NBn ()
=P(4) P(B) P(C)

=2x1x1=0.1388
6 3 2

Multiplication Theorem of Probability
(And, both, aswell, two, three, all, n ), x

Case (ii): When the events are dependent:
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If A and B are two dependent events, then the probability of simultaneous happening of two events A and
B isgiven by

P(A N B) = P(A)P(B/A)
Similarly,
P(ANB) = P(B)P(A/B)

Where, P(B/A) is the conditional Probability of the occurrence (happening) of event B given that (if)
event A has already occurred (happened).

& P(A/B) isthe conditiona Probability of occurrence (happening) of event A given that event B
has already occurred (happened).

If A, B and C arethree dependent events, then
P(ANBNC) =P(A)P(B/AP(C/ANB)

Where, P(C/A N B) is the conditional probability of occurrence (happening) of event C given that (if) both
events A and B have already occurred (happened).

In general, for n eventsA;, Ay, Az, A, ool ,A,, we have
P (A1nAzN ... NAL) = P(A)P(AL/ADP(A3 /AL NAL).coee . P(AL,/JALNA,NA;N...... .. NA,_1)
Note (i) If events A and B areindependent, then P (A/B) =P (A) and P (B/ A) = P(B)

(i) P (ANB) can also be denoted by P (AB)

Conditional Probability

Definition: Conditional probability is the probability that an event will occur given that another event has
already occurred. If A and B are two dependent events, then the conditional probability of event A given that (if)
event B has already occurred is given by,

P (ANB)

P(A/B) =2

, provided P(B) = 0

No.of favourable cases to AnNB

— Total number of exhaustive cases
=>P (A/B) - No.of favourable cases to B

Total number of exhaustive cases

Similarly, the conditiona probability of event B given that (if) event A has aready occurred is given by P

(BIA) :”sz:f) ,provided P (A) # 0

No.of favourable cases to AnNB

_ Total number of exhaustive cases
=P (B/A) - No.of favourable cases to A

Total number of exhaustive cases

Where, P(A) = Marginal (or simple) probability of an event A
& P (A n B) = Joint probability of events A and B.

The probability that a manufacturer will produce ‘brand X’ product is 0.13, the probability that he will produce
‘brand Y’ product is 0.28 and the probability that he will produce both brand is 0.06. What is the probability that
the manufacturer who has produced ‘brand Y’ will also have produced ‘brand X*?
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Solution: Let X and Y be the eventsthat a manufacturer will produce brand X and brand Y respectively.
P(X)=0.13,P(Y)=028,P(XnY) = 0.06, P(X/Y) =?

PUXY) _ 096 _ 0.214

P(X/Y) = P(Y) ~ o028

-~ The probability that the manufacturer who has produced ‘brand Y’ will also have produced ‘brand X’ is 0.214

In acertain school, 20% students failed in English, 15% students failed in Mathematics and 10% students failed
in both English and Mathematics. A student is selected at random. If he failed in English, what isthe probability
that he also failed in Mathematics.

Solution:

Let E and M be the events that denote the students failed in English and failed in Mathematics respectively.
Then

P (E) = 20%= 0.2
P (M) = 15% = 0.15
P (ENM) = 10% = 0.10

If one student is selected at random, the Probability that if he failed in English then he aso failed in
Mathematicsis given by

_pmng) _010 1
PMIB) ==G =02 72
Example 38

In agroup of equal number of men and women, 75 % men and 60% women are employed. A person is selected
at random and found to be unemployed. A person is selected at random and found to be unemployed. What is
the probability that selected person is (i) men (ii) women?

Solution:

Since, the number of men and women are equal and their employment percentageis given. Therefore, the given
information can be presented in the following tabular form:

Nature | Employed | Unemployed | Total
Sex
Men 75 25 100
Women 60 40 100
Total 135 65 200

Let U = an event of selecting unemployed
M = an event of selecting man
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W = an event of selecting woman

(i) probability that the selected personisaman, given that (if) heisunemployed is
_ P(MnU) _ P(MandU) _ 25/200 _ 5
P(M/U) = P(U)  P(U)  65/200 13
(i) probability that the selected person isawoman, given that (if) heis unemployed is
P(W/U) _ P(WNU) _ P(WandU) _ 40/200 _ 8

P(U) ~ P(U)  65/200 13
Example 39

The personnel department of a company has records which show the following of its 120 engineers

Age (Years) Bachelor degree | Master degree | Total
only (B.E.) only (M.E.)

Under 25 60 8 68

25t0 30 7 26 33

over 30 9 10 19

Total 76 44 120

If one engineer is selected at random, find the probability that

(i)he has only a bachelor’s degree

(i) heis under 25 years.

(iii)  he has a master’s degree, given that heis over 30.

(iv)  heis25to 30 years given that he has bachelor’s degree.
(v) he is over 30 and has a master’s degree.

Solution:
Total number of engineers= 120
Let, the event A = an engineer chsen isbachelor’s degree
B = an engineer chsen is Mastrer’s degree
C = an engineer chsen is under age 25 years
D = an engineer chsen is 25 to 30 years
E = an engineer chsen isover 30 years
If one engineer is selected at random, then

() P(A) = Probability that he has only a bachelor’s degree
76 _ 19

120 30
(i) P (B) = Probability that he heisunder 25 years.
_ 68 _17
120 30
(i) P (B/E) = Probability that he has a master’s degree, given that he is over 30.
_P(BNE) _ P(Band E) _ 10/120 _ 10
TP T P(®E  19/120 19
(iv)  P(D/A) = Probability that heis 25 to 30years, given that he has a bachelor’s degree.

_P(Dn4) _P(Dand4) _ 7/120 _ 7
T P(A) P 76/120 76
(v) P (EnB) = P(E and B) = Probability that heis over 30 and has a master’s degree
10 1
T120 12
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In a survey of 1000 customers about the quality and timely deliverance of “The Momo world” Marked by a
company following information prevailed

S Timely deliverance
> *é Yes No Total
}—§ 2 | Yes 500 225 725
S 3 |No 200 75 275
Total 700 300 1000

a. What isthe probability that a customer satisfied with qulity but timely not delivered?
b. What isthe probability that a customer timely delivered but not satisfied with quality?
¢. What isthe probability that a customer timely delivered and satisfied with quality?

Solution:
Let A = event that the customers satisfied with quality.
A = event that the customers not satisfied with quality
B = event that the customers with timely deliverance
B = event that the customers with timely not delivered
a. The probahility that a customer satisfied with qulity but timely not delivered is given by
P =g ) S~ 075

b. The probability that a customer timely delivered but not satisfied with quality is given by
P (B/A) = P(AnB) _P(AandB) _ 200/1000 _ 200 _ 0.7273

P(A)  P(A)  275/1000 275
c. The probability that a customer timely delivered and satisfied with quality is given by
P(ANB) =P (A andB) = 22 = 0.5

What is the probability that a couple's second child will be
(@  aboy, given that their first child was agirl?
(b) agirl, given that their first child was agirl?
Solution:
Let B; and B be the events that denote the first child isboy and second child is aso boy respectively.

Similarly, G1 and G; be the events that denote that firgt child is girl and second child is also girl respectively.
There are only two possibilities; either boy child or girl child. Then

Probability of first boy child, P (By) = 1/2
Probability of first girl child, P (Gy) = 1/2

(&  Probability of being second child aboy given that their first child wasagirl
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P(B2N G1)
P(Gy1)

P(B2) P(G1)
= Pz(Gl)Gl * Bz and G, areindependent

P (Bz/ Gl) =

1
= P(B2) :E
(b)  Similarly, the probability of being second child agirl given that their first child wasagirl,

P (G Gr) = 20 - H%(Gﬂl)ﬁll .+ First birth and second hirth are independent
1

= P(Gz):%

A bag contains 8 red and 6 white balls. Two balls are drawn randomly from the bag one after other without

replacement. Find the probability that both balls are white.

6
)14

Solution:

Probability of drawing a white ball in the first draw = P (W,
Probability of drawing awhite ball in the second draw given that first drawn ball is white
5
=P (W,/w;) =13

Since, drawn is made without replacement. (i.e. dependent case)
Required probability of drawing both white balls, P (W, n W,) = P (W;) P (W,/W;)

6 5
—14><13—0.1648

At a soup kitchen, a social worker gathers the following data. Of these visiting the kitchen, 59% are men, 32%
are alcohalics, and 21% are male alcoholics. What is the probability that arandom male visitor to the kitchen is
an alcohalic?

Solution:
Let P (A)=Probability of personisamae=0.59

P (B) = Probability of personisan alcoholic =0.32
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P (AnB) = Probability of a person isamale acohaolic = 0.21

The probability that arandom male visitor to the kitchen is an acohalic is given by

P(AmB) 021
P@B/A)= L0B)_ 021 _ g5
BIA= —5a ~0s0

Find the probability of drawing an ace, a king and a queen in that order from of a pack of cards in three
consecutive draws, cards drawing not being replaced.

Solution:
Let A, K and Q denote the event of drawing an ace, a king and a queen respectively.

The probability of drawing an ace, aking and a queen in that order in three consecutive draws, when the drawn
cardsis not replaced (without replacement) in the pack of cardsisgiven by

P (ANKNQ) = P(A) x P (K/A) x P (Q/ANK)

Where,

P (A) = Probability of drawing an ace card = 5;42

P (K/A) = Probability of drawing aking card given that an ace has been aready drawn = Sil

P(

Q

/ANK) = Probability of drawing a queen card given that an ace and a king have been already drawn

&l

. P(ANKNQ) = P (A) x P (K/A) x P (Q/AK)

= 4,54 —48%6x10%
525150

If A and B are two events such that P (A) = 0.4, P(B) = 0.6 and P(B/A) = 0.5, find P(A/B) and
P(A UB).
Solution: P(A)=04,P(B)=0.6

P (B/A) =05

Wehave, P(B/A)= P(%Z?

P(ANB)
0.4

o, 05=

~P(ANB)=05x04=02

Now,
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_ P(AnB)
T P®

P (A/B)

=22-0334
0.6

~P(AUB) =P(A)+P(B)-P(ANB)

=04+06-02=08

A bag contains 5 white and 3 black balls. Two balls are drawn at random one after the another without
replacement. Find the probability that both balls drawn are (i) white, (i) black, (iii) different colors (or one
white and one black) (iv) same colors.

Solution:

5 White

0) Let
3 Black

W, = Event of drawing white ball in the first draw
W, = Event of drawing white ball in the second draw
Then,

The probability of drawing awhite ball in thefirst draw is

P (W) =

olo

The probability of drawing awhite ball in the second draw given that the first ball drawn iswhiteis
P (W2/Wi) = ‘7‘

Thus, the probability that both balls drawn are whiteis given by

S

P (WlﬂWZ) =P (Wl) x P (WZ/ Wl) = 14

olol

4
X — =
7

(Since, drown is made without replacement i.e. W1 & W are dependent events)
(i) Let
B1 = Event of drawing black ball in the first draw
B, = Event of drawing black ball in the second draw
Then,

The probability of drawing ablack ball in thefirst draw is

P(By) =

®lw

The probability of drawing ablack ball in the second draw given that the first ball drawn isblack is

P (Bz/Bl) =

~IN
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The probability that both balls drawn are black is given by

3.2_3
P(B;~B,) = P(B;) x P(B,/B;) = 2x %= 2>
(B1nBo) (By) x P (B2/By) 8X7 28

(Since, drawn is made without replacement i.e. W1 & W- are dependent events)
(iif)  The probability of different colorsis given by
P (different colors) = P (one white and one black)

= P (frist drawn ball is white and second drawn ball is black or first drawn ball is black and second drawn
ball iswhite)

=P (WlﬁBz or B{\Wz)
= P(W1nBy) + P (B1 n W>)

=P (W1) x P(B2/W) + P (B1) x P(W./B;)

_5,3,3
8778

~Nlo
m|oo
»Io

(vii) The probability of same colorsis given by
P (same colors)

= P (both are white or both are black)

= P (both are white) + P (both are black)

= P (W1inW5) + P (B1nBy)

=P (Wy) x P (W2/Wy) + P (B1) x P (B2/By)

-5.4.3
~8778"

A bag contains 5 white and 8 red balls. Two drawing of 3 balls are made such that (i) the balls are replaced
before the second trial and (ii) the balls are not replaced before the second trial. Find the probability that the first
drawing will give 3 white and the second 3 red ballsin each case.

~IN
IR
o

Solution:
Total number of balls=5+ 8= 13 bdls

Let A and B denote the events of drawing 3 white balls in the first draw and 3 red balls in the second draw
respectively.

(i)  With replacement: If the balls drawn in the first draw are replaced back in the bag before the second
draw, then events A and B are independent. Then the probability of drawing 3 white balls in the first
draw and 3 red ballsin the second draw is given by

5 8
Ca, C3_10 56 _5n0es

P(AmB)=P(A) x P(B) = BBc, Bc, 286 286
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(i)  Without replacement : If the balls drawn in the first draw are not replaced back in the bag before the
second draw, then events A and B are dependent. The probability of drawing 3 white balls in the first
draw and 3 red ballsin the second draw is given by

P(ARB) =P (A) x P (B/A) .......(I)

Where,
P (A) = Probability of drawing 3 white ballsin thefirst draw = %

Now, if 3 white balls drawn in the first draw are not replaced back in the bag, there are 13 — 3 =10 balls
left in which5—-3 =2 arewhiteand 8 arered balls.

P (B/A) = Probability of drawing 3 red balls from the bag containing 2 white and 8 red balls
_ %c

10 C3

5 8
- P(AmB) =P (A) P (BIA) = %x%:%x% =0.0163
3 3

Theoretical Probability Distribution

Probability distributions are classified as either discrete or continuous. A discrete probability distribution is
allowed to take on only a limited number of values (i.e. whole number values only) whereas a continuous
probability distribution is allowed to take on any value within a given range. In this chapter, we shall study the
following “univariate” probability distributions:

(1) Binomial Distribution
(2) Poisson Disgtribution
(3) Normal Distribution

The firgt two distributions are discrete probability distributions and the last one is continuous probability
distribution.

Binomial Distribution

Binomial distribution is the most fundamenta and important discrete probability distribution in probability
theory and Statistics. The binomial distribution is the basis for the popular binomid test of satigtica
significance.

Probability function of Binomial Distribution

Definition: A random variable X is said to follow binomial distribution if it assumes only non- negative values
and its probability mass function (p.m.f.) isgiven by

r n-r _ — 1 _
. P(X=r):p(r)={ncrpq 3 r=0712,3,....... ,n.,, q=1-p
0 otherwise
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e The mean, variance and standard deviation of binomia distribution are
Mean= E(X) = np
Variance = V(X) = npq
and standard deviation(c) = /npq
~ Mean > Variance, awaysholdsin binomial distribution.

Determine the binomial distribution for which the mean 4 and varianceis 3.

Solution

Variance (npg) = 3. . . .(ii)

X~ B(n,p)=?

From (ii)
npgq=3
o,4xq=3

or,q=%andp=1—q=1—%=

NI

Now, from (i)
1
np=4or,n><z= 4
~n=16
Hence, the required binomial digtributioni.e. X~ B (16,%)

Point out the fallacy, if any, in the following statement:
For binomid distribution, mean = 7 and variance = 11.
Solution:

For abinomia distribution with parametersn and p

Dividing (ii) by (i), we get

npq _ 11

np 7
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g =—=1.6 > 1 which isimpossible, since g being the probability must lie between O and 1i.e. 0 < g < 1.
Hence, the given statement is wrong (incorrect)

Ten unbiased coins are tossed simultaneoudly. Find the probability of obtaining

Exactly 6 heads (ii) At least 8 heads (iii) No head (iv) at least one head (v) Not more than three heads (vi) At
least 4 heads (vii) At most 3 heads (viii) Morethan 2 heads (ix) Less than 8 heads (x) 3 headsand 7 tails.

Solution: Let P be the probability of getting ahead, then P:%and g=1 —% = %
Number of trids (n) =

Let r denotes the number of heads or tails. Then, the probability of getting r heads in binomia distribution is
given by

PX=r)=p() =nc p'q"", r=0,123,....... .

10\ /1 10-r 1
P(X = I‘) = 10Cr (;) (;) = 10Cr X E
(i) P(exactly 6 heads) =P(X = 6)
= 10¢, X —— === 0.205
1024 1024
P(X > 8)

(i)  P(atleast 8 heads)

=P(X=8)+P(X=9)+PX=10)

1
= 10C8 1024 + 10(:9 + 10(:10 X E
=— ——[10¢, + 10c, + 10C10]
——(45+ 10+ 1) = == = 2% = 0.4375
1024 1024 128

(i) P(nohead) =P(X = 0)
=10¢, X ——=1x — = 0.00097
1024 1024

(iv) P(at least one head) = P(X = 1) =1— p(no head)
=1-pX<1)=1-pX=0)

=1-0.00097 = 0.99903
(V) P(not more than three heads) = P(X < 3)

=PX = 0)+P(X—1)+P(X—2)+P(X—3)
1

—10C0 —+10¢, X —+10¢, X —=—+10¢, X —
=— [10C0 +10¢, + 10C + 10C3]
:—[1 +10 +45 +120] =—> = 2 = 0.17187
1024 1024— 64
(vi)  P(at least 4 heads) = P(X > 4)
=1-P(X < 4)

=1-{P(X=0)+P(X=1)+P(X=2)+PX=3)}

—

-1 — N
=1—-{10¢, x 202z T 10¢, x 1024

1
Toza —+10¢, X To2a +10¢, X
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:1—E[10C0+10C +10¢, + 10, |

—1——(1+10+45+120)_1—ﬂ—08281

(vii)  P(at most 3 heads) = P(X < 3)
={P(X=0)+P(X=1)+P(X=2)+PX=3)}

= 10CO —+10¢, X=—+10¢, X ——+10¢, X —

1024 1024

——[10, + 10c, + 10C2 +10¢, |
—— (1 +10 + 45 + 120)
_ 176

= Toms - =0.1718
(viii)  P(morethan 2 heads) = P(X > 2)
=1-P(X<2)

1024

1024

=1-{P(X=0)+P(X=1)+P(X = 2)}

=1 —{10¢, X —+10¢, X ——+ 10, X —1}
=1 —E[loco +10¢, + 10, |
—1——(1+10+45) = 1—m—10%=0.9453
(ix) P(less than 8 heads) = P(X < 8)
=1-P(X>8)

=1—{P(X=8)+P(X=9) +P(X = 10)}

_ 1 1 1

=1 —{10CB —+10¢, X=—+10¢,, X —]}

=1- oz [10Cs +10¢, + 10C10]

=1-——(454+49+1) =1-— =22 - 09462
1024 1024 1024

(x) P( 3headsand 7 tails) = P(X = 3)
=P(X = 3)

1
=10,, X —
Cs ™ 1024

120

=—=0.1171

1024

The incidence of occupational disease in an indudtry is such that the workmen have a 20% chance of suffering
from it. What is the probability that out of six workmen (i) 4 or more will contract the disease (ii) at most 3 will
contract the disease (iii) more than 5 will contract the disease (iv) noneis suffering from the disease?

Solution
Here,
Number of workmen (n) =6
Probability of suffering from an occupationa disease (p) = 0.20

Probability of not suffering from an occupationa disease (q) =1—p =1-0.20 =0.80
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Let the random variable X denotes the number of workmen contract from the disease, then the probability of r
workmen contract from the disease in binomial digtribution is given by

PX=r)=p(r) =n¢ p'q"", r=0,1,2,345,6.
(1) P(4 or morewill contract the disease)
=P(X>4)
=P(X=4)+P(X=5)+PX=6)
=6, (0.20)*(0.80)5~* + 6, (0.20)°(0.80)°~° + 6, (0.20)¢(0.80)5~¢
= 0.0154+0.0015+0.000064 = 0.01696

(i) P(at most 3 will contract the disease)
=P(X<3)
=PX=0)+PX=1D+PX=2)+PX=3)

= 6, (0.20)°(0.80)°° + 6, (0.20)*(0.80)° + 6, (0.20)2(0.80)%2
+ 6, (0.20)%(0.80)°3
= 0.2621+0.0393+0.2457+0.0819 = 0.629
(iii) P(morethan 5 will contract the disease)
=P(X>5)
=P(X =6) =6, (0.20)°(0.80)°~° =0.000064

(iv) P(noneis suffering from the disease) = P(X = 0)
= 6, (0.20)°(0.80)°™° =0.2621

A merchant’s file of 20 accounts contains 6 delinquent and 14 non —delinquent accounts. An auditor randomly
selects 5 of these accounts for examination.

) Wheat isthe probability that the auditor finds exactly 2 delinquent accounts?
(i) Wheat isthe probability that the auditor findsless than or equal to 3 delinquent accounts?
(iii) Find the expected number of delinquent accounts in the sample selected.

Solution
n=5

Probability of a delinquent account (p) = % = %

Probability of anon- delinquent account () =1-p = 1 — 13—0 = 17—0

Let random variable X denotes the number of delinquent accounts that the auditor finds. Then, the probability of
getting r delinquent accounts out of n accountsin binomial distribution is given by

PX=r)=p() =nc p'q"", r=0,12,..... ,n & q=1-p
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(1) P(exactly 2 delinquent accounts) = P(X = 2)
_ 3 2 7 5-2
=5¢, () (%)
= 10x0.09%x0.343 = 0.3087
(i) P (Iessthan or equal to 3 delinquent accounts) = P(X < 3)
=1-P(X>3)
=1- {P(X = 4) + P(X = 5)}
_ 3 4 7 5—-4 3 5 7 5-5
=1-{5¢, (5) (5) +5c () (55) 3
= 1-{0.02835+0.00243}

=1-0.03078 = 0.96922

(iii) The expected number of delinquent accountsin the selected sampleof n=5 isgiven by
Mean:np:5xli0= 1.5

Out of 800 families of Kathmandu with 4 children each, what percentages would be expected to have (i) 2 boys
and 2 girls (ii) at least one boy (iii) no girls (iv) a most 2 girls and (v) one boy and 3 girls. Assume equal
probabilities for boys and girls.

Solution

Here,

Number of children (n) = 4

Let the probability of boys (p) = %

Probability of girls(q) =§

Let random variable X denotes the number of boys or girls.

Then, the probability of getting r boys out of n children in binomial ditribution is given by

PX=r)=p() = ng p'q"", r=0,12,....,n

_ 1\" 1\ 1
“PX=0 =4, (3) (3) =4 x5
0) P (2 boysand 2 girls) = P(X=2) = 4¢, X —===2=0.375 = 37.5%
(i)  P(atleastoneboy) =P(X>1)
=1-P(X < 1)
=1-P(X =0)
= 1_4C0 X%
=1-==2=009375=93.75%
16 16
(i) P(no girls) = P(all boys)
=P(X = 0)
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= 4¢, x == — = 0.0625= 6.25%

16 16

(iv) P (at most 2 girls) = P(X < 2)

=PX=0+PX=1)+PX=2)

1 1 1

= X — X — X —
4, 16 +4c, 16 +4c, 16
1

=L 42 42=2-06875=68.75%

T 16 ' 16 | 16 16

(v) P(one boy and 3 girls) = P(X = 1)

=4, Xx—=—=2=025=25%

16 16 4

If hens of a certain breed normally lay eggs on 5 days a week on an average, find how many days during a
season of 100 days poultry keeper with 5 hens of this breed, will expect to receive (i) no eggs (ii) exactly 3 eggs
(i) at least 4 eggs (iv) at most 2 eggs.

Solution:

Number of hens (n) =5

Total number of days (N) = 100
Probability of laying eggs (p) = ;

2
7

Probability of not laying eggs (q) =1-p = 1_5 =

Let the random variable X denotes the number of laying eggs. Then, the probability of getting r eggs out of n
hensin binomial digtribution is given by

PX=r)=p() = ng p'q"", r=0,12,..... ,n
(i) P(no eggs) = P(X = 0)
50 (5= ) =ooms
The expected number of days for receiving no eggs out of 100 daysis
f(0) =N xP(X =0) =100 x 0.0019 = 0.19 ~ 0
(i) P(exactly 3 eggs) = P(X = 3)
= 5, (;)3(5)5_3 = 0297
The expected number of days for exactly 3 eggs out of 100 daysis
f(3) =N xP(X =3) =100 x 0.297 = 29.7 ~ 30
(iii) P(atleast 4eggs) =P(X = 4)

=P(X=4)+P(X =5)
=5e, (') 45 6 Q)
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=0.3719+0.1859 = 0.5578
The expected number of days for at least 4 eggs out of 100 daysis
f(X=4)=Nx P(X>4)=100 x 0.5578 = 55.78 ~ 56
(iv) P(at most 2 eggs) = P(X < 2)

=P(X=0)+P(X =1)+P(X =2)

=56, () 6) 5 ) 6) 5. ) Q)
=0.0019 +0.0238+0.0.1190 = 0.1447
The expected number of days for at most 2 eggs out of 100 daysis
f(X<2)=Nx P(X <2)=100x 0.1447 = 14.47 = 15

If mean and variance of binomial distribution are 3 and 1.5 respectively, find the probability (i) at least one
successes (i) exactly 2 successes (iii) at least 4 successes (iv) at most 3 successes (V) more than 3 successes (Vi)
less than 4 successes ( vii) between 2 and 6 successes.

Solution

If n and p are the parameters of the binomial distribution, then we are given:

Variance=npgq=15..... (i)
Dividing (ii) by (i), we get

npq _ 15 _ 1

np 3 E
g=21
a=7
Subgtituting in (i), we get
np=3
1
nx-= 3=>n=6
Let random variable X denotes the number of successes.
Then, the probability of getting r successes out of n trialsin binomial distribution is given by
PX=r)=p() = ng p'q"", r=0,12,..... ,n

1

~P(X=r1) =6, (‘)r (1)6"“: bc, X é

2 2

(i) P(at least one success) = P(X > 1)

206



=1-P(X < 1)

=1-P(X =0)
1

= ]-_'6C0 )(gz

=1-—=2-009843
64 64

(i) P(exactly 2 successes) = P(X=2)
= 6¢, X === = 0.2343

(iii) P(at least 4 success) = P(X = 4)
=P(X=4)+P(X=5)+P(X =6)

1 1 1
= 60, X —+60. X—+60 X —
bc, 64 bcs 64 bcs 64

_15 6 1

64 64 64

= 0.2343+0.09375+0.0156 = 0.3436
(iv) P(at most 3 successes) = P(X < 3)
=1- P(X > 3)
=1-{P(X =4)+ P(X =5) + P(X = 6)}
1 1 1
:1—{6(:4 X a+6cs X6—4+6C6 X6_4-}
= 5,6, 1
_1_(64+64+64—)
= 1—(0.2343+0.09375+0.0156) =1— 0.3436 = 0.6564
(v) P(more than 3 success) = P(X > 3)
=P(X=4)+P(X =5)+P(X =6)

_ 1 1 1
=6¢, X a+6csxa+6c6><—

15 6 1

64 64 64

= 0.2343+0.09375+0.0156 = 0.3436
(vi) P(less than 4 successes) = P(X < 4)
=1-PX =4)
=1-{PX=4)+PX =5 +PX=06)}
1 1 1
:1_{6(:4 X a+6c5 Xa+6c6 Xa}

15,6 1
=1 {64—+64—+64—}

= 1—-(0.2343+0.09375+0.0156) =1— 0.3436 = 0.6564
(vii) P (between 2 and 6 success) = P(2 < X < 6)

=X=3)+PX=4)+PX=5)

1 1 1
= X — X —+ 60 X —

5
20 15 6
= — 4 — —_

64 64 64

=0.3125 + 0.2343+0.09375
=0.6405
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An experiment succeeds twice as often as it fails. Find the chance that in the next six trials there will at least be
4 successes.

Solution
Let p denotes the probability of success and q denotesits failure, then
By given condition
pP=2q
Since, total probability isone
p+q=1
=>2q9g+q=1
o,3g=1
or, ng & p=l1—q :1—§ :g
Number of trials (n) =6
Let random variable X denotes the number of successes.
Then, the probability of getting r successes out of n trialsin binomial distribution is given by
PX=r)=p() = ng p'q"", r=0,12,....,n
-~ The probability of at least 4 successesin 6 trialsis given by
PX=24)=PX=4)+PX=5+PX=6)
=6e, () 6) +6e 6) () e O
=0.3292 + 0.2633+0.0877
= 0.68

The mean and standard deviation of binomid distribution are 20 and 4 respectively. Calculaten, pand g. Also
findP(3 <X < 6).

Solution

If n and p arethe parameters of the binomia distribution, then we are given:

Standard deviation = \/npq =4
Variance=npq=16....... (i)

Dividing (ii) by (i), we get
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npq _ 16 _ 4
np T 20 s
4

=>0==

5

= —1_2_1
p=l-g=1-5=3
Subgtituting in (i), we get
np =20

nx§=20=>n:100

~n=100,p=

Ul =

4
,q:g

The probability of getting r successes out of n trialsin binomial distribution is given by

PX=r)=p() =nc p'q"", r=0,12,..... ,n
10\ /4 6—r
“PX==6c, (5) (5)
Now,

PB<X<6)=P(X=4)+ P(X=5)

= 100c, (5)"(2)" "+ 1006, () ()7
= 0.00000321 +0.00001496 =0.00001497

A binomial random variable X satisfies the rdation 6P(X = 3) = P(X = 2) when n = 5. Find the value of
parameter ‘p’.

Solution

If n and p are the parameters of the binomial distribution, then the probability of getting r successes out of n
trialsin binomial distribution is given by

PX=r)=p() = ng p'q"”", r=0,12,..... ,n q=1-p
P(X =3) =5¢, p’q® 3 =10p3q*...... 0)
& P(X = 2) =5¢, p?q®* 2 =10p°q>....... (i)

According to the question
6PX=3)=PX =2)
or, 6x10p3q? = 10p?q3
or,6p=0q
o,6p=1-p

o,7p=1

209



In a binomial distribution with 6 independent trials, the probability of 3 and 4 successes is found to be 0.2457
and 0.0819 respectively. Find the parameters p and q of the binomial distribution.

Solution:

If n and p are the parameters of the binomia digribution, let X denotes the number of successes. Then, the
probability of getting r successes out of n trialsin binomial distribution is given by

PX=r)=p() = ne p'q"", r=0,12,..... ,n gq=1-p
By given condition

P(X =3) =p(3) =6¢, p°q°> =20p>°q* = 0.2457 ......... )
& P(X =4) =p(4) = 6¢, p*q®~* =15p*q* = 0.0819....... (i)
Dividing (ii) by (i), we get

p(4) _ 15p*q? _ 0.0819
p(3)  20p3q? 02457

= 9p=4q =9 =4(1 —p)

=>9p+dp=4=>13p =4

Fitting of Binomial distribution
expected or theoretical frequencies of getting r successesis given by
f(r)=NPX =r) r=0123,...... ,n
=Np(r) N = ). f = Total frequency
“f(r) =N Xnc p'q"" p+q=1=q=1-p
Case I: If probability of success ‘p’ is given:

Fit the binomia distribution for the following data. Assuming that the coin is unbiased.

No. of heads 0 1 2 3 4
Observed 56 114 92 40 8
frequency
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Solution
Wehaven=4, N=)f =310
Since, the coin is unbiased
-~ Probability of getting head or success (p) = %

Probability of gettingtailorfailure(q):l i.e.p:q:l

2 2

Let, the random variable X denotes the number of heads (success) turned up, then the expected or theoretical
frequency of getting r heads (successes) in binomial distribution is given by

f)=NPX =71)

:ancrprqn_r; r=01234 & p+q=1 qg=1-p

=s10x4c, (3) ()
=310 X 4¢, X %6

1
~ f(r) =310 X4, X

Calculation of expected frequenciesisasfollows:

Number of heads (r) f(r) =310 X 4¢, X %

f(0) =310 X 4¢, X ——=19.375 ~ 19
f(1) =310 X 4c, X —="77.5~78
f(2) =310 X 4, X ——=116.25 ~ 116
f(3) =310 X 4¢, X —="77.5~78

4 f(4) =310 X 4¢, X ——=19.375 ~ 19
Hence, thefitted binomial distribution is

w| N| k| O

No. of heads 0 1 2 3 4 Total
Expected 19 |78 | 116 78 |19 310
frequency

Casell: If probability of success ‘p’ is not given:

In this case, at first we find the mean of the given frequency distribution by using the formula

Equating it to np, which gives the mean of the binomial digtribution.
np = X

ﬁp:

=R
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then q = 1 — p and with these estimated values of p and q, the expected frequencies can be obtained

by the above relation.
Fit the binomial distribution to the following data.
0 1 2 3 4
f 4 10 46 62 28

Solution
Wehaven=4, N=)f =150

Since, the values of parameters p and g of the binomial distribution are unknown (i.e. the nature of the coin is
unknown) therefore we use

np =X
fx 4X0+10X1+46X2+62X3+28%X4 400
= np=-—= = —
N 150 150
400
>4p= —
P= 10
or D= 400 2
P 150%4 3
2 — — —
p=3,&0=1-p=1-;=-

Let, the random variable X denotes the number of successes, then the expected or theoretical frequency of
getting successes in binomial distribution is given by

f)=NPX=1)

:ancrprqn_r; r=0,1234 & p+q=1

L f) =150 x4, () ()

3 3

Calculation of expected frequenciesasfollows:

r 4-r
Number of heads (r) f(r) =150 x 4c, (g) (g)
r 4-r
0 f0) =150 x4c, (2) (3)  =19.375~19
r 4-r
! f(1) =150 x4, (2) (3) =775~78
r 4-r
2 f(2) =150 x4c, (3) (3)  =116.25~ 116
r 4-r
3 f3) =150x4c, (2) (3) =775~78
r 4-r
4 f(4) =150x4c, (3) (}) =19375~19
Hence, the fitted binomial distribution is
No. of heads 0 1 2 3 4 Total
Expected 19 |78 | 116 78 |19 310
frequency
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Poisson distribution

Poisson digribution is a discrete probability distribution developed by French mathematician, Smeon Denis
Poisson (1781-1840) in the year 1837. It is also one of the most widely used discrete probability distribution
among other probability distributions. Poison didtribution explains the behaviour of those discrete random
variables for which the probability of occurrence of an event is very small and the total number of possible cases
isvery large (i.e. number of trialsis very large). Poisson distribution deals with the evaluation of probabilities of
rare events.

Conditions of Poisson distribution
The Poisson digribution is the limiting case of Binomial distribution under the following conditions:
0) The number of trids ( n) isindefinitely largei.e. n —» .
In practice, n > 20
(i) The probability of success(p) for each trial isindefinitely small i.e. p— 0
In practice, p < 0.05
(i)  np=2(Say)isfinitesothatp == & q=1—2. WhereA isread aslamda

Definition: A random variable X is said to follow Poisson distribution if it assumes only non-negative

integer values0, 1,2, 3,4, .. ... , and its probability mass function (pmf) is given by
o r=0,12,3 w, A>0
P(X:l"):p(r): r ] : T , ,
0 otherwise

Where, A = Mean of the Poisson distribution = Average number of occurrences per specified
interval and is called parameter of the Poisson distribution.

r = Number of successes of a given event.

e = 2.7183 isthe base of natura logarithm

Symbolically, if X follows Poisson distribution with parameter ‘A then it is written as X~P(}).

Note: A can also be denoted by other notations such as ‘m’ or ‘9’

Uses (applications) of Poisson distribution

Poisson distribution is used in a wide variety of fidds such as queuing theory, (waiting time problems),
insurance, physics, biology, business, Economics, industry etc. Some practical important applications of the
Poisson distribution are as follows:

1. Poisson distribution is mostly used in statistical quality control to find the number of defects per unit
of manufactured product and hence to construct the control chart and in sampling inspection plan when
the chance of any defective itemsis very small and lot isvery large.
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2. Poisson distribution is used in business, economics etc. where the probability of occurrence of an event
isvery small and the number of trialsis very large.

3. Itisused in queuing theory or waiting time problems to count the number of incoming customers or

arrivalsin a service station.

It isused in insurance problems to count the number casualties during a certain timeinterval.

Itisused in Physicsto determine the number of particles emitted from aradioactive substance.

It isaso used in biology to count the number of bacteria per unit.

The number of accidentstaking place per day on a busy road.

The number of printing mistakes per page in a book etc.

© N O A

Characteristics (Properties) of Poisson distribution

1. Poisson distribution is a discrete probability distribution since the number of occurrences can take only
integra values0, 1,2, 3,....... ,00,

2. Itisasoknown asuni-parametric discrete distribution asit is characterized by only one parameter A.

3. Themean, variance and standard deviation of poison distribution are:
Mean(X) = E(X) =A, Variance(c?) = V(X) = A, Standard deviation (6) = VA . Hence, for Poisson
distribution mean and variance are equal, each being equal to the parameter A. i.e. Mean = Variance=2A

4. The Poisson digtribution is positively skewed (as A is dways positive) and the curve approaches to
symmetrical form when the value of A increases.

5. Poisson distribution could be unimodal or bimodal depending upon the value of the parameter A.

6. Poisson distribution follows additive property but does not follow subtraction property.

7. ltisapplied in the situations when the number of trials n is very large and probability of success of an
event ‘p’ is very small.

Comment on the following:
For Poisson distribution, Mean = 8 and Variance = 7.
Solution:

Since, for a Poisson distribution mean and variance are equal, therefore the given statement is wrong.

Between the hours 2 P.M. and 4 P.M. the average number of phone calls per minute coming into the switch
board of a company is 2.5. Find the probability that during one particular minute there will be (i) no phone call
at all (ii) at least 3 calls (iii) at most 4 calls (iv) more than 4 calls (v) at least one call (v) less than 3 calls (vii)
between 3 callsand 6 calls (viii) 2 or less calls.(ix) upto 3 calls.

Solution

Let the random variable X denotes the number of phone calls per minute coming into the switch board of a
company such that X~P(A). Then, the probability of getting r calls per minute by Poisson distribution is given
by

e~Mr

r!

PX=r)=p() = , r=0,12,3,...... L0, A>0

Here, average number of phone cals per minute (A) = 2.5

e~2:5(2.5)F

“P(X =1) =p(r) =
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(1) P (nophonecdl atal)= P(X=0)

e~25%(2.5)0
0!

= 2225 = 0.0821
(ii) P (atleast3cals) = P(X = 3)
= 1- P(X<3)
=1- P(X<2)

=1—- {PX=0)+ P(X=1)+ P(X=2)}

:1—{

e™25%(2.5)°0 e~ 25%x(2.5)1 e~ 25%(2.5)2

o! 1! 21
_ _ (2.5)0 (2.5)t (2.5)?
=1-e7% o! L TR H }

= 1-10.0821 (1 + 2.5+ 3.125)
=1—0.05438 = 0.4562

(i)  P(amostdcals) = P(X<4)

}

= {P(X=0)+ P(X=1)+ P(X=2)+ P(X=3) + P(X = 4)}

o eT25%(25)0 e 25x(25)! | e 25x(25)2 | e 25x(25)3 | e 25x(2.5)%
- o! 1! 2! 3! 41
ze_z,s{(2.5)0+(2.5)1+(2.5)2+(2.5)3+(2.5)4}
0! 1! 2! 3! 4!

= 0.0821 (i + 2.5+ 3.125 + 2.6042 + 1.6276)

=0.0821 x 10.8568 = 0.8912
(iv) p(morethan 4 calls) = P(X > 4)

=1-P(X<4)
=1-0.8912 = 0.1088
(v) P(atleast onecall) =P(X = 1)
=1-P(X<1)

=1-P(X=0)
=1-0.0821=0.9179
(vi) P(lessthan 3 calls) = P(X < 3)

=P(X<2)
= (PX=0)+ PX=1)+ P(X=2)}

e™25%(2.5)0 e"25x(2.5)1 e25%(2.5)2
=1 o! 1! 2!
_ —25.25)° (2.5)1 (2.5)2
_ezs{m_'_ 1!+ 2!}
0.0821 (1 + 2.5+ 3.125)
=0.0821 x6.525= 0.05438

(vii)  p( between 3callsand 6 cals )= P(3 <X < 6)

= P(X=4)+ P(X=5)
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_ e"25%(2.5)% + e~25%(2.5)°
- 41 51

) 4 5
=0.0821(1.6276 + 0.81380)
=0.0821 x2.44140 = 0.200438

(viii) P2 orlesscalls) = P(X < 2)

= {PX=0)+PX=1)+ P(X=2)}

. e725x(25)0  e7Z5x(25)! | e 25x(2.5)2
- { 0! 1! 2!
_ _25.25)° (2.5)t (2.5)?
ettt ot o

= 0.0821 (1 + 2.5+ 3.125)
=0.0821 x6. 525 = 0.05438
(ix) P(upto3cdls)= P(X<3)

={PX=0+ PX=1+ PX=2)+PX=3)

_ e72%5%x(2.5)° e 25x(2.5)1 e725%x(2.5)%2 e 25x(2.5)3
- o! 1! 2! 3!
— e_z's{(2'5)0+ (2.5)1+ (2.5)? +(2.5)3}

o! 1! 2! 3!

0.0821 (1 + 2.5+ 3.125 + 2.604)
=0.0821 x9.229= 0.7577

It is known from past experience that in a certain plant there are on the average 4 industrial accidents per month.
Find the probability that in a given year there will be less than 4 accidents. Assume Poisson didribution. (e =
0.0183)

Solution:

Let the random variable X denotes the number of accidentsin the plant per month such that X~P(2). Then, the
probability of getting r accidents per month by Poisson distribution (i.e. Poisson probability law) is given by

e T

r!

PX=1)=p() =

, r=012,3,...... ,0, A>0

Here, average number of accidents per month (A) =4

~PX=r)= p(r) = #
0) The probability that there will be lessthan 4 accidents = P(X < 4)
= {PX=0)+ PX=1)+ PX=2)+ PX =3)}

- { e %x(4)° e 4x(4)? n e %x(4)2 n e %x(4)3
o! 1! 2! 3!
0 1 2 3
L@ @ @ @
0! 1! 2! 3!

= 0.0183 (1 +4+ 8+ 10.67)

= 0.0183 x 23.67 = 0.4332
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A car hire firm has two cars which it hires out day by day. The number of demands for a car on each day is
distributed as a Poisson variate with mean 1.5. Calculate the proportion of days on which (i) neither car is used
(i) some demand isrefused.

Solution

Let the random variable X denotes the number of demands for a car on any day such that X~P(1). Then, the
probability of getting r demands for a car on any day by Poisson distribution (i.e. Poisson probability law) is
given by

e~ M\

PX=0)=p() =22,  r=0123,...... 00, A>0

Here, average (mean) number of demands of car per day (A) = 1.5

e~ 15(1.5)r

r!

~PX=r)=pQ) =

0) The Proportion of days on which neither car is used = P(neither car isused )
= P (no demand)
=P(X=0)
_ e 15x(1.5)0

- o!
_ 0.02231x1

1

= 0.02231
(i) Since, the firm has only two cars, some demands will be refused if the number of demands per day
is greater 2.Hence,
P (some demand isrefused) = P(X > 2)

=1- P(X<2)

=1- PX=0)+ PX=1)+ P(X = 2)}

=1 e"19x(1.5)0 | e 15x(1.5)! e~ 15x(1.5)2
=1-1 0! 11 21

_ _15,15)° (1.5)1 (1.5)2

=l-em? i+ ot 50

= 1-0.2231 (1 + 1.5+ 1.125)
=1-0.2231 x 3.625
=1-0.80874 = 0.19126

Poisson approximation to Binomial distribution
The Poisson digtribution isa good approximation of the binomial distribution when
0) the number of trials ‘ n’ is greater than or equal to 20 (i.e.n < 20)
(i) and the probability of success ‘p’ for each trial is less than or equal to 0.05 (p < 0.05)
Then binomial distribution is converted into Poisson distribution by converting mean of binomia distribution =
mean of Poison distribution.
Symbolically, np = A

Suppose on an average 1 house in 1000 in a certain digtrict has a fire during a year. If there are 2000 houses in
that digtrict, what is the probability that exactly 5 houses will have afire during the year?

Solution: Here, probability of ahousefire during ayear (p) = ﬁ
Number of houses (n) = 2000

Since, pissmall and nislarge, therefore Poisson distribution isagood approximation to binomial distribution.
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Mean number of houses that will have afire, A=np= ZOOOXIJT =2

Let the random variable X denotes the number of houses that will have a fire during the year such that X~P(2).
Then, the probability of getting r houses that will have a fire by Poisson distribution (i.e. Poisson probability
law) isgiven by

o)

PX=0)=p(®) =2,  r=0123, ..... 00, A>0

r!

P (exactly 5 houses will have afireduring theyear) =P (X = 5) =?

2

P(X = 5) = 22 = 0.0360

If 5% of the eectric bulbs manufactured by a company are defective. Use Poisson distribution to find the
probability that in a sample of 100 bulbs

o
5!

0) none is defective

(i) 5 bulbs will be defective

(iii) at most 2 will be defective

(iv) more than 4 will be defective

(v) at least one will defective

(vi) less than 3 will be defective

(vii) between 2 and 6 will be defective
(viii) 2 or lesswill be defective.

Solution:
Here, n =100
Probahility of a defective bulb (p) = 5% = 0.05
Since, pissmall and nislarge, therefore Poisson distribution is a good approximation to binomial distribution.
A=np
=100x 005 =5
The average number of defective bulbs (A) =5

Let the random variable X denotes the number of defective bulbs such that X~P(A). Then, the probability of
getting r defective bul bs by Poisson distribution (i.e. Poisson probability law) is given by

e~ Mr
PX=r)=p() = - r=0,12,3,...... L0, A>0
—S(S)r
P(X = r) = p(r) = eT
(i) P (noneisdefective) = P(X =0)
_ e75x(5)°
- o!
- 0.0067x1 - 00067

(i) P (5bulbswill be defective) = P(X = 5)
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e~ 5x(5)°
5!

0.0067 x(5)5
51

= 0.0067 x 26.041
=0.1744

(iii) P ( a most 2will be defective) = P(X < 2)
= {PX=0)+ PX=1)+ PX=2)}
e 5x(5)° e 5x(5)1 e 5x(5)2

={ 0!+ 1!+ 2!}

0 1 2 3 4
:e_s{ﬂ+ﬂ+ﬂ+ﬂ+ﬂ}
0! 1! 2! 3! 4!

= 0.0067 (1 +5+125)
=0.0067 x 18.5 = 0.1239
(iv) p(morethan 4 will be defective) = P(X > 4)

=1-P(X < 4)

=1-{P(X=0)+ PX=1)+ P(X=2) + P(X=3) + P(X = 4)}

_ ce75x(5)° e 5x(5)1 e 3x(5)2  e75x(5)3 = e Sx(5)*
={ o! TR 2T 3! R

0 1 2 3 4
:e—S{ﬂ_Fﬂ_Fﬂ_'_ﬂ_'_ﬂ}
0! 1! 2! 3! 4!

= 0.0067 (1 +5+ 12.5 +20.833 + 26.041)
= 0.0067 X 52.874 = 0.3542
(v) P (at least one will be defective) = P(X = 1)
=1-P(X<1)

=1-P(X=0)
=1-0.0067 =0.9933
(vi) P(less than 3 will be defective) = P(X < 3)

= PX<2)

= (PX=0)+ P(X=1) + P(X = 2)}

e~ 5x(5)° e 5x(5)1 e 5x(5)2
=1 o! 11 2!

— e_s{@_l_ e 5x(5)t e™5 x(5)2
o! 11 21

= 0.0067 (1 + 2.5 + 3.125)
=0.0067 x6. 625 = 0.04438
(Vi) p(between 2 and 6 will be defective ) = P(2 < X < 6)

= PX=3)+ P(X=4)+ P(X=5)

_ e75x(5)3 + e 5x(5)*  e75x(5)5
E! 4 sl
= B_Z'S{E'i' E+ @}
3! 4! 5!

=0.0067(20.8333 + 26.0416 + 26.0416)
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=0.0067 x72.9165 = 0.4885
(viii)  P(2 or lesswill be defective) = P(X < 2)

= {PX=0)+ PX=1+ P(X=2)}

e 5x(5)0 e 5x(5)t e 5x(5)?

{0!+1!+2!}

0 1 2
- e—S{Q + Q + Q}
0! 1! 2!

0.0067 (1 + 5+ 12.5)
0.0067 x18.5= 0.1239

A manufacturer of pins knows that on an average 2% in production is defective. He sells pins in boxes of 100
and guarantee that not more than two pins will be defective. What is the probability that a box randomly
selected (i) will meet the guaranteed quality (ii) will not meet the guaranteed quality.

(e! = 0.3679,e~2 = 0.1353) (T.U. 2053 MBA)
Solution
Here, sample size (per box) (n) = 100
Probability of a defective pin (p) = 2% = 0.02
Since, pissmall and nislarge, therefore Poisson distribution is a good approximation to binomial distribution.
The average number of defective pins () =np
=100x 0.02=2

Let the random variable X denotes the number of defective pinsin a box of 100 such that X~P(A). Then, the
probability of getting r defective pinsin the selected box by Poisson distribution (i.e. Poisson probability law) is
given by

e—?x)‘r
PX=r)=p{) = - r=0,12,3,...... L0, A>0
L P(X = 1) = p(r) =
) P (the box will meet the guaranteed quality ) = P (number of defective pins per box is not more
than 2)
=PX<2)

= {PX=0)+ PX=1)+ P(X=2)}

e 2x(2)° " e 2x(2)? " e"2x(2)?

=1 o! 11 21

Z 2@, @t @2

Sert S
= 01353 (1+2+2)
=0.1353 x5= 0.6765

(i) P (will not meet the guaranteed quality) = P (number of defective pins per box is morethan 2)
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= P(X >2)
=1-P(X<2)
=1-0.6765 = 0.3335

If mean and variance of a Poisson distribution is 3, find

D) PX=3) (i) PX < 3) (i) P2<X<4)

Solution

Let X be arandom variable following Poisson distribution with mean and varianceis 3. i.e. X~P(}).
~ Mean = Variance=1=3

Then, the probability of getting r successes by Poisson digtribution (i.e. Poisson probability law) is given by

_ e—?x}\r
PX=r)=p({) = , r=0,12,3,...... ,0, A>0

@) P(X=>3) =P(X=>3)
= 1- P(X<3)
=1- P(X<2)
=1- {P(X=0)+ P(X=1)+ P(X = 2)}

_ e 3x(3)° e 3x(3)1! e 3x(3)?
=l-{— 11 T

= 3@, @ @2
=l-em 0t 5t 5

= 1—0.04978 (1 + 3 +4.5)
=1-0.04978 X 8.5

=1-0.4232 = 0.5768
(i) P(X<3)=1-PX=3)
=1-0.5768 = 0.4232
OR

PX<3)=PX<2)

=PX=0)+ PX=1)+ PX=2)

e 3x(3)0 " e 3x(3)?! n e 3x(3)2

0! 1! 2!

—e3@®, B @2
—¢ {m+ 1!+ 2!}

0.04978 (1 + 3 + 4.5)

0.04978 x 8.5

= 0.4232
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(i) P(2<X<4)=PX=2)+PX=3)+ PX=4)

e 3x%(3)? +e_3><(3)3 + e 3x(3)*

2! 3! 4!

2 3 4
@, @ @
2! 3! 4!

=0.04978 (4.5 + 4.5 + 3.375)

= 0.04978 x 12.375

= 0.61602
If arandom variable X follows Poisson digtribution such that P(X = 1) = P(X = 2), find
Q) the mean and variance of the poison distribution (ii) P(X = 0) (iii) P(X > 2)
Solution

Let X be arandom variable following Poisson distribution with parameter A . i.e. X~P(}).
Then, the probability function of getting is given by

e M\r

r!

PX=r)=p{) = , r=0,12,3,...... L0, A>0

() we have,
Forr=1

_ e Ax)t
PX=1)= —
Forr=2

-A 2
P(X =2)="—=2

According to question

PX=1)=PX=2)

—)\X;\l -A 2)2
N W' _ e ™x@)
1! 2!

>1=2

2

= A=2

~ Mean =Variance=1=2
.. _ _ e ?x(2)° _ 0.1353x1
(i) PX =0)=—p—=

(i) PX>2)=1- PX<2)

= 0.1353

=1-{PX=0)+ P(X=1)+ P(X=2)}

e 2x(2)° e 2x(2)? e72x(2)?
0! + 1! 2!

:]_—{
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0 1 2
:]__e—z{ﬂ_{_ Q_{_ ﬂ}

0! 1! 2!
=1-01353(1+2+2)
=1-0.1353 x5

=1-0.6765 = 0.3235

Fitting of Poisson distribution

The process of finding the expected or theoretical frequencies on the basis of available information supplied by
observed or experimenta frequencies for apoison distribution is called fitting of Poisson distribution.

Suppose, arandom experiment consisting of n trialsis repeated N times and satisfying the conditions of Poisson
distribution then expected or theoretical frequencies of getting ‘r’ successes is given by

f(r) = NP(X=r)

=Np()
—AAT
A f(r) =N x = — *
Whee r=0,1,2,3,...... , 00

r = Number of occurrence of given event.

A = mean or average number of occurrences per specified interval.
e = 2.7183 isthe base of natural logarithm.

N = ) f = Tota observed frequency

The expected or theoretical frequencies of Poisson distribution for different values of

r=0,123,..... can be calculated as follows:
— r .—A
No. of success (X =r) £(r) = NP(X = 1) = NX A :

0

0 £(0) = N x 2=°
1

1 f(1) = N x 2
AZ

5 f(2) =N x=—
3

f(3) = N x -2

3 3!

Case I: If average (mean) number of occurrence ‘A’ is given (known):

The expected or theoretical frequencies can be obtained by using above relation (*) as shown in the above table.
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Fit a Poisson distribution to the following data with mean A = 3

Number of arrivals per |0 1 |2 3 4 5 or more
hour
Number of hours 20 57 |98 | 85 78 62
Solution
We have,

Mean (average) number of arrivals per hour (A) = 3
N=Xf=20+57+98+85+ 78+ 62 =400

Let therandom variable X denotes the number of arrival per hour following Poisson distribution with mean A =
3, then the expected or theoretica frequency of getting r arrival's (successes) is given by

f(r) =NPX=r)

=Np(r)

e~ MAr

r!

=N X

; Whee r=0,1,2,3,...... , 00

e—3(3)r

r!

=400 x

0.049787 X (3)"

r!

=400 x

19.9148 X (3)"
f(r) = —

Calculation of expected frequenciesasfollows:

Number of arrivals per | gy - 199148 (©8

hour (r) r

0 f(0) = w =19.9148 ~ 20
1 f(1) = M = 59.7444 ~ 60

2 f(2) = ”’"“‘;ﬂ = 89.6166 ~ 90

3 f(3) = M = 89.60616 ~ 90
4 f(4) =LN28XE _ 672046 ~ 67

5 or more f(5 or more) = 73

f(5 or more) = 400—20 — 60 —90 — 90 — 67 = 73

Hence, the fitted Poisson digtribution is

Number of arrivals per hour (r) | O 1 2 3 4 5 or | Total
more
Expected frequency 20 60 (90 (90 |67 |73 310

Case II: If average (mean) number of occurrence ‘A’ is not given (known):
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In this case, a first we find the mean of the given frequency distribution by using the formula

— Y fx

X ==

N
Equating it to, which gives the mean of the Poisson distribution.
A=x= 22
N

and with the estimated value of A the expected frequencies can be obtained by the above relation (*).

Note: Thevalue of e can calculated by using scientific calculator or obtained from tables.

Fit a Poisson distribution to the following data. Also compute the mean and variance of fitted (theoretical)
distribution.

Number of mistake per page (X) | O 1 2 3 4 5
Number of pages (f) 40 (30 (20 |15 |10 |5

Solution

Let the random variable X denctes the number of mistake per page such that X~ P(}) i.e. follows Poisson
distribution, then the expected or theoretical frequency of getting r mistake per pageisgiven by

f(r)=NPX =r)

=Np(r)

_ e Mr .
=ENX—— ....... 0] Whee r=0,1,23,...... , 00

r!

Here, N=) f=40+30+20+15+10+5 =120

If the above distribution is approximated by a Poisson distribution, then

_ Yfx _ 40X0+30X1+20X2+15X3+10X4+5x%5 180
}\ = X= —= = — = 15
N 120 120
= A=1.5
From (i)
—h;\r
f(r) = N x er'
15 (1.5)F 0.22313%(1.5)F 26.77562 x(1.5)F
= 120x SO0 = gp0x LEELXAS] _ 207756209

r
~ f(r) = 26.77562 x(1.5)

r!

Calculation of expected frequencies as follows:

Number of mistake | f() - 2677562 x(1.8)"
per page (r) r
0
0 f(0) = 2877592xX0A5 _ 967756 ~ 27

0!
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1 f(1) =207722X 09 _ 40,1634 ~ 40
2 f(2) =207722X 09 _ 30,1225 ~ 30
3 f(3) =272 X09 _ 150612 ~ 15
4 f(4) _ 26.7756:!>< (1.5)% — 56479 ~ 6
5 f(5) _ 26.775652!><(1.5)4 — 1.6943 ~ 2

Hence, the fitted Poisson distribution is

Number of mistake per hour (r)

0 1 2 3 4

5

Total

Expected frequency

27 |40 |30 |15 |6

2

120

Since, for Poisson digribution, mean and variance are equal, the mean and variance of theoretica (fitted)

distribution are given by:

Mean = Variance=A = 1.5

In a certain factory turning out optical lenses, thereis a smdl chance ﬁ for any one lens to be defective. The

lenses are supplied in packets of 10. Use Poisson distribution to calculate the approximate number of packets
containing (i) no defective (ii) one defective (iii) two defective (iv) three defective (v) between 1 and 3 defective

lenses in a consignment of 20,000 packets.( Given that e=%92 = 0.9802)

Solution

Here, we are given

N = 20,000,
Probability of a defective optical lens (p) =

Since, pissmall and nislarge, therefore Poisson distribution isa good approximation to binomial distribution.

A=np

n=100

= 10x — = 0.02

500

1
500

~The average number of defective optical lens (1) = 0.02

Let the random variable X denotes the number of defective optical lenses in a packet of 10 such that X~P(2).
Then, the probability of getting r defective optical lenses in a pocket by Poisson distribution (i.e. Poisson

probability law) is given by

P(X=1)=p@) ==

~PX=r

Apr
!

r

) =p() =

) r=0,12,3,..

e~%02(0.02)" _ 0.9802 x (0.02)F

r! r!

The number of packets containing r defective optical lenses in a consignment of 20,000 packetsis

NP(X = r) = 20,000

(i)

0.9802 x (0.02)F
r!

p (no defective) =

P(X = 0)
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e7002x(0.02)°
o!

- 0.9822)(1 = 0.9802

The expected number of packets containing no defective optical lenses = 20000x 0.9802 =19604
(i) P (onedefective) = P(X=1)

_ e7002x(0.,02)1
- 1!

_ 09802 x(0.02)*
1!

= 0.019604
The expected number of packets containing one defective optical lenses = 20000x 0.019604 =392.08~ 392
(iii) P (two defective) = P(X = 2)
= P(X=2)}

e70025(0.02)2
2!
_0.9802 x (0.02)?
- 2!

= 0.00019604

The expected number of packets containing two defective optical lenses = 20000x 0.00019604 =3.9208~
4

(@iv) P (three defective) = P(X = 3)}
e~002x(0.02)3
3!
_0.9802 x (0.02)3
- 3!

= 0.00000130693

The expected number of packets containing three defective optical lenses = 20000x 0.00019604
=0.026138~ 0

(v) P( between 1 and 3 defective) = P(1 < X < 3)
= P(X=2)

e7002x(0.02)2
2!

_0.9802 x (0.02)?
- 2!

= 0.00019604

The expected number of packets containing between 1 and 3 defective optical lenses = 20000x
0.00019604 =3.9208~ 4

Nor mal Distribution (Gaussian distribution)
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Normal probability distribution is one of the most important and widely used theoretical continuous probability
distributions in statistics. Because of its characteristics, most of the data relating to economics, business or even
in social and physical sciences conform to this disribution. Therefore, this distribution has made a notable
revolution in the entire field of probability theory and Statistics. The normal distribution was first discovered by
English Mathematician De-Moivre (1667-1754) in 1733 obtained the mathematical equation for this
distribution while dealing with problems arising in the game of chance. It is also called Gaussian distribution
(Gaussian law of errors) after Karl Friedrich Gauss (1777-1855.

I mportance of Nor mal Distribution

Normal distribution plays vital role in Statistics theory. So, it is of great importance in Statistics because of the
following reasons:

1

2.

Most of the discrete probability distributions such as binomial, Poisson , hyper-geometric distributions
etc. tend to normal distribution asn increases sufficiently large i.e.n — .

Almogt all sampling distributions like, t, F, ¥ etc. for their large degree of freedom conform (tend to)
to normal ditribution.

Normal distribution is the most frequently used probability distribution and it has wide applications in
Statistics, physical, biological, social, medica sciences, engineering, economics, industry etc.

Even if many variables many variables which are not normally distributed can be normalized

through suitable transformation.

The theory of exact sample test liket, F, 32 tests etc. is based on the fundamental assumption that the
parent population (from which the samples are drawn) follows the normal distribution.

Normal distribution islargely (widely) applied in statistical quality control (SQC) in industry for
finding control limits.

Normal distribution is extensively used to find confidence limits (interval) of the population parameters
from sample gatistics.

One of the greatest applications of norma distribution is that the central limit theorem follows the
normal distribution when number of trias tendsto infinity.

In theoretica statistics aswell as applied field many problems can be solved only under the assumption
of anormal population like age, weight , height ,output, income , wage etc.

Hence, to sum up, normal distribution is considered as ocean in which entire facts can be extracted.

Standard Normal Distribution
If X isarandom variable following norma distribution with mean u and standard deviationo, then normal
variable Z defined as follows:

Z

XEX) _ X s called standard normal variate (SN.V.)

How to compute areasunder Normal probability curve

Mathematically, the area bounded by the curve f(x) , X-axisand the ordinates at X = aand X = bisgiven by the
definiteintegral:

Pla<X <b)= [ f(x)dx

Since, the area under normal probability curve has been tabulated in terms of the standard normal variate Z.
Therefore, for practical problemsin order to find the area P(a < X < b)under normal probability curve we do
not deal with the variable X but first convert thenormal variable X into standard normal variate Z by using

Zzﬂ

(e}
Next try to convert therequired areain theform P(o < Z < Z;) and it is obtained from the area under standard
normal curve using the following results:

PX>u)=P(Z>0)=0.5

P(X<p) =P(Z<0)=05

and making use of the symmetry property of the distribution.
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P(x<u) = p (z<0) P(x>p)= p(z>0)

=p (-eo<z<0) =p (0<z<-oo)

-00 X=HU [00]

z=0

Note: In normal distribution, Mean = Median = Mode.

Given a standardized normal distribution, determine the following probabilities:

() P(Z<196) (ii)P(Z>-0.34)(iii))P(2>164) (ivVIP(Z<-164) (V)P(0<Z<234)
(Vi)P(-1.25<Z<0) (vii) P(0.17<Z <1.64) (vii) P(—-2 < Z < —1.76) (ix) P(-2 < Z < 3.45)

(X) Zislessthan —0.84 or greater than +2.08 and (xi) what isthe value of Z if only 31.87 % of all possible Z

values are smaller?

Solution:
Here, Z isa standard normal variate (S.N.V.)

(i) P(Z<196)=P(-0<Z< 0)+P(0<Z<1.96)

=0.50+0.475
=0.975

(i)  P(Z>-034)=P(-0.34<Z<0)+ P(0 < Z <) oo

=0.1331+0.50
=0.6331

(iii) P(Z>1.64)=P(1.64 <Z <)

B>
=P(0<Z<w)-P(0<Z<164) ) 1oy
= 0.50— 0.4495 /
=0.0505 7=0 Z= 164

(iv) P(Z<-164)=P(-0<Z<0)-P(-164<Z<0)
=05-P(0<Z<164 [By symmetry]
=0.50 - 0.4495
= 0.0505

(V)  PO<2Z< 2.34)=04904

(vi) P(-125<Z<0)=P(0<Z<125 [Bysymmetry]
=0.3944
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(vii) P(017<Z<164)=P0<Z<164)-P(0<Z<0.17)
= 0.4495 - 0.0675
=.382

TmltF L=

p(-2<z<-1.76)
(viii) P(-2<Z<-176)
P(-2<Z<0)-P(-176<Z<0)

P(0<Z<2)-P(0<Z<176) [By symmetry]

=0.4772- 0.4608 Z=-2 7=-176 IZ=
=0.0164
P (-2<z<0) P (0<z<3.45)
(ix) P(—2 < Z < 3.45)

= P(-2<Z<0)+ P(0<Z<.345) /\
=P(0<Z<2)+P(0<Z<345) [By symmetry]

=0.4772 + 0.4997

= 0976 =2  z=0  2=3.45

(x) The probability of Z isless than —0.84 or greater than
=P(Z<-0.840r Z>208)

=P (Z<-0.84) + P (Z > 2.08) & A
=[P(-%<Z<0)-P(-0.84<Z<0)]+[P(0<Z<wx)-P(0<Z<208)] 4t 200
=[0.50— P (0< Z < 0.84)] +[0.50 — 0.4812] [By symmetry] ~ /

=0.50 - 0.2995 + 0.50 — 0.4812 Z=-084 Z=208
=0.2193
(xi) Left the value of z be —z; such that only 31.87% of all values of z are smaller
than—z; i.e,
P(Z<-z)=0.3187 \:s:t

or, P <Z <0)-P(-—z,<Z<0)=0.3187 4,'?-"

or, 0.50 - P (0< Z <z,) = 0.3187 ..;a

or, P(0<Z<z)=0.50-0.3187

o,P(0<Z<-z)=01813 Zorz
The value of probability closer t00.1813in Z -tableis 0.1808 at Z = 0.47. z=0
z, =047

Hence, therequired value of Z is-0.47.

Given a normal distribution with mean p= 200 and o = 20, find the probability that
(i) P(X > 180) (ii) P(X <220) (iii) P(160< X < 240) (iv) P(X >220) (v) P(X <180 or X > 220) (vi) 10 %
of the Values areless than what X values?

Solution:
Here, let X bethe normal variable and Z be the corresponding standard normal variate (SN.V.).
Then,

Zzﬂ

(e}
Here, mean (u) = 200 and standard deviation (o) = 20.
0] For P(X > 180) =?

When X =180 o
_ X—pu _ 180-200 Al
z=Xw 100 N
o 20 :rJ -
Now, A
1 = 200 X = 220
230 Zul Zmi



P(X>180)=P(Z>-1)
=P1<Z<0)+P0<Z<w)
=P(0<Z<1)+050 by symmetry
=0.3413 + 0.50=0.8413

(i) P(X < 220) =?
For P(X < 220):
When X =220

X- 220-200
Z= ATk _ 2070 1

o 20
~PX<220)=P(Z<1)

=P(~0<Z<0)+P(0<Z<1)

=050+ 0.3413=0.8413
(iii) P(160< X <240) =7

When X = 160 When X =240
_ X-p _ 160-200 _ _ X—J _ 240-200 _
Z_T_ 20 =—2 Z_T_ 20

2

~P(160<X<240)=P(-2<Z<2) :
=P(2<Z<0)+P(0<Z<2) v PEESY
=P(0<Z<2)+P(0<Z<2) bysymmetry Al el ’z{:g‘m
=2x04772
=0.9544

(v)  P(X>220)=?
When X = 220

X—p _ 220-200
/I =——= =

1
o 20 .t (_*.i

“P(X>2200=P(Z>1)
=P(0<Z<ow)-P(0<Z<1)
=0.50-0.3413 i= 2
=0.1587

(v) P(X <180 0or X > 220) =?

When X = 180 When X =220
Z — 180—-200 — _1 Z — 220-200 —

20 20

~ P(X <180 or X > 220)
= P(X < 180) + P(X > 220)

=P(@Z<-1)+P(Z>1) ROl

[P(o<Z<0)-P(-1<Z<0)]+[P(0<Z<ow)-P(0<Z<1)]
[0.50-P(0<Z<1)]-[050-P(0<Z<1)] bysymmetry
1-2xP(0<ZzZ<1])

1-2x0.3413

0.3174

3 1

(vi) Let x, bethevalueof X for which 10% of the valuesarelessthan x, ,i.e.
P(X <x,)=0.10
When X =x,,

7 _X-p_ %1-200 _ 7
o 20
~P(X <x,)=0.10
=P(Z<-z,)=0.10

=P (-0 <Z<0)-P(z <Z<0)=0.10
=050-P(0<Z<z)=010 by symmetry
=P(0<Z<z)=040

The value of probability closer to 0.40in Z -tableis0.3997 at Z = 1.28

~z; =128 (fromtable) - it lies below mean
From equation (i)




x1-200 _
20 1
X1-200

o,—— = -1.28
20

or, x; =200-1.28x 20
or, x; =174.4
Hence, therequired value of X is174.4

Kathmandu municipality puts 10,000 light bulbs on the dreets of a city. If lives of bulbs follow a normal
distribution with a mean of 60 days and a standard deviation of 20 days, how many bulbs will have to be
replaced after (i) 40 days? and (ii) 80 days?
Solution:
Let therandom variable X denotes the life of the e ectric bulbs such that it follows normal distribution with
mean life of bulbs (u)= 60 days
Standard deviation of life of bulbs (c) = 20 days
Here, total number of light bulbs (N) = 10000
Then, the corresponding standard normal variate (S.IN.V.) is

z=Xt

(o)
0) The probability that the bulbs will have to be replaced after 40
daysisgiven by P(X > 40)
When X =40

X—|L _ 40-60
/=—=— =

o 20
~PX>40)=P(Z>-1)
=P(-1<Z<0)+P(0<Z<w)
=P(0<zZ<1)+05 by symmetry
=0.3413+ 0.5
=0.8413
Hence, the expected number of bulbs that will have to be replaced after 40 days= N x P (X > 40) = 10000 x
0.8413 = 8413
ii. The probahility that the bulbs will have to be replaced after 80
daysis given by P(X > 80).
For, X =80
Z=E=80_60=1 pfé‘;«.
o 20
~PX>80)=P(Z>1)
P(0<Z<w)-P(0<Z<1])
0.5-0.3413 Y o
=0.1587

-1

Hence, the expected number of bulbs that will have to be replaced after 80 days = N x P(X > 80) = 10000 x
0.1587 = 1587

The mean and a standard deviation of the wages of 6,000 workers engaged in a factory are Rs.1,200 and Rs.400
respectively. Assuming that the distribution to be normal. Estimate:
(i) the percentage of workers getting wages above Rs.1600 (ii) number of workers getting wages between
Rs.400 and Rs.800 (iii) number of workers getting wages between Rs.1000 and Rs.1400.
Solution:
Let therandom variable X denotes the wage of the workers engaged in afactory that follows norma distribution
with mean wages(p) = Rs.1200
Standard deviation of workers () = Rs.400
Here, total number of workers (N) = 6000
Then, the corresponding standard normal variate (S.IN.V.) is
z=%t

0) ° The probability that workers getting wages above Rs.1600 is given by
P(X > 1600).
For X = 1600
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_ X-p _ 1600-1200 P(z>1)
Z= o 7 a0 1

~ P(X>1600)=P(Z>1)
=P(0<Z<x)-P(0<Z<1)
=0.5-0.3413
=0.1587 =0 z=1
=15.87%

Hence, the percentage of workers getting wages above Rs.1600 is 15.87%.

(i) The probability of workers getting wages between Rs.400 to Rs.800 is given by P(400 < X < 800)

For, X =400 For, X =800
Z — ﬁ — 400—-1200 — _2 Z — 800—-1200 — _1
o 400 400

~P(400<X<800)=P(-2<Z<-1)
=P(-2<Z<0)-P(-1<Z<0)
=P(0<z<2)-P((0<z<1]) by symmetry
=0.4772-0.3413

=0.1359

Hence, the expected number of worker getting wages between Rs.400 and Rs.800is  &*
=N x P (400 < X < 800) = 6000 x 0.1359 = 815.4 = 815

(iii) The probability of workers getting wages between Rs.1000 to Rs.1400 is P(1000< X <
1400)
For, X = 1000 for X = 1400
_ X-p _ 1000-1200 _ _1400-1200 _
Z= T 0.5 Z= 0 0.5 .
z
- P(1000< X < 1400) = P (-0.5< Z < 0.5) _

=P(-05<Z<0)+P(0<Z<05)
=P(0<Z<05+P(0<Z<05) by symmetry

=2xP(0<Z<05) ERREE : 2y
=2x0.1915 % = 1000 ® = 1400
= 0.3830 Z - 'D.5 Z = U'.5

Hence, the expected number of worker getting wages between Rs.1000 and Rs.1400 is
=N x P (1000 < X < 1400) = 6000 x 0.3830 = 2298

Anindustrial sewing machine uses ball bearings that are targeted to have a diameter of 0.75 inch. The lower and
upper specification limits under which the 4 ball bearings can operate are 0.74 and 0.76 inch, respectively.
Experience has indicated that the actual diameter of the ball bearings is approximately normally distributed with
amean of 0.753 inch and a standard deviation of 0.004 inch. What is the probability that a ball bearing will be
(i) between the target and the actual mean, (ii) between the lower specification limit and the actua mean, (iii)
above the upper specification limit, (iv) below the lower specification limit, (v) above which value in diameter
will 93% of the ball bearing be?

Solution:

Let X bethenormal variable which denotes the diameters of the ball bearings that follows normal distribution
with

Mean diameter of ball the bearings (i) = 0.753 inch.

Standard deviation of the ball bearings (c) = 0.004inch.

Here, targeted value = 0.75

Lower specification limit = 0.74

Upper specification limit = 0.76

Then, the corresponding standard normal variate (S.IN.V.) is

X—-
z="—-%
o
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(1) The probability that aball bearing will be between the targeted value and the actual mean is P(0.75

<X <0.753).
For X =0.75 For, X =0.753
7= X-p _ 0.75-0753 _ 0.75 7= 0.753-0.753 _ 0
c 0.004 0.004
~P(0.75<X<0.753) =P (-0.75<Z<0)
=P(0<Z<0.75) bysymmetry !
=0.2734 2 T AT
Zm 075 Z=0

(i) The probability that aball bearing will be between the lower specification limit and the actual
mean is P(0.74 < X < 0.753)

For, X =0.74 For, X =0.753
_ 074-0753 _ 325 _ 0.753-0753 _ 0 q{:n_-.‘\.
0.004 0.004 L
-+

~P(0.74<X<0.753) =P (-3.25<Z<0)
=P(0<Z<3.25) bhysymmetry
=0.4994

(iii) The probability that aball bearing will be above the upper specification limit is P(X > 0.76).

For, X =0.76

_ 0.76-0.753 _
0.004

1.75

~ P(X <0.76) = P (Z > 1.75)
=P(0<Z<w)-P(0<Z<175)

= 0.5—0.4599 B=07T5 4
- Xm0, T
= 0.0401 ]

(iv) The probability that aball bearing will be below the lower specification limit is P(X > 0.74).

For X =0.74

_ 0.74-0.753 __
0.004

3.25

~P(X<0.74)=P(Z<-3.25)
=P(~0<Z<0)-P(-325<Z<0) ot
=05-P(0<Z<325 bhysymmetry
=0.5-0.4994 ¥ =074 p=0753

=0.0006 Z=-3257 =)

(v) Let x; bethe value above which there are 93% of the ball bearingsi.e. P(X >x;) = 0.93

For X =x,
7= & — X1—0.753 —

c 0.004

)
-

~PX>x,)=P(Z>-2z,)=0.93
=P(-2<Z<0)+P(0<Z<w)
=P(0<Z<z)+05=0.93 by symmetry it M T
=P(0<Z<z)=043 X=x; p=0.753
The value of probability closer to 0.43 in the normd table is0.4306 Z =
atZ=148
~zy,=-148
From equation (i)
X1-0.753
020788 _
¥ %0753
or,———=-1.48

0.004

or, X;=0.753 - 1.48 x 0.004
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or, X; =0.7471
Hence, therequired value of X is0.7471.

The CMAT score of MBS studentsin T.U. isnormally distributed with mean score is 65 and standard deviation
10.

(1) Find the lowest score of top 20% students.

(i) Find the highest score of lowest 30% students.

(iii) What are the limits within which the middle (or central) 50% of the scoreslie?
Solution: Let X be the random variable which denotes the score of the students follows normal distribution with
Mean score (1) = 65
Standard deviation (o) = 10
Then, the corresponding standard normal variate (S.IN.V.) is

X-p

o
0) Let the X, bethelowest score of top 20% students. Then
P(X >x,) = 0.20
or,P(z>z,) =0.20
or,P0<z<ow)—P0<z<z)=0.20
or,05-P(0<z<z)=0.20

o,P(0<z<1z)=030 220 2=z
From normal table, the value of z closer t0 0.3150.2995 at z = 0.84
~z; =0.84
= Xim
1= o
or, 0.84 ==

10
or,x, — 65 =0.84%x 10
or,x;, = 654+0.84x10=734
Hence, the lowest score of top 20% studentsis 73.4
(i) Let the X, be the highest score of lowest 30% students. Then
P(X <x,) =0.30
or, P(z < —z,) = 0.30 0.30 0.20
or,P(—0 <z<0)—P(-2z,<z<0)=0.30
or,0.5—-P(—z, < z<0)=0.30
or,P(—z, <z<0)=020 by symmetry
or, P(0<z<z,) =020 7 7
From normal table, the value of z closer t0 0.20is 0.1285 at z = 0.52 -2, 70

2y =—052

or,x, —65 = —0.52x 10
or, X, = 65—0.52x 10 =59.8
Hence, the highest score of lowest 30% studentsis 59.8
(iii) Let x; and x, be the lower and upper limits within which the middle (or central) 50% of the scores

lie
P(—x, <X<x,)=05
o,P(-z,<z<z,)=05 0.25 o2t

o,P(—z;,<z<0)=P(0<z<z,)=0.25

Taking /\

P(—z, < Z < 0)=0.25 by symmetry
P(0<Z< z)=0.25

From normal table, the value of z closer t0 0.25is0.2486 at z = 0.67
s z,=—0.67

=2, Z=0 =2

Xq—
z, = 1—H

o
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X1—65

or,— 0.67=
10

or,x; — 65 =—0.67x 10
or,x; = 65—0.67 x 10 = 58.3
Taking

P(0<X<z,)=0.25

From normal table, the value of z closer t0 0.25is0.2486 at z = 0.67
~z;= 0.67

xam

Zy =

o
_ X165
or, 0.67= T

or,x; — 65 =0.67x 10
o,x;, = 654+ 0.67x10=71.7
Hence, Lower limit = 58.3
Upper limit = 71.7
Range= 71.7-58.3

The marks obtained by 1000 students in an examination are known to be normally distributed. If 15% of the
students got less than 30 marks and 10% of the students got over 90, find the mean and standard deviation of the
distribution.

Solution:
Let X be the normal variable which denotes the marks obtained by the students with mean p and standard
deviationo.
According to question,
P(X<30)=005......... 0]
P(X>90)=010......... (i)
Let z, and z, be the standard normal variates corresponding to
Marks 30 and 90 respectively. Then,
From equation (i)
For, X =30=x,
~P(X<30)=0.15
or,P(Z<-z)=0.15
o, P(~0<Z<0)-(P(z, <Z<0)=0.15
or,05-P(0<Z<z)=015 [By symmetry]
o,P(0<Z<z)=035
The value of probability nearest to 0.35 in the normal tableis0.3508 at Z = 1.04.
~z;=-1.04
Now,
For X =30=x,

—_X1-l
Zy ——G

or,— 1.04:%_‘l
o,-1040= 30—
o,u=30+1040 ....... (iii)
Again, from equation (ii) P
For, X =90 =x, +,
P(X > 90) = 0.10 %,
or, P(Z>z,) =0.10 L
or,P(0<Z<w0)-P(0<Z<z,)=0.10
or,05-P(0<Z<z)=0.10
or, P(0<Z<z,) =040
The value of probability nearest to 0.40 in the normal tableis0.3997 at Z = 1.28.
.z, =128

60

Kapg A=
LZ=0 Z:ZE
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X2—p

Zy ==

or, 1.28= 2+
or,1.280=90—pn
or,pu=90-1280c...... (iv)

From (iii) & (iv)
30+1.040 =90-1280
or,2.320 =60
or, 0= - = 25.86
From equation (iii), we get
u=30+1040
= 30+1.04% 25.86 = 56.89
Hence, the mean and standard deviation of the distribution are 56.89 and 25.86 respectively.
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Unit 5 Sampling Survey

Introduction

Sampling is a day to day phenomenon for al of us and it is an essential part of any statistical and
research investigation as well. Therefore, Sampling has been employing not only in any statistical
investigation and research works but also in the case of daily life of human beings. Almost all
research studies involve sampling. For examples, a businessman gives order for the commodities by
examining a small unit of the same commodity. Customers often examine only a handful of rice,
pulses or any commodity from a packet (sack) in a shop to check its quality before purchasing. A
housewife makes judgement about the taste of curry by a spoonful of curry. Similarly, a pathologist
takes a sample of blood to test any change in blood of the whole human body. Therefore, sampling is
the process by which inference is made to the whole by examining only a part.

Population:

When we think of the term “population,” we usually think of people in our town, region, state or
country. But in statistics, the term “population” takes a slightly different meaning. In statistics,
“population or universe” is the aggregative of objects under in any statistical investigation. That is,
statistical population refers the totality or aggregative of all units or items or animate / inanimate
subjects under investigation or study. It is also called universe e.g. al the patients in a hospital, al the
fruit trees in garden, all the books in a library, all the fishesin a pond, all the peoplein atown, all the
cattle in the cattle farm etc.

There are various types of population which are discussed as follows:

Finite population

A population containing a finite number of objects or items is known as finite population. For
example, total no. of students of T.U. in BCA, thetotal number of booksin alibrary, ec.

Infinite population

A population having an infinite number of objects is called infinite population. For examples, the
number of starsin the sky, the total number of fishes in Pacific Ocean etc.

Population may be further be classified as real population and hypothetical population

Study population: Study population is a subset of the target population from which samples are drawn. The
study population is the group of individuals in a study. It is aso known as the accessible population. It is the
population in research to which the researcher can apply their conclusions.

Sampling frame: A complete list of the sampling units, which represents the population to be
covered, is called the sampling frame popularly known as frame. In other words, a list of all the
elements that is in the population. The list of al the units in the reference population (target
population) from which samples are to be picked for statistical investigation is known as sampling
frame.

Sampling unit: A sampling unit refers to any single person, animal, plant, product or ‘thing’ being
selected in the sampling process for research. In other words, a case or a single unit that is sdected
from a target population and measured in some way on the basis of analysis (e.g., a person, athing) is
called sample unit. For example, when studying a group of college students, a single student could be
a sampling unit. Therefore, the sampling unit is the basic unit containing the dements of the
population to be sampled. The sampling unit selected is often dependent upon the sampling frame.

The selection of sampling units is also partially dependent upon the overall design of the project.
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Sample:

A part or portion of the population which is considered for study and analysis is called a sample. In
other words, afinite subset of the population with the objective of investigating its propertiesis called
a sample and the number of units in the sample is known as the sample size. The process of selecting
some units from the population in order to draw conclusion about the population is known as
sampling. Thus, sampling is a process of selecting a representative portion of a population.

Sampleis classified into two types.

) Random sample
(i) Non random sample.

Random sample

A random sampleis a set of items or units that have been drawn from a population in such a way that
each time an item is selected, every item or unit of the population has equal chance to appear in the
sample. In other words, a set of items or units in which the units are selected in such a way that each
and every unit in the population has equal and independent chance of being sel ected from the population
is called random sample.

Non random sample

A non-random sampleis a set of items or units that have been drawn from a population in such a way
that each time an item is selected, every item or unit of the population has no equal chance to appear
in the sample.

In other words, a set of items or units in which the units are sdected in such a way that each and every
unit in the population has no equal and independent chance of being sdlected from the population is
called non-random sample. Therefore, in non-random sample, the choice of selection of sampling units
depends entirely on the discretion or judgment or convenience, beliefs, biases of sampler or
investigator.

Sampling: The process (technique) of sdecting some units (i.e. study units) from a defined
population in order to draw conclusion about the population under study or investigation is known as
sampling. Thus, sampling is a process of selecting a representative portion of a population. Usually, a

representative subgroup of the population (sample) isincluded in the investigation.

Sampling Design:

A sample design is a definite plan for obtaining a sample from the sampling frame. It refers to the
technique or procedure that the researcher would adopt in selecting some sampling units from which
inferences about the population are drawn.

Sampling units. The sampling unit is the basic unit containing the elements of the population to be
sampled. It may be the element itself or a unit in which the e ement is contained. The sampling unit
selected is often dependent upon the sampling frame. The sdection of sampling units is also partially
dependent upon the overall design of the project.

Census Survey (or complete enumer ation Survey)

Survey is the technique of investigation by direct observation of a phenomenon or individuals of
collection of information through questionnaires or interview. The survey is used for describing
current practice and events and analyzing the facts.

A census is a study of every unit, everyone or everything, in a population. That is, a census survey is
the complete enumeration or count of all units of the population for certain character of the
population. The term census is used mostly in connection with National population and Housing
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Censuses and other common censuses include agriculture census, business census etc.  Census
requires more money, manpower and time.

Sample Survey

A sample is a subset of units in a population, selected to represent all units in a population. It is a
partial enumeration because it is a count from part of the population. Therefore, the technique (or
survey) in which only part of the population is selected and examined to estimate the certain character
of the population is known as sample survey. Information from the sampled units is used to estimate
the characteristics for the entire population. A sample survey will usually be less expensive than a
census survey and the desired information will be obtained in lesstime.

When and Where Sampling/Census is Appropriate:

A Sampling Technique is more desired (more appropriate) than census
e When the universe is very large i.e. infinite and it would be impossible to conduct census
survey.
When quick results are required, it would be appropriate to conduct sample survey rather
than census surveys.
When to save time and money.
When the universe possess homogeneous characteristics
When utmost accuracy is not required
Where census isimpossiblei.e. in destructive/explosive nature of testing.
In the hypothetical population, sampling is the only one process to estimate population
parameter.

A census (or complete enumeration) is more appropriate than sampling when

e Theuniverseissmall

e Thepopulation is heterogeneous

e Hundred percent accuracy is required.
e Thepopulation frameisincomplete.

Advantages of Sampling over Census
the parameters of the population.
Demerits of Sampling Technique:

Less accuracy. The following are the principal advantages or merits of sampling over complete
enumeration (or census survey)
¢ Reduced cost.

Sampling is much more economical than a complete enumeration. In sample survey, there is
reduction in the cost of collection of the information, administration, transport, training and
man hours. Although, the labour and the expenses of obtaining information per unit are
generally large in sample enquiry than in the census survey, the overall expenses of a
survey arerdatively much less, since only afraction of the population is to be enumerated.

o Greater speed.

Since only a part of the population is to be inspected and examined, the sampling results in
considerable saving in time and labour. Therefore, the sampling results can be obtained
more rapidly and the data can be analyzed much faster as relatively fewer data have to be
collected and processed. There is saving in time not only in conducting the sampling
inquiry but also in the processing, editing and analyzing the data.

o Greater accuracy.

Because of highly qualified, skilled and trained personnel, intensive training to the investigator
and using more sophisticated equipment and statistical technique for the processing and
analysis of the data, sampling thus provides rdatively more accurate and reliable results
than compl ete enumeration.
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o Greater scope.

Sample survey has generally greater scope as compared with complete enumeration. The

complete enumeration is impracticable if the survey requires a highly trained personnel and

more sophisticated equipment for the collection and analysis of the data. Sampling
procedureis more readily adaptable than census for statistical investigations.

e Destructivetesting

If thetesting of unitsis destructivei.e. if in the course of inspection the units are destroyed, the
complete enumeration is impracticable and in such cases sampling technique is the only
method to be used. For example, to test the quality of explosives, crackers, shells etc., to
test the breaking strength of chalks manufactured in a factory.

e Infinite population

If the population is infinite or too large, then sampling procedure is only used for estimating the
parameters of a population. For instance, the number of fish in the sea, the number of wild
elephants in a dense forest can be estimated only by sampling method.

o Hypothetical population
In case of hypothetical population as for example in the problem of throwing a die or

tossing a coin , where the process may continue large number of times or indefinitely,
the sampling procedure is the only scientific technique of estimating

Inaccurate and Misleading conclusions.
Need for specialized knowledge and trained and qualified personnel.
When sampling is not possible.
Need sophisticated equipment for its planning, execution and analysis.

It cannot be used if the information of each and every unit of the population is required.
Demerits of Census:

Expensiveness

Excessivetime and effort.

Not applicable for destructive testing.

Distinction between census and Sampling:

Census

Sampling

Census is the complete enumeration
of population in which each and
every element or unit of population
is taken to study.

It is free from sampling error.

It is costly and time consuming i.e.
it requires more money, manpower
and time.

It has less scope.

It provides higher accuracy than
sampling.

It is appropriate when the universe
issmall.

It is appropriate when
population is heterogeneous.

the

Sampling is the process of
measuring the characteristics of the
population or universe by studying
only a part or portion of the
population chosen.

It is not free from sampling error.

It is less expensive and less time
consuming i.e it requires less
money, manpower and time.

It has a greater scope than census.

It has less accuracy.

It is appropriate when the universe
islarge.

It is appropriate when the universe

possess homogeneous
characteristics.
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Objective of Sampling

The objective of sampling procedure is to study about the population by selecting representative
units from the concerned population through minimum resources viz. time, cost and energy or
effort without loosing the accuracy. Sampling is used not only in case of research works but
also in the case of daily life. Hence, sampling method is more desirable under limited cost and
quick decision. The major objectives are:

Obtain the maximum possible information about universe or population with minimum time,
cost and effort.

To obtain the limits of accuracy and degree of confidence of estimates of population parameter.
To test the significance of population parameters on the basis of sample statistics.

Principal (Major) Stepsin a Sample Survey (Organizational aspect of Sample survey)
The main (major) steps involved in the planning and execution of the sample survey are asfollows:

1

Objectives of the survey:

The first and foremost step in a sample survey is to define the objective of the survey in clear
and concrete terms. It should be kept in mind that these objectives of the survey are
commensurate with the available resources in terms of money, manpower and the time limit
within which the results of the survey are desired.

Defining the population to be sampled.

The population from which sample is to be chosen should be clearly and unambiguously
defined. The geographical, demographic and other boundaries of the population must be
specified so that no ambiguity arises regarding the coverage of the survey.

Getting a sampling frame.

Before sdecting the sample, the list of sampling units should be constructed. The list of
sampling units from which the sample is to be drawn is called sampling frame. The sampling
frame is the base for drawing a sample; therefore it should be made up to date, free from
omission and duplications.

Choice of sampling unit

Before sdecting the sample, the population must be divided into parts that are called sampling
units or units. These units must be the representative of the entire population. The sampling unit
selected is often dependent upon the sampling frame. The selection of sampling units is also
partially dependent upon the overall design of the project. In sample survey, sampling units
should be unambiguous, specific, non-overlapping and appropriate to the enquiry.

5. Selection of proper sampling design.

From among the several available sampling designs like Simple Random sampling, stratified
Random Sampling, Systematic Sampling etc., an appropriate sampling design should be selected,
keeping in view the objective of the survey, the nature of the population, cost involved and time
required for the availability of the results and the degree of precision aimed at. If a number of
sampling designs for selecting a sample is available, then the cost and precision should be
considered before making a final sdection of the sampling design. The relative costs and time
involved for each design (plan) should also be compared before making a decision. The selection
of proper sampling design provides quite reliable estimates.

Datato be collected.

The data should be collected keeping in view with the nature, objectives and scope of the
survey. An attempt should be made to eliminate the collection of irrdevant and unnecessary
data which are never used subsequently and inessential information is omitted.
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7.  Questionnaire or schedule

Having decided about the type of the data to be collected, the next important part of the sample
survey is the construction of the questionnaire or schedule of enquiry. The questions should be
clear, unambiguous and to the point. The questionnaire or the schedul e should be designed with
utmost care and caution, keeping in view the knowledge, understanding and the genera
educational level of respondents.

8. Method of collecting of data (information)

There are two methods commonly used for obtaining numerical data for human population:
(i) Direct personal Investigation or Interview Method.

(i) Mailed Questionnaire M ethod

A choice between the two methods depends on the objectives of the enquiry, the expenses involved
and the accuracy of theresults aimed at.

9.  Organization of field work

To obtain reliable results in a sample survey, the sampling errors should be minimized. For this
it is essential that the field work is properly organized and the personnel engaged in conducting
and execution of the survey should be properly trained to handle the problems of the survey like
locating the sample units, use of the equipment and recording of the observations, the methods
of collecting the desired information, dealing with non-response etc.

10. Summary and Analysis of the data

After the planning and execution of the sample survey, the last step is the analysis of collected
data. It basically involves the following steps:

()  Scrutiny and Editing of the data.
(i) Tabulation of data.

(iii) Statistical analysis.

(iv) Reports, summary and conclusions.

Questionnaire Design

Questionnaire is a formal list of question designed to gather responses from respondents on given
topic. Thus, a questionnaire is an efficient data collecting mechanism when the researcher knows
exactly what is required and how to measure the variable of interest. A questionnaire trandates the
research objectives into specific questions.

A gquestionnaire can be designed to secure different types of primary data from the respondents:
(@) intentions (b) attitudes and opinions (c) activities or behavior and (d) demographic characteristics.
Requisites of a questionnaire

Questionnaire depends upon the nature of the study, type of the respondents, quality of the field
workers etc. Thereis no hard and fast rule for preparing a good questionnaire. However, the following
general consideration might be taken while preparing questionnaire.

° The questions should be few, short, clearly worded, simple and easy to reply.
° The questions should be within the information scope of the respondents.
° The questions should be precise and long questions should be avoided as far as possible.

. The questions should be so sequenced that the respondents are motivated to answer all
questions.

. They should have direct relation with objectives of the investigation or research problem.

243



. Units and technical terms are not used in non- technical question as far as possible.

e  Thequestions should be inter-related with each other.

e  Thequestions should proceed in logical sequence moving from easy to more difficult questions.
o Personal and intimate questions are not to be included as for as possible.

. Emotional questions should be avoided.

. The questions should be free from ambiguity.

e  The questions should not be vague.

. The questions should be so framed. Questions may be dichotomous or multiple choice. Open
ended questions should be avoided.

. The questions should be such that there is minimum of writing.
. The questions should be crossed checked so as to avoid manipulation by respondents.

. Why, what, when, how etc. can be used for measuring the degree of intensity of feeling, mood,
gestures, convictions ec.

Sample Selection
Determination of Sample Size

Determination of sample size for estimating a population mean or population proportion is a crucial
question because if sample size is too small it will not represent the population precisely and the
objective will not be achieved. Similarly, if sample size is too large it represents population more
precisdly but it will waste more time, resources for gathering sample information. So, the
determination of appropriate sample size (i.e. optimum sample size) so that the population parameters
may be estimated with a desired degree of accuracy is one of the major problems in the sampling
theory.

1) Determination of sample size (n) to estimate population mean
Casel: For SRSWR (i.e. for infinite population i.e. population size N is not given)

n= (%)2 This gives the required sample size for estimating population mean in
case of infinite population (i.e. SRSWR)
Where, n =required sample size
SRSWR = Simple random sampling with replacement,

d = Permissible error or difference between sample mean and population mean.

= |X—pl

o = Population standard deviation

Zy, =Ly = Critical value or tabulated value or sSgnificant value at a level of significance

If population standard deviation (o) in unknown

2
n= (Za/Z S) o
d

s = Sample standard deviation

s For large sample
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The research division of Nepal dairy wants to estimate the mean amount of milk fills in one litre
packet within +0.01 litres with 99% confidence. The division assumes the standard deviation as 0.05
litre, what sample sizeisrequired for survey?

Solution:

Samplesize (n) =?

Error (E) =|+ 0.01| = 0.01
Confidencelevel, 1 — a = 99% = 0.99

Standard deviation (o) = 0.05

1-a
- = 0.495

Zy/2 = 2.575 (Fromnormal table)

2
_ Za/ZU)
n—( d

_ (2.575>< 0.05)2
0.01

=165.765~ 166

Example 2|

A researcher wants to estimate the universe mean by using sampling technique. What should be the
sample size when permissible error between parameter value and sample statistic in 98 % of chance
will not be more than 1.5 and population standard deviation is 15.

Solution:
Sample size (n) =?
Error (d) = 1.5

Population standard deviation (o) = 15

Confidencelevel, 1 — a = 98% = 0.98
=% = 0.49 (Two tailed tes)
Zy/2 = 2.33 (From normal table)

. (Za/Z 6)2
A

_ (2.33>< 15)2
15

=542.89 ~ 543

A researcher wishes to estimate the mean of a population by using sufficiently large sample. The
probability is 0.95 that the sample mean will not differ from the true mean by more than 25% of the
standard deviation. How large a sample should be taken?

Solution:
Sample size (n) =?
Error (E) = 25% of standard deviation = 215Tg = %

Confidencelevd, 1 — o = 95% = 0.95
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=% =0.475 (Two tailed test)
Zy/2 = 1.96 (From normal table)

n = (47)
d

_ (196 ¢ 2
- [
4

=(1.96 x 4)?

= 61.4656 ~ 62

Example 4

The average outstating balance of loan issued by a bank varies from month to month. From the past
experience it is known that the amounts are normally distributed with standard deviation of Rs. 5000.
The bank wishes to estimate the average by drawing a random sampl e such that the probability is 0.95
that the mean of the sample will not deviate by more than Rs. 600 from the population mean. What
should be sample size?

Solution:

Samplesize (n) =?

Error (d) = Rs. 600

Population standard deviation (o) = Rs. 5000
Confidencelevel, 1 — a = 95% = 0.95

=% = 0.475 (Two tailed tes)

Zy/2 = 1.96 (From normal table)
_ (Za/Z 6)2

"={"a

_ (1.96x 5000)2
600

=266.77~ 267
Casell: For SRSWOR (i.e. for finite population i.e. Population size N is given)

Sample size (ngy) = ﬁ is the required sample size for estimating population mean in case of finite
N
population (i.e. SRSWOR)
SRSWOR = Simple random sampling without replacement.

The mean systolic blood pressure of a certain group of people was found to be 125 mm of Hg with
standard deviation of 15 mm Hg . Calculate sample size at 5 % level of significance if error does not
exceed 2 and population of size 500.

Sample size (n) =?

Error (d) =2

standard deviation (¢) = 15 mm Hg
Level of significance, a = 5%
Confidencelevd, 1 — o = 95% = 0.95

1-a
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Zy/2 = 1.96 (From normal table)
Za/Z o 2
n= ( d )

_ (1.96)( 15)2
- 2

=216.09~ 216

When Population size (N) = 500
Sample size (no) = =% =150.83 ~ 151

N 500

2) Determination of sample size (n) to estimate population proportion
Casel: For SRSWR (i.e. for infinite population i.e. population size N is not given)

o=ra(s)

This gives the required sample size for estimating population proportion in case of infinite population.
Where, n=required samplesize

d=|p—P| = The maximum allowable error or permissible error or difference
between sampl e proportion and population proportion.
Loy, =Zeap = Critical value or tabulated value or significant value at a level of
significance

If population proportion P is unknown, then we may use its unbiased estimate (p) i.e.P = p

2 =
n=pq (Z‘ZZ) “P=p For large sample

Note: If no pilot study (No previous surveys have been taken) so for the most conservative sample we
take P=0.5, Q= 0.5

Suppose a certain hotel management is interested in determining the percentage of the hotel’s guests

who stay for more than 3 days. The reservation manager wants to be 95% confident that the
percentage has been estimated to be within + 3% of the true value. What is the most conservative
sample size needed for this problem?

Solution:

d=|+3%|=0.03

Samplesize, n=7?

Since, confidencelevel, 1 —a = 95% = 0.95
1-a

——=20.475
2

Za/Z =1.96

Since, no pilot study (No previous surveys have been taken) so for the most conservative sample we
take P=0.5,Q=0.5

Then, the sample size needed for the given problem is given by
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Za 2
el

1.96\2

= 0.5><0.5(m)

=1067.11 =~ 1067

The principal of a college wants to estimate the proportion of smoker among his students. What size
of a sample should he sdlect so as to have the proportion of smokers not to exceed by 10% with
amost certainty? It is believed from previous records that the proportion of smokers was 0.30?

Solution:

Error,d=10%=0.1

Samplesize n="?

Since, for almost certainty, confidence level, Z,,, = 3

Since, from previous records, proportion of smokers, p=0.30,g=1- p=1-0.30=0.70
Then, the sample size needed for the given problem is given by

Za 2
()

= 0.30x0.70 (037)2
= 189

Casell: For SRSWOR (i.e. for finite population i.e. Population size N is given)

Sample size (ng) = 12—2 is the required sample size for estimating population proportion in case of
N
finite population.

What should be the size of sample if a simple random sample from a population of 4000 items is to be
drawn to estimate the percent defective within 2% of the true value with 95%7? What would be the
size of sampleif the population is assumed to be infinite?

Solution:

Sample size (n) =?

N = 4000

E=2%=0.02

Since, confidencelevel, 1 —a = 95% = 0.95

=% =0.475 (Twotailed test)

Zy/2 = 1.96 (From normal table)

Since, no previous surveys have been taken, soweassumeP =0.5 Q=05

Za 2
n=PQ <?2> (For infinite population i.e. SRSWR)
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= 0.5><0.5(ﬂ)2

0.03
= 2401
For finite population (i.e. SRSWOR)
When population size, N = 4000

Samplesize (ny) = 7w
N

2401
- 2401
1+4000

=1500.391~ 1500

Determine the minimum sample size required so that the sample estimate lies within 10% of the true
value with 95% confidence when coefficient of variation is 60%.

Solution:

Samplesize (n) =?

Confidencelevd, 1 — a = 95% = 0.95
1—-«

—— =0.475
2

Zy/2 = 1.96 (from normal table)
C.V.=60%

E =10%
Confidencelevel, 1 — a = 95% =0.95

0(—04-75
2 - .

Zy/2 = 1.96 (Fromnormal table)
C.V.=60%
Then, the required minimum sample size is given by

2
<Z% c.v.>
n=
E

_ (1.96>< 60)2
10

=138.297 ~ 138

Example 10

Determine the minimum sample size required so that the sample estimate lies within 5% of the true
value with 99% confidence when coefficient of variation is 40%.

Solution:
Sample size (n) =?
E = 5%% of truevalue=0.05Y
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Confidencelevd, 1 — o = 99% = 0.99
1-«a

——=0.495
2

Zy/2 = 2.575 (fromnormal table)
C.V.=40%

Samplesize (n) =?

E=5%

Confidencelevel, 1 — a = 99% = 0.99
1-«a

=04
-—=0.495

Zy/2 = 2.575 (From normal table)
C.V.=40%
Then, the required minimum sample size is given by

2
n— Z%‘ cv.
- E

_ (2.575>< 40)2
5

=424.36 ~ 424

Suppose it is required to estimate the average value of output of a group of 5000 pharmaceutical
industries in an industrial city so that the sample estimate lies within 10% of the true value with a
confidence coefficient of 95%. Determine the minimum sample size required. It is also known that the
population coefficient of variation is 40%.

Solution:

Sample size (n) =?

N = 5000

E=10%

Confidencelevel, 1 — a = 95% = 0.95
=% = 0.475 (For two tailed test)

Zy/2 =1.96 (From normal table)

CV.=40%

Then, the required minimum sample sizeis given by
1

__E _\.1
Zy2 XCV N
1

n=

10 z 1
(1.96 X 40) *5000
- 1t
"~ 0.016269+0.0002
1

= =60.72.57=~61
0.016469
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Determine the minimum sample size required so that the sample estimate lies within 10% of the true
value with 95% confidence when coefficient of variation is 60%.

Solution:

Samplesize (n) =?

E=10%

Confidencelevel, 1 — a = 95% = 0.95
1-«a

— = 0.475

Z 42 = 1.96 (From normal table)
C.V.=60%

Then, the required minimum sample sizeis given by

Zacv 2
n=<2 > '-'C.V.=%{><100

_ (1.96>< 60)2
10

=138.297 ~ 138

Sampling error and non-sampling error
An ‘error’ refers the difference to the difference between the true value of a population parameter and
its estimate provided by corresponding value of a sample statistic.

The inaccuracies or errors in any statistical investigation involved in collection, processing and
analysis of the data may be broadly classified as follows:

() Sampling error (i)  Non-sampling error

(i) Sampling error

Sampling errors arise due to the fact that when a part of population (i.e. sample) has been used to
estimate the population parameters and draw inferences about the population. So, the sampling errors
are absent in complete enumeration survey or census Survey. The magnitude of sampling error
depends upon the nature of the population and size of the sample. If the sample size increases, the
sampling error will decrease.

Relationship between sample size and sampling error, graphically as shown in the following figure.

Sample size

Sampling error
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Sampling errors are occurred due to the following reasons:

Faulty sdlection of the sample.

Substitution of convenient unit of the population.

Faulty demarcation of sampling units.

Improper choice of the statistics for estimating population parameter.

(i)  Nonsampling error

Non-sampling errors arise at the stages of planning, observation, ascertainment and processing of the
data and are thus present in both the complete enumeration survey (or census) and sample survey.
Thus, the data obtained from a complete census are free from sampling errors but may not free from
non-sampling errors whereas data obtained from the sample survey would be both sampling and non-
sampling errors. So, non- sampling errors are more serious in census survey with compared to a
sample survey.

Non sampling errors arise from the following factors:

Faulty planning or definitions

Response errors

Non —response errors

compiling errors

publication errors

Coverage error.
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Objectives of sampling

The objective of sampling isto study about the characterigtics of population by selecting a portion of concerned
population through minimum resources viz. time, cost and energy without loosing the accuracy. The main
objectives of sampling are given below:

(1) To obtain as much information as possible about the population with the minimum time, cost and
effort or limited resources.

(i) To obtain the limits of accuracy and degree of confidence of the estimates of the population
parameters.

(iii) To test the significance of population parameters on the basis of sample stati stics.

M ethods of Sampling (Sampling Techniques)

| | Sampling Technique |

| Probability Sampling ‘ | Non probability sampling I_
v
‘ 1 y ! + .
Simple Random || Systematic || Stratified || cluster Multistage PPS
sampling sampling sampling sampling sampling sampling
Convenience Judgmental / Quota Snowball
Sampling Purposive Sampling Sampling Sampling

Types of Sampling

The method or process of selecting a sample from a population under study is called sampling. There are various
methods of sampling techniques used for the selection of sample from the population. The method of selecting a
sample from the population is of fundamenta importance in sampling theory and depends very much on the
objective and scope of the inquiry or investigation , nature of the universe or population, the size of the sample,
available resources etc. Sampling methods which are commonly used can be classified into the following broad
categories.

a Random sampling (Probability Sampling)

b. Non random sampling (Non- Probability Sampling)
C. Mixed sampling

a. Random sampling (Probability Sampling)

Random sampling or probability sampling is the scientific method of  selecting samples from the population
according to some laws of chance in which each and every unit in the population has some definite pre-assigned
probability of being sdected in the sample. Probability samples are sdlected in such a way so as to be
representative of the population. The probability samplings have the following characteristics:

0] Each sample unit has an equal chance of being selected.

(i) Sampling units have different probability of being selected.
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(iii)

Probability of selection of a unit is proportional to the sample size.

b. Non random sampling (Non- Probability Sampling)

Non-random sampling is the method of selecting samples, in which the choice of selection of sampling units
depends entirely on the discretion or judgment or convenience, beliefs, biases of sampler or investigator. This
method is mainly used for opinion surveys but cannot be recommended for general use as it is subject to the
drawbacks of prejudice and bias of the investigator.

However, if the researcher is experienced and expert, it is possible that judgment sampling may yield useful
results. However, this method suffers from a serious defect that is not possible to compute the degree of
precision of estimate from the sample values.

c. Mixed sampling
If the samples are sel ected partly according to some laws of chance and partly according to a fixed sampling rule
(i.e. no assignment of probabilities) they are termed as fixed samples and the technique of selecting such

samplesis known as mixed sampling.

Distinction between probability and non-probability samplings

Probability sampling

Non probability sampling

Probability sampling can be rigoroudy anayzed to
the determine possible bias and likely error.

But, non-probability sampling does not provide this
advantage.

Itisfree from personal biases.

It isnot free from persona biases.

In comparison to non- probability sampling, it is less
prefer to pilot study.

It ismore gppropriate in pilot study.

In this method, the degree of precision of estimate
from sample value can be computed i.e sampling
error can be estimated.

But in this method, the degree of precision of estimate
from the sample values cannot be computed.i.e.
sampling error cannot be estimated.

Types of Random Sampling (Probability Sampling)

Some of the most important methods of selecting arandom sampling are as follows:
Simple random sampling

Systematic sampling

Stratified sampling

Cluster sampling

Multi-stage sampling

a s wDNE

1. Simple Random sampling (SRS)

The random sampling (i.e. probahility sampling) in which the units are sdected in such a way that each and every
unit in the population has equal and independent chance of being selected from the population. It is the smplest
and most common method of sampling in which the sample is drawn unit by unit, with equal probability of
sdlection for each unit at each draw. Thisisaso known asthe equa probability sampling. It isthe most dementary
random sampling.
If asampleisto betaken at random, the following two methods can be used:

0] Lottery method (ii) Use of table of random numbers.

(i)  Lottery method: It is the simplest method of simple random sampling. Suppose one is interested to
select ‘n’ units out of ‘N’. Distinct numbers from 1 to N are assigned for each unit and these numbers are
written on ‘N’ homogenous slips. These dips are put in a box or a bag and mixed thoroughly. Then ‘n’
dips are drawn one by one. But it will not be practicable if the number of items in the universe is very
large and the dips are not identical.

Use of table of random numbers. Ancther easest way of sdecting samples is through the use of
random number tables. These random numbers are generadly generated by computer or by a table of
random numbers. Tippet’s random number tables, Fisher and Yates tables, Kendall and Smith’s tables are
some of commonly used random number tables. If the population is very large, in this case the lottery
method for selecting random samples is more time consuming and tedious. In such case, the most

(i)
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practical method of selecting a random sample is the random table method. So, this method can also be
considered as better than the |ottery method since lottery method is time consuming.
There are two types of simplerandom sampling (SRS)
¢ SRSWOR: If the unit sdected in any draw is not replaced in the population before making the next draw,
then it is known as smple random sampling without replacement (SRSWOR). If a sample of sizen is
drawn without replacement from a population of size N then there are N, possible samples. Then, the

probability of sdecting (drawing) of a sample of sizen from apopulation of sze N in SRSWOR is—

Ncn
¢ SRSWR: If a unit is selected and noted and then returned back or replaced back in the population before
making the next draw, then the sampling procedure is called simple random sampling with replacement
(SRSWR). If asample of sizen is drawn with replacement from a population of size N then there are N™
possible samples. The probability of selecting (drawing) of a sample of size n from a population of sze N
in SRSWRis —
Merits:

e Each item has equal chance of being selected. So, it depends upon the chance but not on the personal
judgment.

e Thismethod is quite economic and saves time and money as compared.

e |tismorerepresentative of the population as compared to the judgment or purposive sampling.

Demerits:

e Expensive and time consuming especially when the population islarge.
o If the population is heterogeneous in nature, it may not give accurate results.
e Itrequires completely up-to-datelist of population units from which samplesto be drawn.

2. Systematic sampling

A random sampling in which only the firgt unit is selected a random and the remaining units are automatically
selected according to pre-determined pattern (i.e. at fixed equal intervals from one another) is known as
systematic sampling. Systematic sampling is a commonly used technique if the complete and up-to-date
sampling frameisavailable i.e. complete and up-to-date list of sampling unitsisavailable.

Suppose N units of the population are numbered from 1 to N in some order. Let N = n k where n sample size
N

and K is an integer known as sampling interval. Thus, K = — . Systematic sampling is a statistical method
n

invalving the selection of elements from an ordered sampling frame. This is random sampling with a system.
From the sampling frame, a starting point is chosen at random, and choice theresfter is at regular intervals. For
example, suppose you want to sample 8 houses from a street of 120 houses. 120/8=15, so every 15th house is
chosen after a random sarting point between 1 and 15. If the random starting point is 11, then the houses
selected are 11, 26, 41, 56, 71, 86, 101, and 116.

Thissampling is mostly used in forest surveys, fisheries surveys etc.

Sampl e selection procedure:

Assuming that population consists N units which can be expressedasN=nk +C

Here, nisdesirable size of sasmple and k & c are some positive constants, depending upon the value of C thetwo
different approaches can be used to sdlect the systematic sample of desirable size.

Q) Linear systematic sampling (L.S.S.)

(i) Circular systematic sampling (C.S.9)

e Linear systematic sampling (L.S.S.): If C = 0. Thisimplies that N = n k be the units of population are
numbered from 1to N in some order. Wheren issample size & k = % isan integer known as sampling
interval and random number called random gtart is selected between 1 to K. Then every k™ unit will be
selected automatically. This type of selection procedure of systematic sampling is known as linear
systematic sampling (L.S.S).

e Circular systematic sampling (C.S.S): If N # nk. Sometimes it is not possible to expressN = nk i.e. N
# nk then k is taken as an integer nearest to%. Then arandom number 1< i < N is selected and then
after every k" unit is selected. This type of selection procedure of systematic sampling is known as
circular systematic sampling (C.S.S).
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Merits:

This method is simple and convenient to use.

In selecting the sample by thismethod, it takes |ess time and labour.

Most of the results obtained from this method are satisfactory.

If the complete list of the population is available and if the items are arranged systematically, this
method is more efficient.

Demerits:

e Thesample selected may not be the representative of the population in some cases.
e The items of the population must be arranged in some order otherwise the result obtained will be
misleading.

3. Stratified sampling

Stratified random sampling is used when the characteristics of elements of population are heterogeneous. In a
stratified random sampling approach, a population isfirst divided into subpopulations or strata, based upon one
or more classification criteria in such away that the characteristics of units are homogeneous within strata and
heterogeneous between strata. Then sampleis drawn from each stratum using Smple random sampling method.
These samples are combined (pooled) to form the required sample of the population. Thus, the procedure in
which firg gratification and then simple random sampling is known as stratified random sampling. The number
of unitsto be sampled from each stratum depends on its Size relative to the popul ation.

Stratified sampling is appropriate to apply when the characteristics of elements of population are heterogeneous
and there are different sub-groups in the population.

For example, if we want to study about the examination results of 2400 students of Mahendra Multiple Campus,
Nepalgunj. At first we divide the no. of students into different faculties such as Law, management, humanities,
Education and science. If the number of studentsin Law, management, humanities, Education and science are
900, 600, 200, 400 & 300 respectively. Then we select 20% of each for the samples i.e. seecting samples
consisting of 180, 120, 40 & 60 students from each faculty respectively. The samples taken from each stratum
are then pooled (combined) to form the overall sample (required sample). Similarly, in survey of average crop
yield per hectare etc. A dratified sample is a mini-reproduction of the population. Before sampling, the
population is divided into characteristics of importance for the research. For example, by gender, socia class,
education level, religion etc. Then the population is randomly sampled within each category or stratum.

A gratified sampling may be either

0) Proportionate

(i)  or Disproportionate

In a proportionate stratified sampling, the number of items drawn from each stratum is proportional to the size
of the strata. On the other hand, if an equal number of items are drawn from each stratum regardless of how the
stratum represented in the population (universe), it is called disproportionate sampling.

Purpose of Stratification

e To make more representative.
o Greater accuracy.

e Administrative convenience

Merits:

e The units selected represents whol e universe.
e Theestimation of population parametersis more efficient.
o For large and heterogeneous population, dratified sampling is the best design.

Demerits

e  Thismethod requires more time and cost.
e If each stratum of the population be not homogeneous the result obtained may not be rdiable.
o The samples from each stratum should be selected only by the experts or experience persons.
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4. Cluster sampling

Cluster sampling is used in a situation where the population characteristics are heterogeneous. A Cluster
sampling is a method or technique of random sampling in which the population is divided into different groups,
called clusters, in such a way that the characteristics of units or elements within the cluster are heterogeneous
and between the clusters are homogenous so that the number of sampling units in each clugter should be
approximately same. Then, a cluster is selected as a sample by using simple random sampling. This method of
random sampling is called cluster sampling. In cluster sampling individual clusters are representative of the
population as a whole. For example, Let us suppose that we want to study about the economic condition of
people of Nepalgunj sub- metropolitan city. First of al, sub-metropolitan city is divided into different wardsin
such a way that the economic condition of people within ward is heterogeneous and between wards are
homogeneous. In this way, in each ward (i.e. cluster) each type of economic condition of people may liei.e
poor, middle, richest and so on. Then, award (a cluster) is selected as sample by using simple random sampling
method and it will represent the whole population. Then, we can study about the economic condition of people
in Nepalgunj sub- metropolitan city.
Cluster sampling is appropriate to apply when

¢ The entire population unclear or unknown.

e The sample clusters are geographically convenient.

o The clusters are ‘Natural’ in population.
Merits

e Itislesscostly than simple random sampling and stratified sampling

o Itisuseful even when the sampling frame of e ements may not be available.

e Elements (units) selected by well-designed cluster sampling procedures in easier, faster cheaper and
more convenient than simple random sampling and stratified sampling.

o Theéefficiency decreases with increase in cluster size.

o Theeffidency cost per unit may be morein cluster sampling.

e Enumeration of the sampling units within the selected clusters is difficult when the population is
large.

Difference between Stratified sampling and Cluster sampling

Stratified Sampling Cluster Sampling

In this sampling, the population is divided
into various groups or classes called strata
in such a way that the characteristics of

In this sampling, the population is
divided into different groups caled
clusers in such a way that the

units are homogeneous within strata and
heterogeneous between strata.

characteristics of units within clusters are
heterogeneous and between clusters is
homogeneous.

The population is separated into strata, and
then sampling is conducted within each
stratum.

The population is separated into clusters,
and then clusters are sampled.

In order to minimize sampling error, within
group differences among drata should be
minimized, and between/group differences
among strata should be maximized.

In order to minimize sampling error,
within group differences should be
consistent with those in the population,
and between-group differences among
the clusters should be minimized.

Main purpose increase precison and
representation.

Main purpose. decrease costs and
increase operationa efficiency.

Categories areimposed by the researcher

Categories are naturdly occurring pre-

existing groups.

257




More precision compared to smple random Lower precison compared to smple
sampling. random sampling.

The variables used for stratification should The variables used for clustering should
be related to the research problem not be related to the research problem.

Common dtratification variables: age, Common classification variables:
gender, income, race. Geographical area, schoal, grade level.

In this sampling, a random sampleis drawn But in this sampling only the selected
from dl stratafor study. clustersare studied

Difference between Systematic sampling and cluster sampling

Systematic sampling Cluster sampling
Systematic sampling uses fixed intervals While cluster sampling breaks the
from the larger population to create the population down into clusters.
sample.
Systematic sampling selects a random Cluster sampling divides the population
stating point from the population and then into clusters and then a cluster is taken as
a sample is taken from regular fixed asimplerandom sample
intervals of the population depending on
thesize
Systematic sampling is used when It is useful even the sampling frame of all
complete and up to date sampling frameis eementsor unitsisnot available.
available.
Systematic sampling is more precise than Itislessprecise.
cluster sampling.
More costly Less costly.

5. Multi- -stage sampling

Multi-stage sampling is a further development of the principle of cluster sampling. Multi-stage sampling is also
a random sampling in which sampling procedure is carried out i.e. Done in various stages. At first stage, the
population is divided into large sample unitsi.e. large groups called first sage units (fsu) or primary stage units
and cluster is selected as the sample at random from them. At the second stage the sdected clusters at the first
stage are further divided or sub-sampled into smaller sample units. The method selecting only some of the units
of selected cluster is called two —stage sampling. And if it is generalized into third stage or more stages until get
to ultimate units of sample size is known as multi-stage sampling. Multistage sampling is a complex form of
cluster sampling. Although cluster sampling and stratified sampling bear some superficial similarities, they are
substantially different. In gtratified sampling, a random sample is drawn from all the strata, where in cluster
sampling only the sdected clusters are studied, either in single- or multi-stage.

Multi-stage sampling has been found to be very useful in practice specialy in large scale survey. Multi-stage
sampling can be considered as the combination of cluster sampling and random sampling. For example, in crop
surveys for estimating yield to a crop in adigtrict, rural municipality can be considered as primary sampling unit
(psu), the villages as the second stage units, crop fields as third stage units and a plot of fixed size as the
ultimate unit of sampling.

Similarly, for a survey of the living standard of families in the villages of Nepal, a sample of Anchas may be
taken first. From each of these sdected Anchals, a sample of districts is taken. From each of these selected
districts, a sample of rural municipalitiesis selected. Then, afew villages are selected from each of the selected
rural municipalities. Lastly, some families are selected from each of the selected villages to get the required
samplefor the survey.

Merits:

e Itismoreconvenient when area of investigation isvery large.

e Itiscommonly used in large scale survey.

o Thismethod is also more flexible than other sampling methods.

o Assamplesizeisreduced in each stage, this sampling technique saves time and cost.
Demerits:
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o If thesamplesarenot carefully taken from the different stages, it may give the faulty result.
e Inthismethod, thereis high chance of occurring sampling error when the selected sampling unitsare
decreased.

Non probability sampling (Non —probability Sampling)

Non-random sampling is the method of selecting samples in which the choice of selection of sampling
units depends entirely on the discretion or judgment, convenience, beliefs, biases of sampler or
investigator. This method is mainly used for opinion surveys but cannot be recommended for general use
as it is subject to the drawbacks of prejudice and bias of the investigator. However, if the researcher is
experienced and expert, it is possible that judgment sampling may yield useful results. However, this
method suffers from a serious defect that it isnot possible to compute the degree of precision of estimate
from the sample values.

Types of Non-random sampling or Non-probability sampling
Following ar e some of the common methods use in the non-probability sampling
0] Judgment sampling or purposive sampling
(i) Convenience sampling
(iii) Quota sampling
(iv) Snowball sampling or network sampling

()  Judgment sampling

A sampling method, in which the choice of sampleitems depends entirely upon the judgment of the investigator,
is called judgment sampling. In this method of sampling, the choice of sampling items depends exclusively on
the judgment of the investigator. In other words, the investigator uses self-judgment in the choice and includes
only those items of the universe which are conveniences to the investigator. It isthe method for quick decision.
For ingtance, if we want to study of corruption in Nepalese society, we can select a sample of twenty of the
senior professor of T.U. to give their opinion on the subject. We consider that the judgment of these professors
is much superior to a convenience. Then we can get the desired information.

Merits:

e |tisthesimple method of sampling for quick decision.
e |t givesthe better result when sample sizeissmall.

Demerits:

e It givesunreliable conclusion if theinvestigator is personally biased.

e Though simple, the method is not scientific and it isnot in general use.

e  Sampling error cannot be estimated because it is ot based on random sampling.
(ii)  Convenience sampling
A sampling method, in which the researcher selects the sample neither by probability nor by judgment but by
convenience, is called convenience sampling. It isaso called the chunk sampling. Selection of sampling unitsis
totally based on the convenience of the researcher. The results obtained by this method can hardly be
representative of the population. They are generally biased and unsatisfactory. However, convenience sampling
is often used for making pilot studies. For instance, if any one wants to conduct ‘man-on-the-street’ interviews,

he/she stands up in corner of the sreet and interviews the desired number passers-by. Then, required
information can be obtained.

Merits:

o Itisuseful for making pilot studies.

o [tisthesmple method of sampling for quick decision.

o  When both time and money arelimited, convenience sampling iswiddy usedi.e it isless expensveand less
time consuming.

Demerits:

o Theresults obtained by this method can hardly be representative of the population.
e  Sampling error cannot be estimated because it is also not based on random sampling.
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(i)  Quota sampling

A non-random sampling method in researcher are given quotas to be filled from the different strata and within
pre-assigned quotas, the process of drawing selecting the required samples from these strata by judgment
sampling is called quota sampling. Quota sampling is a type of judgment sampling. Sample quotas may be fixed
according to some specified characteristics such as income group, sex, occupation, political or religious
affiliation etc.

For instance, for the comment about the fiscal year budget in radio ligening survey, the interviewer may select
as a sample of 50 persons choosing from different areas such as 20 officials, 10 Professors, 10 businessmen, 5
farmersand 5 students. Here, interviewer is free to select the people to be interviewed for the comment.

Merits:

e |t savestime and money rather than other sampling methods.
e Itisdtratified —cum-purposive so investigator enjoys the benefits of both.

Demerits:

e |t may biased because of the personal believes and prejudices of investigator.
e Sampling error cannot be estimated because it is also not based on random sampling

(iv) Snowball sampling or Network sampling

Snowball sampling is a specia type of non-probability sampling and is used when the desired sample
characteristic is very rare. Therefore, this sampling desgn is widely used in applications where
respondents are difficult to identify and are best located through referra networks. Hence, this sampling
is also known as chain referral sampling or network sampling. In this sampling, an initial group is
discovered and then subsequent respondents, possessing similar characteristics are identified based on
referrals provided by theinitia respondents.
This sampling is particularly used to study drug cultures (use), teenage gang activities, prostitution study,
political activities, illegal activities etc.
Merits:

e Thismethod is cheap, simple and cost—efficient.

e |tisuseful for rare populationsfor which no sampling frames are readily available.

e The chain referral process allows the researcher to reach populations that are difficult to sample when

using other sampling methods.

Demerits:

e |tisdifficult to apply when the population islarge.
e |t doesnot ensuretheinclusion of all dementsin thelist.

A population consists of five numbers1, 3,5, 7and 9

(i) Enumerate dl possible samples of size two which can be drawn from them population without
replacement.

(if) - Calculate the mean and variance of the population.

(iii)  Show that the mean of the sampling distribution of the sample meansis equa to the population mean.
(iv) Caculatethe variance of the sampling distribution of sample mean.

(v) Calculate Standard error of mean

Solution.

Here, Population size, N =5
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Samplesize, n=2

(1) Number of possible samples of size 2 that can be drawn from the population without replacement, k =
NCTI. = 5C2 = 10

Thus, the possible samples are: (1, 3), (1,5), (1, 7),(1,9),(3,5),(3,7),(3,9,(5,7), (5,9 & (7,9)

(if)  Calculation of population mean and population variance:

Y Y-Y (Y-V)?
1 -4 16
3 -2 4
5 0 0
7 2 4
9 4 16
>Y=25 Y(Y-Y)?=40

Popul ation mean, u:?:%:%:5

2
Population variance, o2 = ¥ =%_g

(iii)  Calculation of sample means and variance of the sampling distribution of means:

Sample Sample - =2
Sample no. values (X) means (X) X=X Z(X_X)
1 (1,3) 2 -3 9
2 (1,5) 3 -2 4
3 (1,7) 4 -1 1
4 (1,9) 5 0 0
5 (3,5) 4 -1 1
6 (3,7) 5 0 0
7 (3,9) 6 1 1
8 (5,7) 6 1 1
9 (5,9) 7 2 4
10 (7,9) 8 3 9
>»X =50 Y(X-X)? =30

Mean of the sample means or Grand mean, (X) =¥ =% =5
Since, the mean of the sample means (X) = 5 equal to the population mean i = 5, we conclude that the

mean of the sampling digtribution of the sample meansis equal to the population mean.

(i) Variance of the sample meansis
_ X 30
v(x) = 20T g
k 10
OR
5y _ 02 N-n _8(5-2) _
VI =033 Tl -

(v)  Thestandard error of sample mean isgiven by
SE (§)=V(® = \/3=1732

261



A population consists of four numbers 2, 3, 5, and 6
(i) Enumerate all possible samples of size two which can be drawn from them popul ation with replacement.
(i)  Calculate the mean and variance of the popul ation.
(iii)  Show that the mean of the sampling distribution of the sample meansis equa to the population mean.
(iv) Cadculate the variance of the sampling distribution of sample mean.
(v) Calculate Standard error of the sample mean.
Solution.
Here, Population size, N =4
Samplesize, n=2

() Number of possible samples of size 2 that can be drawn from the population with replacement, k =
N2 = 4%2=16

Thus, the possible sasmples are: (2, 2), (2, 3), (2, 5), (2, 6), (3, 2), (3,3), (3,5), (3, 6), (5,2), (5, 3), (55),
(5,6), (6,2), (6,3), (6,5), (6,6)

(i)  Calculation of population mean and popul ation variance:

Y Y-Y (Y—Y’)Z
2 ) 4
3 -1 1
5 1 1
6 2 4
2Y=16 (Y -7)2=10
. o Yy 16
Population mean, u=Y=T=T=4
_V)2
Population variance, o2 :%: %:2_5

(iii) Calculation of sample means and variance of the sampling distribution of means:

Sample Sample . =12

Sample no values (X) means (X) X-X) Z(X—X)
1 2,2 2 -2 4

2 2,3 25 -15 2.25

3 (2,5) 35 -05 0.25

4 (2,6) 4 0 0

5 3,2 25 -15 2.25

6 3,3 3 -1 1

7 (3,5 4 0 0

8 (3,6) 45 0.5 0.25

9 (5,2 35 -05 0.25

10 (5,3 4 0 0

11 (5,5) 5 1 1

12 (5,6) 55 1.5 2.25

13 (6,2) 4 0 0

14 (6,3) 45 05 0.25

15 (6,5) 55 1.5 2.25

16 (6,6) 6 2 4

262




v)

| [XX=64 | [ZX-X?=20 |

Mean of the sample means or Grand mean, (X) =2-=== 4

Since, the mean of the sample means (X) = 4 equal to the population mean = 4, we conclude that the
mean of the sampling distribution of the sample meansis equal to the population mean.

(1) Variance of the sample meansis

V(X) = IX-B? 20456

k 16

OR

SN o? _ E _
V&) === ==125
The standard error of sample mean is given by

SE. (X) =/V(X) =V1.25 = 1.118

Probability Proportional to Size Sampling (PPS) (With replacement)

In case of SRS, the selection probabilities are equal for al the units of the population. If the

units vary considerably in size, simple random sampling (SRS) may not be appropriate

procedure for selecting the units. In such situation, the unequal probability of unit selection

could be a better procedure.

One of the method of seecting the units using unequal probabilities is probability proportional

to size (PPS) sampling. In order to get the idea about unequal probability of sdecting the units,

we will take the help of auxiliary variables. It should be noted that the selection of auxiliary

variable should be paositively corrdated to the study variate. The probability of selection may be

assigned proportional to size of the units. This type of sampling scheme in which the

probability of sdection is proportional to the size of the units is known as probability

proportional to size (PPS) sampling.

The basic difference between SRS and PPS sampling is that, in SRS the probability of drawing

any specified unit at any given draw is same, while in PPS sampling it differs from draw to

draw. Therefore, the PPS sampling is more complex than SRS.

Techniques of selecting a sample

Generally, two different methods are used for selecting a desirable size of the sample in
case of PPS.

() Cumulativetotal method

(ii) Lahiri’s method
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F-test (Varianceratio test)

If X and Y are two independent y? —variates with v; =n; —1 and v, = n, — 1 degrees of freedom (d.f.)
respectively, F-statistic is defined as theratio of two independent chi-square variates divided by their respective
degrees of freedom and theratio isgiven by

NN

v
F= ~F(V1.V2)

is called F-statistic with (v;,v,) degrees of freedom (d.f.) and the distribution of F-dtatistic is caled F-
distribution. The F-statistic was devel oped by a great Statistician R.A Fisher. So, the distribution of F-statistic is
also called Fisher’s F-distribution. The sampling distribution of F-statistic does not involve any population
parameters and depends only on the degrees of freedom v, and v,.The range of values of F varies from 0 to oo.
F-distribution has a Sngle mode. The shape of F-distribution depends on degrees of freedom in both numerator
and denominator of F-ratio. However, F-distribution is generally skewed to the right and tends to become more
symmetrical asthe number of degrees of freedom in the numerator and denominator increase as shown in figure:

P(F)

d.f=(25,25)

\ d.f=(10,8)
2 .

S —

Application of F-distribution

F-distribution has anumber of applicationsin statistics, some of which are given below:
() F-test for equality of two population variances.
(i) F-test for testing the equality of several population means.
(iii) F-test for testing the significance of an observed sample multiple correlation coefficient.

(iv) F-test for testing the significance of an observed sample correlation ratio.
(v) F-test for testing the linearity of regression.

F-test (or variance ratio test) for equality of two population variances

Test statigtic: Under H,, thetest statisticis

2

F=2 ~F(n, — 1,n, — 1) if 57> 5;°
2
S,° o2 2

F:S_2~F(n2_1,n1_1) |f Sz >51
1

_ Greater variance

i.e. F

Smaller variance
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Analysis of variance (ANOVA)

We performed Z-test (for large sample) and t-test (for small sample) for testing of hypothesis of significance of
difference between two means. But if we need to test the homogeneity or equality of more than two means, z-
test and t-test are inadequate. In such situation, the anaysis of variance (Often abbreviated as ANOVA) is a
powerful satigtical tool to test the significance of difference among means of three or more than three
populations. ANOVA technique is based on the F- distribution. The main objective of ANOVA techniqueisto
test the equality or homogeneity of several population means. Therefore, it should be clearly understood that
ANOVA technique isnot designed to test the equality of several population variances.

The term ‘Analysis of variance’ was introduced by Prof. R.A. Fisher in 1920’s to deal with the problem in the
andysis of agronomical data. Variation isinherent in nature. The total variation in any set of numerical datais
due to number of causes which may be classified as:

) Assignable causes & (ii) Chance causes.

The variation due to assignable causes can be detected and measured whereas the variation due to chance causes
is beyond the control of human hand and cannot be determined and traced separately.

Definition. According to Prof. R.A. Fisher, Analysis of variance (ANOVA) is the “Separation of variance
ascribable to one group of causes from the variance of ascribable to the other group”

Thus, the analysis of variance (ANOVA) is a statistical technique specially designed to test whether the means of
mor e than two quantitative populations are equal .

For example, to test the significance of difference in the average sales of three different salesmen in four
digtricts, to find the significance of difference in the average yidd of crop of five different varieties of seedsin
four different plots of lands etc.

Classification of ANOVA

On the basis of number of factors (i.e. treatments) considered in the study, there are basically three types of
ANOVA.

(@ Oneway ANOVA
(b) Two way ANOVA
(c) Multi-way ANOVA

ANOVA

One-way ANOVA Two-way ANOVA Multi-way ANOVA

But in this section, we will discuss only one way ANOVA and two-way ANOVA
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Assumptionsin ANOVA:
For the validity of thetest in ANOVA following assumptions are made:

(i) All the sample observations are randomly selected and independent.

(i) The parent population from which observations are taken is normal.

(iif) Various treatment and environmental effects (different effects) are additive in nature.
(iv) The population from which the samples are drawn have equal variances.

Thatis 0,2 = 0,2 =032 =......... = g, 2 for k populations.
Applications of ANOVA:
ANOVA isapplicable

0) To test homogeneity of several means (i.e. more than two means)

(i) To test the linearity of the fitted regression line.

(iii) To test the significance of an observed sample correlation ratio.

(iv) To test the significance of observed multiple correlation coefficient.

(v) To test for the homogeneity of a group of regression coefficientsin a multiple regression modd.
(vi) To test the significance of equality of two population variances.

Computation of test statistic:

The technique of analysis of variance isto split up the total variation into two components variations: Between
samples (or due to treatments) and within samples (or due to error). Each component gives unbiased estimate of
population variance . Thus, total sum of square is broken up into: sum of squares due to independent factors
and sum of squares due to random causes, called ‘error’. The variance ratio is obtained by dividing the variance
between the samples by the variance within samples. Thisratio formsthetest statistic known as F statigtic.

F __ Variance between samples
statistic —

Variance within samples

OneWay ANOVA (One Factor Analysis of Variance)

In one way classification only one treatment is used in the specified Plots. That means the effect is studied on
the basis of single treatment is known as one way ANOVA. In other words, under one way classi fication the
influence of only one factor is considered at a time and we may conduct the experiment through a number of
sample studies. For example, to compare the effect of fertilizers on yield of four different varieties of seeds, to
compare the significance difference in prices of commodities in four cities, to compare the significance of
difference in the scores of students in the four campuses, to test the significance of difference in the sales of tea
in four seasons etc.

In one way ANOVA, the values of the response variable are affected (analyzed) by only one factor. The total
variation or total sum of squares (TSS) among all observations can be splitted into two components:

e Sum of squares of variation between samples
e Sum of squares of variation within samples.
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Total sum of square (TSS)
d.f.=n-1

Sum of square between samples(SSC) Sum of square within samples(i.e. due to error)

d.f.=k-1 d.f.=n-k

The following three methods are used for performing one way analysis of variance (Oneway ANOVA)

1. Actua mean method
2. Direct method
3. Short — cut method or Coding method

Note: In thischapter, we discuss only direct method and short-cut methods.

Direct M ethod

The following are the stepsto be followed under direct method for one way ANOVA:

Step 1: Setting up of hypothesis

Null Hypothesis: Hoipyy =y = 3 = . . . . . = . That is, thereis no significant difference between
k population means. In other words, k population means are equal .

Alternative Hypothesis: Hip; # [, # gy # ... ... # . That is, there is dignificant difference
between k population means. In other words, k populations means are not equal.

Step 2: Test statistic: Under Ho, test statisticis

_ Mean Sum of Squares between samples

Mean Sum of Square within samples

= % with (k — 1) degree of freedom to MSC at numerator and (n — k) degree of freedom to

MSE at denominator, i.e. it follows F — distribution with (k — 1, n— k) d.f.
Where,

MSC = Mean Sum of squares of variation between the samples.
_ Ssc

k-1
MSE = Mean Sum of squares of variation within the samples (errors).
__ SSE

_n—k
Calculation of TSS, SSC and SSE in order to find MSC and M SE

Find Grand Tota i.e. the sum of the values of observations of al the k groups (or samples)
denoted by T
Grandtotal (T)=T1+To+....... + Tk
=3X1+YXo+ il + ¥ Xk
Find the correction factor (C.F.)
cF=1,
Where n = total number of observations
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iii. Find Row Sum of Squares (RSS)
R.S.S. =YX+ X2+ ......... + Y X2

iv. Find total Sum of Squares:

SST=RSS -CF

=YX+ YXP+ +¥YX?-CF.
V. Find Sum of Square of variation between the samples (SSC)
2
ssc=y--CF.
n
2 2 2
=(B+Zy L+ X)-CR
ng n, ng
Vi, Find Sum of square of variation within the samples(due to error)
SSE = SST - SSC
Vii. Set up one way ANOVA table and find the calculated value of F as:

One way ANOVA table

Source of variation | Sum of square | Degree of | Mean Sum of | F—ratio
(SS) freedom (d.f.) Square (M.S.S)

Between the
samples (Column) | SSC k-1 Msc =3¢

k-1 _ MSC
Within the samples ~ MSE
(Error) SSE n—k MSE =£']3(

-~
Tota SST n-1 -

Step 3: Level of significance(ar) : Generdly, level of significance, a = 5% if it isnot stated.

Step 4: Critical value: Obtain critical value (or significant value) of F asper a leve of significance for (k — 1,
n-k) d.f. From F—distribution table.

Step 5: Decision:
o |If calculated value, F,,; < Fqp(critical value (tabulated value), it is not significant. H, isnot reected
i.e. H, isaccepted.
o If calculated value F,,; > F,), Critical value (tabulated value), , itissignificant. H, isrejected i.e. H;
is accepted

A certain medicine distributor wants to test whether three of his MR (Medicd Representative),
A, B and C in a given region make require amount of customer of his products during a given period of
time. A record of four months showed the following results for the number of customer made by each
MR for each month.

Month Medical representative (MR)
A B C

1 7 5 13

2 8 7 11

3 10 9 17

4 11 3 7
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Test at 95% confidence levd; is there any significant difference in the average number of customers made by
the three MR per month?

Solution: Since, in this problem the number of customers made is analyzed by using only one factor (i.e. due
to medical representative), therefore thisis the case of one way ANOVA.

Null Hypothesis: Ho:lp, = pug = pe.That is, there is no significant difference in the average number of
customers made by three MR per month.

Alternative Hypothesis: Hi: py # pg # U (Two tailed test). That is, there is significant difference in the
average number of customers made by three MR per month.

Test gtatigic: Under Ho, for oneway ANOVA thetest statigtic is

MSC
=X
MSE

Where,

MSC = Mean sum of sguares of variation between medical representatives
= 55€
T k-1
MSE = Mean sum of squares of variation within medical representatives (due to errors)

_ SSE
T h-k
Calculation of SST, SSC and SSE

Month Medical Representative (MR)

A (X1) B (X2) C (X3) X4? X2? X3?
1 7 5 13 49 25 169
2 8 7 11 64 49 121
3 10 9 17 100 81 289
4 11 3 7 121 9 49
Tj T1 = ZXl Tz = ZXZ T3 = ZX3 Z X12 Z X22 Z X32

=36 =24 =48 =334 =164 =628

Grand Total (T)=T1+ To+T3=YXa+YXo+YX3=36+ 24+ 48 =108
Correction Factor (C.F.) = T:z =—=
SST = Total sum of squares of variation

=Y X2+ YX2+ X2 - C.F.
=334+ 164+ 628 -972 Where, R.S.S. =Y X2+ Y X2 + Y X32
=154

SSC = Total sum of squares of variation between medical representatives

T2 T2
= _] - = _1
=) —-CF. (n1 +

j

Zi ) cr
2 n3

n

:(£+£+ “412)— 972 =72

4 4
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SSE = Sum of sgquares of variation within medical representatives (due to errors)
=SST-SSC=154-72=82

Oneway ANOVA table

Source of variation | Sum of square | Degree of | Mean Sum of Square | F—ratio
(SS) freedom (d.f.) | (M.S.S)

Between the

samples (Column) | SSC=72 k—1=3-1=| yMsc=38€_72 _35 | p=MS€
2 k-1 2 MSE

Within the samples _ 36

(Error) SSE =82 Nn-k=12-3 | Mse=3E-82_911 | “ou1
= - 9

Total SST =154 n-1=12-1 - Fea =395
=11

From ANOVA table,

F.a = Calculated value of F (2, 9) = 3.95
Levd of significance(a) = 5% (assume)
Critical value: Tabulated value of F at 5% leve of significancefor (2, 9) d.f. is4.26i.e. F,, = Foos (2,9) =4.26

Decision: Since, caculated value of F isless than the tabulated value of Fi.e. Fea < Fup , it isnot significant and
hence Ho is accepted which means that there is no significant difference in the average number of customers
made by three MR per month.

Example 2|

The following table represents the sales of three salesmen in four different digtricts.

Digtricts Salespersons  ( Sales figure in ‘000”)
A B C

Nepal gunj 12 16 15

Surkhet 10 22 14

Kathmandu 9 18 8

Birgunj 11 20 10

Test whether there is any significant difference in the sales of different digtricts.

Solution: Since, in this problem the sales is andyzed by using only one factor (i.e. due to four different
digtricts), therefore thisisthe case of one way ANOVA.

Null Hypothesis: Ho:p, = p, = p3 = . That is, thereis no significant difference in the sales of four different
digtricts.

Alternative Hypothesis: Hi: py # 1, # 13 # W,.That is, there is significant difference in the sales of four
different districts.

Test statigtic: Under Ho, for one way ANOV A thetest statidtic is

MSC
F=—
MSE

Where,

MSC = Mean sum of squares of variation between districts
= 8¢
T k-1
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MSE = Mean sum of squares of variation within districts (due to errors)

Calculation of SST, SSC and SSE

Sales Digricts
persons Nepalgunj | Surkhet | Kathmandu | Birgunj | Xi? X7 X X4
(Sales figure | (X1) (X2) (X3) (Xa)
in‘000)
A 12 10 9 11 144 100 81 121
B 16 22 18 20 256 484 324 400
C 15 14 8 10 225 196 64 100
T; T1=YX1 | T=YXo | T3=YXs T YX | Y X42 Y X2 Y X# Y X42 =
=43 =46 =35 = 41 | =625 =780 | =469 | 621
Grand Total (T) :T1+T2+T3+T4=ZX1+ ZX2+ZX3 +ZX4:43+46+ 35+41=165
Correction Factor (C.F) === 22 = 2268.75
SST = Tota sum of squares of variation
= ZX]_Z + ZXzZ + ZX32 +ZX42 —-C.F. Whereg, R.S.S. = ZX]_Z + ZXZZ + ZX32 +ZX42
= 625+780+469+621 - 2268.75
=226.25
SSC = Total sum of sguares of variation between digricts
2 2 2 2 2
=y1.cF =(E+Z4 DI cF
n;j ng nz ng Ny
=(L+ 24 ) 226875
3 3 3 3
=2290.333-2268.75=21.583
SSE = Sum of sguares of variation within districts (due to errors)
= SST - SSC = 226.25 - 21.583 = 204.667
Oneway ANOVA table
Source of | Sum of sguare | Degree of freedom | Mean Sum of Square | F—ratio
variation (SS) (d.f) (M.S.S)
Between didtricts
SSC = 21.583 k-1=4-1=3 MSC = 35€ 21583 _ 5 19q | p=MSC
k-1 MSE
Within  didtricts
(Error) SSE=204667 | n-k=12-4=8 |poE = SSE _204667 | _ 719
n— 8 25.583
25.583
Total SST=22625 |n-1=12-1=11 - Feq = 0.281
From ANOVA table,
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F., = Caculated value of F (3, 8) =0.281
Level of significance(a) = 5% (assume)

Critical value: Tabulated value (critical value) of F at 5% level of significance for (3, 8) df. is4.07i.e. F,, =
Foos (3, 8) =4.07

Decison: Since, calculated value of F is less than the tabulated value of F i.e. Fea < Fap , it isnot significant.
Therefore, Ho is accepted which means that there is no significant difference in the sales of four different
digtricts.

Short- cut Method or Coding Method

If the magnitude of given observations are considerably large, then direct method also becomes time consuming
and tedious at the time of calculations. To overcome this difficulty, we use short-cut method or coding method.
This method refers the addition, subtraction, multiplication or division of the observations by a constant or
common factor. It does not require any subsequent adjustment in the results after coding. Generally, subtraction
or division by a common factor is done in order to get smaller values so that calculation becomes easier. After
that, the remaining procedure has been done in the same way as direct method.

The following table reveals the life of certain four batch of electric lamp in hours:

Batch | 1500 1510 1540 1550 1600 1650 1700
Batch |1 1440 1450 1420 1520 1650

Batch |11 1400 1540 1510 1700 1750 1800

Batch IV 1520 1560 1530 1540

Setup analysis of variance to these data and test at 1% leve of significance isthere any significant differencein
life of batch of electric lamps.

Solution:

Null Hypothesis, Ho:py, = 1, = 3 = . That is, there is no significant difference in the life of four batch of
electric lamps.

Alternative Hypothesis, Hi:p; # p, # ps # W, . That is, thereis significant difference in the life of four batch
of eectric lamps.

Test gatistic: Under Ho, for one way ANOVA thetest statigticis

_ Msc

" MSE
Where,
MSC = Mean sum of sguares of variation between batches
= 5S¢
T k-1
MSE = Mean sum of squares of variation within batches (dueto errors)

_ SSE
" n-k

Calculation of SST, SSC and SSE in order to find MSC and MSE
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Now, the data can be coded by subtracting 1500 and dividing by 10, and then the above data reduced as follows:

Batch| | Batchll | Batchlll Batch IV X412 X2? X3? X4?

(X1) (X2) (Xs) (X4)

0 -6 -10 2 0 36 100 4

1 -5 4 6 1 25 16 36

4 -8 1 3 16 64 1 9

5 2 20 4 25 4 400 16

10 15 25 100 225 625

15 30 225 900

20 400

Ti= Z X1 Tzzz Xz | Ta= Z X3 | Ta= z Xa z X12 Z X22 Z X32 Z X42
=55 =- =70 =15 =767 =354 = 2042 =65

Grand Total (T) = Ty + To+ T +Ta= Y X1+ Y X2+ Y X543 X =552+ 70 + 15 = 138

Correction Factor (C.F.) = & = 3% - ge5 64

n 22

SST = Total sum of squares of variation
=YX+ YX2+YXP2+YX2-C. F Where, RS.S. =YXe?+ Y X2+ Y Xa? + Y X42
=767 + 354 + 2042 + 65 — 865.64
= 3228 - 865.64 = 2362.36

SSC = Sum of squares of variation between batches

T2 2 2 2 2
=yt-cRr=(2+24 E4D) _cF
n; n; np n

3 Ny

= (4204 4 1) gesiea
7 5 6 4
=440.22
SSE = Sum of sguares of variation within batches (dueto errors)

= SST — SSC = 2362.36 — 440.22 = 1922.14

Oneway ANOVA table

Source of Sum of square Degree of Mean Sum of Square F - ratio

variation (S.S) freedom (d.f.) (M.S.S)
Between the
samples SSC = 440.22 k-1=4-1=3 | psc = 5S¢ _24022 _ | o _MSC
(COl umn) 146.74 k-1 3 MSE
Within the = 1674
samples (Error) | SSE=1922.14 | n—-k=22-4=18 | \ygE = SSE _ 192214 _ 106.79

n-k 18
106.79 Fea = 1374
Total SST=236236 |n-1=22-1=| -
21

From ANOVA table,
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F.a = Calculated value of F (3, 18) = 1.374
Levd of significance(a) = 1%

Critical value: Tabulated value (critical value) of F at 1% level of significance for (3, 18) d.f. is5.09i.e Fi,, =
Foo: (3, 18) =5.09

Decison: Since, calculated value of F isless than the tabulated value of Fi.e. Fea < Fap , it iSnot significant. Ho
is accepted .Therefore; thereis no significant difference in the life of four batches of eectric lamps.

Example 4

Final grades obtained by three studentsin an advanced course of MBA are as follows:

A 3.2 31 29 2.7 3.3
B 2.7 35 3.6 2.8 29 2.7
C 29 3.7 3.7 35 34 35 3.6

Does the difference in sample means appear to be due to chance variation or is there sufficient evidence to
indicate that not all population means are the same? Use 5% level of significance.

Solution:

Null Hypothesis: Ho:p, = pg = H¢.That is, there is no significant difference between al population means. In
other words, all population means are same.

Alternative Hypothesis: Hi: p # pug # e - Thatis, there is significant difference between all population
means. In other words, all population means are hot same.

Test gatistic: Under Ho, for one way ANOVA, thetest statidticis

_ Msc

~ MSE
Where,

MSC = Mean sum of squares of variation between students.
= 5¢
T k-1
MSE = Mean sum of squares of variation within students (due to errors)

Calculation of SST, SSC and SSE in order to find MSC and MSE

Now, for easier calculation, the data can be coded by multiplying each observation by 10

A (X1) B (X2) C (X3) X412 X2? X3?
32 27 29 1024 729 841
31 35 37 961 1225 1369
29 36 37 841 1296 1369
27 28 35 729 784 1225
33 29 34 1089 841 1156
27 35 729 1225
36 1296
lele TZZZXZ T3ZZX3 ZX12: ZXZZZ ZX32:8481
=152 =182 =243 4644 5604

Grand Total (T) = T1 + T2+ Ts = YX1+ Y Xo+ Y X5 = 152 + 182 + 243 =577
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T2 _ (577)2
n 18

Correction Factor (C.F.) = = 18496.06

SST = Total sum of squares of variation
=YX2+YXA+YX2 -C.F Where, R.S.S.=Y X2+ Y X2+ Y X352
= 4644 + 5604 + 8481-18496.06
= 18729 — 18496.06 = 232.94

SSC = Sum of squares of variation between students

n;

T2 2 2 2
=xLl-cr=(2+Z+ I)_cF
j nq n, ns

_ (1522 1822 2432

+ —) — 18496.06 = 80.98
5 6 7

SSE = Sum of sguares of variation within sudents (due to errors)

= SST — SSC = 232.94 - 80.98=151.96

Oneway ANOVA table
Source of Sum of Degree of freedom | Mean Sum of Square F - ratio
variation square (S.S) (d.f) (M.S.S)
Between the
students (Column) | SSC=80.98 | k—-1=3-1=2 MSC = SS€ _8098  _ | p_MSC
k-1 2 MSE
40.49
Within the = 2049
dudents (Error) | SSE=151.96 | n-k=18-3=15 | pjsg = SSE 15196 _ 1013
n-k 15
10.13 Fea =3.997
Total SST=23294 | n-1=18-1=17
From ANOVA table,

F., = Calculated value of F (2, 15) = 3.997
Level of significance(a) = 5%

Critical value: Tabulated value (critical value) of F at 5% level of significance for (2, 15) d.f. is3.68i.e Fy, =
Fo_o5 (2, 15) =3.68

Decision: Since, calculated value of F is greater than the tabulated value of Fi.e. Fea > Fia , it is significant. Ho
is rgected and hence H; is accepted which means that there is significant difference between al population
means. In other words, all population means are not same.
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Two way ANOVA (Two Factors Analysis of Variance)

In the two way classification, the whole datais classified on the basis of two factors and test for the effect of two
factors simultaneously. Such atest is called two way ANOVA. For example, sales of a product may be affected
by different sdlesmen as well as different seasons, the yield of milk may be affected by rations as well as
varieties of cows, to compare the significance difference in the yield of wheat due to fertilizers as well as variety
of seeds, production of number of units may be affected by different workmen as well as different types of
machines etc. All these factors are studied under a two factor analysis of variancei.e. Two way ANOVA. Thus,
two way ANOVA is used to test the effect of two factors smultaneously on the values of response variable of

our interest.

In two way ANOVA, the values of the response variable are affected (analyzed) by two factors simultaneoudly.
In two way ANOVA, the total variation or total sum of squares (TSS) among all observations can be partioned
into three components:

e  Sum of square dueto row factor or sum of squares of variation in rows (SSR)
e  Sum of square dueto column factor or sum of squares of variation in columns (SSC)
e  Sum of sguares of variation dueto errors or residual (SSE).

Thus, SST = SSR+SSC+SSE

Total Variation(TSS)

df.=n-1
]
Sum of square due to row Sum of square due to column Sum of square dueto error
factor (SSR) factor (SSC) (SSE)
df=r-1 df=c1 d.f.=(r-1)(c-1)

The stepsin testing of hypothesis under two way ANOVA areasfollows:

Step 1: Formulation of Hypothesis:

(i)

(i)

For column factor:

Null hypothesis, Ho : 1y = g, = .......= l i.e. there is no significant difference in the ¢
population means due to column factor. In other words, ¢ populations means are equal.
Alternative hypothesis, Hi @ pu; # gy # ....... # Y. i.e thereis significant differencein the c

population means due to column factor. In other words, ¢ populations meansare not equal.
For row factor:

Null hypothesis, Ho : u; =ty = .......= . i.e there is no significant difference in the r
population means due to row factor. In other words, r population means are equal.
Alternative hypothesis, Hi:py # 1y # ....... # 1, i.e thereis significant differencein ther

population means due to row factor. In other words, r population means are not equal.

Step 22 Compute test statistic: Under Ho, test statistics for two way ANOVA are as follows:

Fo==, with df. [(c - 1), (¢~ 1)(r - 1)]

MSR
Fl’ =—,
MSE

with df. [(r - 2), (c— 1)(r — 1)]
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Where, MSC = Mean sum of squares of variation between columns
MSR = Mean sum of sguares of variation between rows

MSE = Mean sum of squares of variation due to error or residua

Calculation of TSS, SSC, SSR and SSE in order tofind MSC, MSR and M SE

Vi.

Vii.

viii.

Step 3:

Find the sum of the values of observations (Grand Total) denoted by T:
T = Z Ti = Z T}
Find the correction factor (C.F.)

CF=T,
wheren=rxc
Find Row Sum of Squares (RSS)
RSS =YX 2+ XX + v + ¥ X,

Find total Sum of Squares:
SST=RSS. -CF

Find Sum of Square of variation between column (SSC)
T2 2 2 2

ssc=yxL-cF =(B+24 . + ) -CF.

nj ng n, n

Where, Tj = each ™" column total
n; = number of eementsin j™ column
Find Sum of Square of variation between row (SSR)

T2
SSR=Zn—’_-C.F.

T2 T3

b + 3 -cr.

nl 1'12 nr
Where, Ti = each ith row tota
ni = number of eementsin i row
Find Sum of square of variation due to error
SSE = SST - SSC - SSR
Set up two way ANOVA table and find the calculated value of F as:

Two way ANOVA table
Source of | Sum of sguare | Degree of | Mean Sum of | F—ratio
variation (S.S) freedom (d.f.) Square (M.S.S)
Between Column
c-1 _ MSC
Fc nl—
MSE
Between Row SSR r-1 MSR = 3R
r-1
F = MSR
Residual or Error "~ MSE
SSE (r-1(c-21) MSE = —35E
(r-=1)(c-1)
Tota SST n-1=rc—1

Level of significance(ar) : Generally, level of significance, « = 5% if it isnot stated.
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Step 4: Critical value: Obtain critical value (or significant value) of F as per « leve of significance
from F —distribution table at d.f. for:

a.  Column factor: d.f. =[(c—1), (c—1) (r—1)].i.e. F [(c—1),(c— 1)(r — 1)]
b. Row factor: df. =[(r—1), (c—1) (r—21)].i.e F [(r—1), (c—1)(r - 1)]

Step 5: Decision:

a. If caculated value of F < tabulated value of F, it isnot significant and Ho is accepted.
b. If calculated value of F > tabulated value of F, it issignificant and Hs is accepted.

A tea company appoints four salesmen A, B, C and D, and observes their salesin three seasons- summer, winter
and monsoon. Thefigures are given below

Season Salesmen

A B C D Tota
Summer 36 36 21 35 128
Winter 28 29 31 32 120
Monsoon 26 28 29 29 112
Tota 90 93 81 96 360

Find out if thereisdifference in the sales of different salesman and seasons.

Solution: Since, there are two factors (Salesmen and seasons) affecting the sdes i.e, sales are analyzed by
using two factors Salesmen and seasons, therefore thisis the case of two way ANOVA.

Null hypothesis:

0) Ho: La = U = K¢ = Up-That is there isno significant difference between the average sales made
by four salesmen.
(i) Ho: ug = uyw = uy.That is, there is no significant difference between the average sales made

during three seasons.

Alter native hypothesis:

() Hi: na # Ug # Ue # Kp That is, there is significant difference between the average sales made by
four salesmen.

(i) Hi: ug # pw # Uy That is, there is significant difference between the average sales made during
three seasons.

Test statistic: Under Ho, for two way ANOVA, the test statistics are as follows:

F.= % ,withdf. [(c- 1), (c— 1) (r— 1)
F = % ,with df. [(r—1), (c—1) (r—1)]

Where, MSC = Mean sum of squares of variation between salesman = iﬁ

MSR = Mean sum of squares of variation between different season = SR

SSE

MSE = Mean sum of squares of variation dueto error ey
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Calculation of TSS, SSC, SSR and SSE in order to find MSC, MSR and M SE

Now, the given data are coded by subtracting 30 from each figure, we get

Season A(X1) |B(X2) | C(Xs) |D(Xs) | Season’s | X2 X2 X3? X2
(Row)
total (Ti)
Summer 6 6 -9 5 8 36 36 81 25
Winter -2 -1 1 2 0 4 1 1 4
Monsoon -4 -2 -1 -1 -8 16 4 1 1
Salesman’s | Y X3 Y Xo X3 X4 T=XT=|YX? | X2 | X2 | ¥ X2
(column) | = = =-9 = YT,=0 |=56 | =41 |=83 |'=30
total
(T
n=12

Grand total (T)=>T;=YTi=0

. T2 _ 02
Correction factor (CF)=—=—=0

n 12

SST = Tota sum of squares of variation
=Y X2+ Y XA+ Y X+ Y X2 -CF.
=56+41+83+30-0
=210

SSC = Sum of squares of variation between salesmen
2
=yl1_cF
nj

2 2 2 2
=(2+Z4 I cF
ng Ny

nz n3

2 2 _o\2 2
:(0_+3_+ ﬂ+6_)_0:42
3 3 3 3

SSR = Sum of sguares of variation between seasons
_yT
=) el C.F.

=(HE+Z4 D).
ng nz

nz

82 02 (-8)2

=(E+Z+ ) -0=32

4 4 4

SSE = Sum of squares of variation dueto errors or residuals
=SST-SSC-SSR=210-42-32=136
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Two way ANOVA table

Source of variation Sum of square Degree of Mean Sum of F—ratio
(SS) freedom (d.f.) Square (M.S.S)
Between salesman
SSC =42 c-1=4-1=3 Msc =3¢ _22
c-1 3 MSC
Fe=—
MSE
=14
-
T 2267
Between seasons SSR=32 r-1=3-1=2 MSR:%;Z_Z =0.62
—
=16 MSR
: Fr=use
Residual or Error
SSE =136 (r—1)(c-21) MSE = —>5E __16
=2x3=6 (r=D(c-1 22.67
= % =22 67 =0.71
Tota SST =210 n-1=rc-1 -
=3x4-1
=11
From ANOVA table:

Calculated values: For salesmen: F, =0.62
For seasons: F,; = 0.71
Level of significance(a) = 5% (Assume)
Criticd value: For salesman: tabulated, Fia = Fo.os (3,6) = 4.76
For season: tabulated, Fian= Foos (2, 6) =5.14
Conclusion:

For Salesman: Since, the calculated value of F is less than the tabulated value of F, i.e. Fea < Fap, it is not
significant and Ho is accepted. Therefore, there is no significant difference between the average sales made by
four salesmen.

For Season: Since, the calculated value of F is less than the tabulated value of F, i.e. Fea < Fuap, it is not
significant and Ho is accepted. Therefore, there is no significant difference between the average sdes made
during three seasons.

The following table represents the production of three varieties of wheat, obtained with four different kinds of
fertilizers

Fertilizers Varieties of wheat
X Y Z

A 8 3 7

B 10 4 8
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Test at 5% level of significance whether there is significance difference in average production (i) due to variety

Cc

6

5

6

D

8

4

7

of whest (i) dueto fertilizers

Solution: Since, productions are analyzed by using two factors varieties of wheat and fertilizes, therefore thisis

the case of two way ANOVA.

Null hypothesis:

() Ho: wa = U = l¢ = Up- That is, there is no significant difference in average productions due to
fertilizer.

(i) Ho: ux = uy = pg Thatis, thereisno significant difference in average productions due to variety
of wheat

Alter native hypothesis:

(iii)

fertilizer.

Ho: na # Ug # Uc # Up That is, there is significant difference in average productions due to

(iv) Ho: uy # py # pz(Two tailed test).That is, there is significant difference in average productions

due to variety of wheat.
Test statistic: Under Ho, for two way ANOVA test statistics are asfollows:

Fe= x—zg ,with df. [(c— 1), (c— 1)(r — 1)
Fo=—28 with df. [(r— 1), (- 1)(r - D)]

Where, MSC = Mean sum of squares of variation between variety of wheat = 3¢

c-1
MSR = Mean sum of squares of variation between fertilizers = %
MSE = Mean sum of sgquares of variation dueto error = _5E
(c-1)(r-1)
Calculation of TSS, SSC, SSR and SSE in order tofind MSC, MSR and M SE
Now the data are coded by subtracting 5 from each figure, we get
Calculation of MSC, MSR and M SE
Fertilizers X (X1) Y (X2) | Z(X3) Row total | Xi? X2? X3?
()
A 3 -2 2 3 9 4 4
B 5 -1 3 7 25 1 9
C 1 0 1 2 1 0 1
D 3 -1 2 4 9 1 4
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column total YXi X5 Y X3 T=16 YXP | YXP | Y XS
(T) =12 =-4 = = = =18
n=12
Grand total (T)=YT;=3>Ti=16 and
. T2 _ 162
Correction factor (C.F.) = —=5= 21.33
SST = Tota sum of squares of variation
=Y X2+ Y X2+ Y X2~ CF.
=44+6+18-21.33=68-21.33
= 46.67
SSC = Sum of squares of variation between variety of wheat
T2
=Y-1-CF
]
2 2 2
=(Z+24+ D) _cF
ng nz nz
2 —_4)2 2
=(E+E 4 2) - 2133=3467
4 4 4
SSR = Sum of squares of variation between fertilizers
2
=yi.cF
nj
2 2 2 2
)
n; np ns Ny
2 2 2 2
=(E+Z+ 2 +5)-2133=467
3 3 3 3
SSE = Sum of squares of variation dueto errors or residuals
= SST - SSC - SSR = 46.67 — 34.67 — 4.67 =7.33
Two way ANOVA table
Source of variation Sum of square | Degree of | Mean Sum  of | F-ratio
(SS) freedom (d.f.) Square (M.S.S)
Between variety of
wheat SSC = 34.67 c-1=3-1=2 | pysc=35€ 3467
c-1 2 MSC
Fc =—
MSE
=17.335
_17.335
T o122
Between fertilizers SSR = 4.67 r-1=4-1=3 MSR = 3SR _ 467 =14.21
r-1 3
=156
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Residual or Error F = MSR
SSE =7.33 (r-1(c-1) MSE = SSE MSE
=3x2=6 (r-1)(c-1) _ 156
=22 -1 L2z
=1.28
Total SST = 46.67 n-1=rc-1
=4x 3-1
=11
From ANOVA table:

Calculated values: For variety of wheat: F,; = 14.21
For fertilizers: F,; = 1.28
Level of significance(a) =5%
Critical value: For variety of wheat: tabulated, F,;, = Foos (2,6) =5.14
For Fertilizers: tabulated, F,;, = Fo.os (3, 6) =4.76

Conclusion:

For variety of wheat: Since, the calculated value of F is greater than the tabulated value of F, i.e. Fea > Fuap, itis
significant.Hp is rejected and hence H; is accepted. Therefore, there is significant difference in the average
productions dueto variety of wheat.

For Fertilizer: Since, the calculated value of F is less than the tabulated value of F, i.e. Feay < Frap, it is not
significant and Ho is accepted. Therefore, there is no significant difference in the average productions due to
fertilizer.

Prepare two way ANOVA table and carry out the test for the significance difference in the average sales due to:

i. 4 salesmen

ii. 3 different cities, where the following information are given:
SST (Total sum of square) = 62
SSC (Sum of square between salesmen) = 6
SSR (Sum of square between cities) = 32

Solution:

Since, there are two factors (Salesmen and cities) affecting the salesi.e., sales are analyzed by using two factors
Salesman and cities, therefore thisis the case of two way ANOVA.

Null hypothesis:

0) Ho: s = U = K¢ = Up-That is, thereisno significant difference between the average sales due to
4 salesmen.

(i) Ho: ux = py = pgz: That is there is no significant difference between the average sales due to 3
different cities.

Alternative hypothesis:
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(iii) Ho: 1a # Ug # Uc # Up.That is, there is sgnificant difference between the average sales due to 4
salesmen.

(iv) Ho: pux # By # Hg. That is, there is significant difference between the average sales due to 3
different cities.

Test statistic: Under Ho, for two way ANOVA test statistics are asfollows:
_MSC

Fe= g withdf. [(c-1), (c-1)(r-1)
—MSR i _ _ _
F= VSE , withd.f. [(r—1), (c—1)(r—1)]
Where, MSC = Mean sum of squares of variation between average sales due to salesmen = %
MSR = Mean sum of squares of variation between sales due to different cities. = %
MSE = Mean sum of squares of variation dueto error :$
In order to find MSC, MSR and M SE, first we heed to find SST, SSC, SSR and SSE
Given:
SST =62, SSC =6, SSR=32
SSE=SST-SSC-SSR=62-6-32=24
Two way ANOVA table
Source of | Sum of square | Degree of | Mean Sum  of | F-ratio
variation (S.S) freedom (d.f.) Square (M.S.S)
Between salesmen
(Column) SSC=6 c-1=4-1=3 | psc=35€ =&
c-1 3 F _w
¢ MSE
=2
=2
T4
Between  cities| SSR=32 r-1=3-1=2 | psr=3R_-32 =05
(ROW) r-1 2
=16 F = MSR
= 5%
Residual or Error MSE
SSE =24 (r—1)(c-1) MSE = —>SE _16
=2x3=6 (F-e-1) i
_2—4:4 =4
6
Tota SST = 46.67 n-1l=rc-1
=3x4-1
=11

From ANOVA table:
Calculated values. For salesmen: F ., =0.5

For cities F.,; =4
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Level of significance(a) =5%
Critical value: For salesmen: tabulated, F,,;, = Foos (3,6) =4.76
For cities: tabulated, F,,, = Foos (2, 6) =5.14
Conclusion:

For salesmen: Since, the caculated value of F is less than the tabulated value of F, i.e Fea < Frp, it is not
significant and Ho is accepted. Therefore, there is no significant difference between the average sales due to 4
salesmen.

For cities: Since, the calculated value of F isless than the tabulated value of F, i.e Fey < Fa, it isnot significant
and Ho is accepted. Therefore, there is no significant difference between the average sales due to 3 different
cities.
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